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A B S T R A C T  

   

In this paper a method is presented for torsional analysis of non-homogeneous tubes with arbitrarily 
shaped cross-sections. A previously presented method based on Bredt’s theory is extended to achieve 
formulas for torsional analysis. Shear modulus varies through the thickness according to a power law 
distribution. To validate the accuracy of the presented formulas for angle of twist and shear stress, 
calculated results are compared with available analytical and numerical data. Moreover, the effects of 
thickness, bluntness of corners and cross-sectional shape are investigated. The presented formulas are 
relatively accurate, simple and applicable to thin to moderately thick cross-sections with constant wall 
thickness. Based on the method presented herein, one can achieve desirable maximum shear stress and 
angle of twist for a polygonal non-homogeneous tube using a proper bluntness. The presented formulas 
quickly converge and can be implemented in optimization programs. 
 

doi: 10.5829/idosi.ije.2012.25.03a.09 
 

 
1. INTRODUCTION1 
 
The classical problem of torsion for homogeneous 
linearly elastic tubes and bars has been extensively 
investigated by many researchers. However, torsional 
analysis of bars and tubes when the material is non-
homogeneous has received relatively little attention. 
Functionally graded materials, a new generation of non-
homogeneous materials, have gained substantial 
attention during the past two decades and motivated 
numerous investigators to devise new solutions for 
problems involving such materials. Material properties 
in functionally graded materials have smooth and 
continuous variation from one surface to another, so that 
one can take advantage of the properties of its 
constituents. Functionally graded materials (FGMs) 
offer the benefits of conventional composites while 
avoiding the adverse effects of abrupt changes in 
material properties. In fact, unique characteristics of 
FGMs are achieved by gradually changing the volume 
fractions of the constituents through the thickness and 
therefore, interfacial problems are evaded. Mostly, 
FGMs are made from ceramics and metals to withstand 
high temperatures as well as sustaining mechanical 
loads. These non-homogeneous materials were firstly 
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manufactured as thermal barriers for aeronautical 
structures and reactors [1]. However, they are employed 
in a broad array of applications, such as cutting tools, 
electronics, biomedical engineering, corrosion and 
temperature resistant components, etc. 

Although the concept of FGM is not very old, a 
considerable amount of investigations has been reported 
in different areas, such as heat transfer problems, 
mechanical response to static and dynamic loads and 
crack propagation in FGM plates, shells and beams [2]. 
Furthermore, the torsional analysis of non-homogeneous 
bars and elements has been of great interest to many 
researchers since designers and engineers have to deal 
with torsional loadings in various structures and 
applications [3]. However, complex cross-sectional 
shapes of components add complication to formulations 
and calculations. Such irregular cross-sectional shapes 
are widely used in various applications in order to 
satisfy specific considerations like size restrictions and 
aerodynamic improvements [4]. Several analytical [5-
6], numerical [7] and approximate methods [8] have 
been proposed for torsional analysis of solid and hollow 
isotropic bars with some simple cross-sections. The 
complexities of arbitrarily shaped cross-sections make 
the solution very difficult to deal with. Serra presented 
an approximate method for torsional analysis of solid 
bars with arbitrary cross-section using imaginary strips 
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and that method was later expanded for hollow bars [9, 
10]. The analysis of torsional behavior becomes even 
more complicated in case of non-homogeneous 
materials. Functionally graded hollow bars and tubes 
can be seen in different practical applications that 
demand superior performance, such as modern 
biomechanical applications and aerospace structures. 
Nevertheless, comparatively few papers have been 
published on the torsion of functionally graded bars and 
tubes. Lekhnitskii presented a solution for torsion of a 
non-homogeneous hollow circular cylinder made of a 
material with cylindrical anisotropy even though he did 
not specify the material as functionally graded material 
[11]. Horgan and Chan generalized the classic approach 
to the torsion problem for a homogenous isotropic bar in 
terms of the Prandtl’s stress function to the 
inhomogeneous case of a circular rod [12]. Chen 
founded simple solutions for stress function and 
torsional rigidity of non-homogeneous circular and 
elliptical shafts using semi-inverse method [13]. Ecsedi 
presented a formula for generalized twist of non-
homogeneous and anisotropic beams with solid cross-
section [14]. He also found a specific elliptical 
geometry without warping under torsion [15]. Tarn and 
Chang studied the torsion of elastic FGM bars with 
emphasis on the end effects [16]. Moreover, torsion of a 
functionally graded circular cylinder with elastic 
modulus varying in the axial direction was investigated 
by Batra [17]. Arghavan and Hematiyan proposed 
analytical formulas for torsional analysis of functionally 
graded tubes with shear modulus varying continuously 
through the thickness according to a power law 
distribution [18]. They used governing equations in 
terms of Prandtl’s stress function to derive the formulas.  
Although they assumed the geometry of hollow cross-
section to be arbitrary, it only consisted of straight and 
circular arch curves. In addition, Ecsedi proposed a 
solution for Saint-Venant torsion problem of solid and 
hollow cylindrical non-homogeneous bars with shear 
modulus being a function of the Prandtl’s stress function 
of the same cylindrical bars when the material is 
homogeneous [19]. Furthermore, Ecsedi and Baksa 
formulated the Saint-Venant torsion problem for 
piezoelectric beam in terms of Prandtl’s stress function 
and electric displacement potential function with 
arbitrary cross-sectional geometry [20]. There are also 
some other papers on the torsion, buckling and vibration 
of non-homogenous tubes and shells which are out of 
the scope of this paper [21].  

