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Abstract Earlier methods in classic DEA investigate congestion for DMUs with crisp data. Although
in real world we face data which are not crisp necessarily, available methods in this situation are not
enough. In this paper for investigating congestion, a new method with fuzzy data has been promoted.
In order to evaluate the performance of the method it is shown how our new method lead in exact
results by an numerical example.
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1 Introduction

Data Envelopment Analysis (DEA) is a technique to measure the relative efficiency of a set of
decision making units with common data. This technique was initialy proposed by Charnes et
al. [1] and was improved by others [2, 3]. In traditional DEA models such as CCR and BCC
models and others we assume that all inputs and outputs data are exactly known. But in real
world this assumption is not always true [4, 5].

But, in more general cases, the data for evaluation are stated by natural language such as
good, medium, bad to reflect general Situation. So we can not solve DEA models with fuzzy
data by usual methods. Some researchers have proposed several fuzzy models to evaluate
DMUs with fuzzy data, using concept of comparison of fuzzy numbers [6-9].

One of the most important concepts in DEA is Congestion. “ Congestion” [10-15] is an
economic state where excessively invest in inputs system. Evidence of congestion occurs
when the decreasing of some inputs can indeed increase some outputs while other inputs and
outputs stay unchanged. One of the problemsin using classic DEA modelsisthat they just are
capable to evaluate DMUs (Decision Making Units) with crisp data. In traditional DEA
models such as CCR and BCC models and others, we assume that all inputs and outputs data
are exactly known.

The purpose of this paper is to introduce a new technique to investigate the issue of
“congestion”, where data is non crisp in specific required models. We use output additive
models BCC and NEW with fuzzy inputs and outputs to identify DMUs with the property of
congestion. A numerical example is presented to show the application of our method.

This paper is arranged as follows: in section 2, fuzzy numbers are introduced, in section 3
congestion in DEA along with necessary definitions and theorems are explained. In section 4
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the new method for evaluating congestion is introduced. Finaly, in section 5 an example on
our processis prepared.

2 Fuzzy numbers

A fuzzy set A in X isaset of ordered pairs:
A={(x pa(X) |xe X}

Ua(X) is called the membership function of X in A.

A fuzzy number M is a convex normalized fuzzy set M of real line R such that:
1. Itexistsexactly one xe R with zp (x) =1.

2. 1 (X) ispiece wise continuous.
The crisp set that belong to the fuzzy set A at least to the degree o — cut set:
A, ={xe X: up(X) 2 a}
The lower and upper end points of any « —cut set, A,, are represented by A(e)and
K(a) respectively.
For arbitrary fuzzy number u= (g,a) V=(V, \_/)

() =) e )2k 4 [2ar) -vir)er) 2

Is distance between u,v [16-18].
Theorem 1. Let u be afuzzy number and c(u) a crisp point then the function D(u, c(u)) with
respect c(u) is minimum value if c(u)=m(u) and m(u) is unique and

m(u) = ¥ [ (u(r) + u(r))er.

Proof. see[19].

Theorem 2. Let uand v are fuzzy numbers therefore, m (u+v)=m(u)+m(v).
Proof. see[5].

Theorem 3. Let ubeafuzzy number and A beascalar so m(Au) = Am(u).

Proof. see[5].

For arbitrary fuzzy numbersu and v
u>ve mu) > m(v)

and

u~vemu) =m(v)

uzveu=vor u~v

SO

A convex and normal fuzzy set A is said to be afuzzy number if :
1 ua(x)=1
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2. up iscontinuous

If a fuzzy number A has a membership function as following then it is called LR fuzzy
number.

1) L(M - X

) X<M

HA(X) =
A 2 R(X—M

) x> M

M is called number middle, and «, are left and right expanse. Triangle fuzzy number is
kind of LR in which L(x)=R(x)=1-x and usually is presented as (A, M, B).

v

Fig. 1 Triangle fuzzy number

3 Congestion in DEA

Congestion is an economic state where one excessively invests in system inputs. Evidence of
congestion occurs when the decreasing of some inputs can indeed increase some outputs
while other inputs and outputs stay unchanged [14]. If we find inputs result in congestion and

take a logical decision on them by decreasing them, we can observe that a huge amount of
asset or man force will be saved.

We need two models BCC and NEW to identify congestion which are presented in the
following.

r
st. ZXJ’/IJ'SXO, i=1..m,

n 1)
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and
Max ey =25
r=1

n

St. ZXj/lj:xo, i=1..m,
j=1
; + @)
Zyjlj—s =Yor r=1..,s,
=1
n
Z/”Lj=1, 4,20, j=1..n

j=1

Based on [14, 15] some principle definitions are required to recognize congestion.
Definition 1. Let pmu,, be (NEW) output efficient. If (X,Y) beafeasible solution such that
X< X, X# X and Y#Y,, Y=y, thendDMU,, is said to evidence congestion.

Earlier research has investigated the relationships among these models and found the
following:

e Let DMUg be (NEW) output efficient. Then, DMU, evidences congestion if and only
if DMUg isnot (BCC) output efficient.

4 Evaluating congestion in DEA with fuzzy data

In empirical cases, we encounter data which are not known; as a result, it emphasizes the
necessity of considering congestion with data which are not crisp. So, we continue the steps
of using mentioned models with fuzzy data.

First, we introduce two modified models BCC and NEW in the following part; then, the
process of reaching thistwo fuzzy modelsis thoroughly explained.

We apply a set of DMUs that is DMU; , j =1,..., n, with fuzzy input-output
vectors(f(j,yj) in‘'which >~(j eF(R)>0 and yj e F(R) >0 Where F(R) > 0 is family of all non

negative fuzzy numbers.
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Max ey =3

r=1
n
St. ZXj/Ij:XO, i=1..m,
j=
. ©
n
Zﬂj:], 220, j=1..n
j:
and
' g
Max  hgec=2s
r=1
n
St. Zf(j/%jﬁf(o, i=1..m,
j=1 (4)

It should be attended that objective functions of models (3) and (4) are in the fuzzy form.
Thereby, due to maximizing objective functions closest number to them can be used. Based
on theorems 1, 2, 3 model (1) transformed as following:

Max im(sr*)
st. Zn:m(xij)ijgm(xio), i=1..m,
H (5)

n
> My )Ai-m(s) =m(Y,,), r=1...s
1

n

> Ai=L 2420 j=l..n
=i

(Hint: in the above model only inputs and outputs are considered in the form of fuzzy and
coefficients are not fuzzy)
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Max Y [i(S () +S (a)da ©
r=1

n —_ —
st. Z(jé(gij(a)+xu(a))da)/ljgmjg(gio(awmo(a))da, i=1..,m,
=1

n _ — —
,Z:; (jé(xrj (a) + Yri(e)) da)2; + j;(g: () +Sr (@))da = jé()_/ro (@)+ Yro(e))da, r=1,...,5,

n

> Ai=1 420  j=L..n

=1
This model can be transformed by the following substitutions:

1 - ~
,[o(l(ij (@) + Xij(a)) da=X
i

J
Ié (sr (o) +s (a))da =&
i

1 o ~
,[O( yrj (@)+ Yri(a)) da =¥
- ro

After this changes the model is converted to model (4).
This process is the same for NEW maodel (3), the objective function of the NEW model
with fuzzy datais called hygy -

We reached BCC and NEW models with fuzzy data. Based on section three above, we
are able to use definitions for evaluating congestion with surrogate fuzzy models.

5 Numerical example

To show this process precisely an exampleis applied. In the following part, we use fuzzy data

to evaluate congestion by output additive models BCC and NEW which is altered by non
crisp data.

Consider eight DMUs, A, B, C, D, E, F, G and H, each with two inputs and one output which
are

triangle fuzzy numbersand L(x) = R(x) =1- X, given asfollows:

Tablel The set data

DMU A B C D E F G H
Input 1 (%‘%’%) (24,2 (24,2) (36,1 (4,8,4) (3.6,1) (4,7,2) 1,1,1)
Input 2 (24,2 (%,%,%) (24,2 (36,1 (3.6,1) (4.84) (4,7,2) (1,11)

oupdtl (b o) ot ty BRI @1 (B kb okt (hhl)  h
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It is easy to check that for all DMUs, we haveh,'\lEW =1. It means that The efficient frontier of

NEW model is included in all DMUs. The results of evaluating congestion by GAMS
software are shown in the following table.

Table2 Results
DMU A B C D E F G H
hece 1 1 1 1 10 10 10 1

Evauating Congestion No No No No Congestion  Congestion - Congestion  No

6 Conclusion

In this paper we used the process of evaluating congestion based on earlier methods and
definitions by Wei, Yan [17], with models that their inputs and outputs are fuzzy. As it is
achieved from the numerical example DMUs E, F, G are specified as DMUs that show
congestion. The reason why we insist on using fuzzy data is due to more accuracy in real
cases and its application on describing the interpretive data.

Although, this method and its application has been proved in grounds such as economy,
industry, organization policy, etc. to be phenomenal, the usage of this method shows that in
real case studies unknown data is seen which is not an ordinary number. Thereby, we need to
interpret our aim of using fuzzy datain considering congestion to qualify it to be fitted for real
cases.
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