The authors of the current paper have previously 
published a paper which is an extension of Gürel et al.’s 
model for achieving formulas for torsion of multi-
layered tubes with non-circular cross-sections [22]. The 
layers were assumed to be isotropic with different 
material properties and thicknesses. However, to the 
best of authors’ knowledge, there has been no report in 

the literature to investigate the torsion of arbitrary cross-
section FGM tubes with shear modulus changing 
continuously through the thickness.  

In this paper, the modeling of Gürel et al. [10] has 
been extended to analyze the torsional behavior of FGM 
tubes. The accuracy of the present approximate 
formulas is verified and compared with numerical 
results and some previous works. In addition, the effects 
of different special non-circular cross-sectional shapes, 
bluntness of corners, volume fraction of constituents 
and thickness on the torsional response are investigated. 
In this study, the materials are assumed to be linearly 
elastic and tubes are subjected to pure torsion. 
Moreover, it is assumed that all the examined cross-
sections have identical thickness and nominal perimeter. 
Corners of the considered cross-sections are not very 
sharp; consequently, the bluntness has roughly the same 
effect on the stress gradient in proximity of the corners. 
It will be shown that the presented approximate 
formulas for shear stress and angle of twist are 
applicable to thin to moderately thick cross-sections. 
 
 
2. MODEL DESCRIPTION AND FORMULATION 

 
A twisting moment T is applied to a tube with closed 
hollow arbitrary cross-section and constant thickness t. 
The tube lies in the direction of z-axis and point C is the 
origin of x-y plane, which is assumed to be the center of 
rotation of the cross-section. The inner and outer 
boundaries are denoted by Γin and Γout, respectively as 
illustrated in Figure 1. The cross-section is made of non-
homogeneous material with shear modulus varying 
continuously through the thickness, i.e. from the inner 
boundary to the outer boundary. 
 

 
Figure 1. Non-homogeneous (functionally graded) cross-
section under twisting moment T, divided by n imaginary 
strips. 
 

 
As previously mentioned, the Gürel et al.’s modeling 

has been used to derive expressions for shear stress and 
angle of twist of the tube. In this manner, the whole 
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domain encompassed by the outer boundary Γout, is 
divided into n imaginary closed strips with the same 
thickness δ. The geometry of the strips is similar to the 
outer or inner boundary. As depicted in Figure 1, 
numeration of the imaginary strips starts from the origin 
of the coordinate system and the first strip of the solid 
domain of the cross-section is the n0th strip and the last 
strip, accordingly, would be the nth strip. 

The following equations can be obtained from 
geometric relations between the nth and jth strips [10]: 

2

0 1 2        ( , , , , )j n
jA A j n n n n
n

 = = 
 

L
 

(1) 

j n
jdS dS
n

=
 

(2) 

( )
cos( )j

j
ρ θ

δ θ β= −
 

(3) 

An and Aj denote the areas surrounded by the median 
curves of the nth and jth strips, respectively. dSn and dSj 
are arch elements corresponding to the same strips and δ 
is the thickness of jth strip. ρn in Equation (3) is the 
distance from the point C to a point on the jth strip and 
β is the angle between normal to the curve and horizon 
(θ=0). These parameters have been delineated in Figure 
2. 
 

 

Figure 2. The nth and jth strips of the section. 
 
     Angle of twist α of a thin-walled tube subjected to 
torsional moment T can be obtained from Bredt’s 
second formula [23]: 

24 S

T dS
G A

α
δ

= ∫Ñ
 

(4) 

in which  S is the length of the centerline of the tube and 
G is the shear modulus. Assuming that each imaginary 
strip on the cross-section shown in Figure 1 to be a thin-
walled tube, the jth and nth strips sustain the partial 
torsional moments ΔTj and ΔTn from total torsional 
moment T, respectively. Therefore, Equation (4) can be 
written as follows: 

24
j

j j
j

j j S

T d S
G A

α
δ

∆
= ∫Ñ

 
(5) 

The compatibility condition on the cross-section 
requires the angles of twist of all the strips to be the 
same, that is to say, αj= αn:       

( )0 1 22 2    , , , ...,
4 4

j n

j j n n

j j n nS S

T dS T dS j n n n n
G A G Aδ δ
∆ ∆

= =∫ ∫Ñ Ñ
 

(6) 

in which Sj and Gj are the centerline and the shear 
modulus of the jth strip, respectively. Sj and Gj are the 
same quantities for nth strip. Taking advantage of 
Equations (1) and (2), Equation (6) can be rewritten as 
follows: 

3
j

j n
n

GjT T
n G

 ∆ = ∆ 
 

 (7) 

Total torsional moment T can be expressed as a 
summation of all partial moments. Thus, using Equation 
(7), one can obtain: 

0 0

3n n
j

j n
j n j n n

GjT T T
n G= =

 = ∆ = ∆  
∑ ∑  (8) 

Rearrangement of the above equation gives an 
expression for the amount of torque carried by the nth 
strip in terms of the total torsional moment: 

0

3

3

n
n n

j
j n

TG nT
j G

=

∆ =

∑

 
(9) 

As it is obvious, in the problem of pure torsion only 
shear modulus of the material properties affects the 
response and comes into the formulation. According to 
the well-known power law for functionally graded 
materials, the distribution of shear modulus through the 
thickness can be expressed as follows [24]: 

( ) ( )( )k
in out out

t xG x G G G
t
−

= − +  (10) 

where Gin and Gout are the shear moduli at the inner and 
outer boundaries of the material, respectively (Figure 2). 
k (0 k≤ < ∞ ) is the power law exponent and t is the 
wall thickness of the cross-section. Increasing the value 
of k in Equation (10) increases the volume fraction of 
the material with shear modulus closer to Gout. 
Considering that the segment in Figure 2 is divided into 
(n-n0) imaginary strips, shear modulus of jth strip can be 
written using Equation (10):       

0 0 1 2
0

( )( )     ( , , , , )k
j n n n

n jG G G G j n n n n
n n

−
= − + =

−
…  (11) 

Thus, Gj in Equation (9) can be substituted by the 
right side expression of Equation (11):  

0

0

3

3

0

[( )( ) ]

n
n n

k
n n n

j n

TG nT
n jj G G G
n n=

∆ =
−

− +
−∑

 

(12) 

Bredt’s first formula for tubes under torsion is used 
to obtain an expression for shear stress on the nth strip 
[23]:  
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2
n

n
n

T
A

τ
δ
∆

=  (13) 

Replacing Equations (3) and (11) into Equation (13), 
one can obtain: 

( )
0

0

4

3

0

( )
2 cos( )

1

[( )( ) ]

n
n

n n
n

k
n n n

j n

n TG

A n jj G G G
n n

τ θ
ρ θ θ β

=

=
− −

− +
−

×
∑

 

(14) 

where ρn(θ) and An are the distance from the point C to 
the nth strip at the angle of θ and the area surrounded by 
the same strip, respectively. For a sufficiently high 
number of strips, such as n=10000, 150000, the above 
equation gives an acceptable solution for shear stress on 
the nth strip (outer boundary) at the angle θ. 

According to the assumption, all the imaginary strips 
rotate at the same angle. Therefore, the angle of twist of 
the cross-section would be the angle of twist of the nth 
strip. Thus, for angle of twist per unit length α, Bredt’s 
second formula is used for nth strip: 

24
n

n n

n n S

T d S
G A

α
δ

∆= ∫Ñ  
(15) 

An infinitesimal arch element on the nth strip can be 
expressed in polar coordinates: 

2 2
n n ndS dρ ρ θ′= +  (16) 

in which the first derivative of ρn with respect to θ is 
denoted by ρ΄n. Using Equations (12), (16) and (3) for 
nth strip and substituting into Equation (15), one arrives 
at: 

0

0

2 224

2 3 0

0

cos( )4 [( )( ) ]

n n
n

k n
n n n n

j n

n T
d

n j
A j G G G

n n

θ π

θ

ρ ρ
α θ

ρ θ β

=

=

=

′+
= ×

− −− +
−

∫
∑

 

(17) 

So far, formulas for the shear stress on the outer 
boundary τn(θ) and the angle of twist per unit length α 
have been obtained. Moreover, by repeating the 
aforementioned procedure the shear stress on an 
arbitrary strip, such as mth strip ( 0n m n≤ ≤ ), can be 
attained without much difficulty:  

( )
0

0

4

3

0

1( )
2 cos( ) [( )( ) ]

m
m n

km m
n n n

j n

m TG
n jA j G G G
n n

τ θ
ρ θ θ β

=

= ×
−− − +
−∑

 

(18)

Although the method gives no solution for warping 
of the cross-section, it provides simple formulas and 
relatively accurate answers for torsion of thin to 
moderately thick functionally graded tubes. To show 
this, other numerical and analytical results are compared 
with the results calculated from the present method in 
the section 3. In this study, the normalized shear stress 
or angle of twist are defined as shear stress or angle of 
twist of a non-circular tube divided by corresponding 
values of the similar circular or isotropic tube (k=0). It 
is noteworthy that all of the cross-sections studied here, 

have at least two lines of symmetry and thus the center 
of twist (rotation center) coincides with centroid. 
Nevertheless, there are some difficulties to find the 
center of twist in a general case which are associated 
with the irregularities of the cross-section [25]. 
 
 
3. VALIDATION AND RESULTS 
 
The presented formulas are applicable to functionally 
graded tubes with arbitrary cross-section whose inner 
boundary is similar to the outer boundary. To validate 
the formulas, other numerical and analytical results are 
compared with the results calculated from the presented 
method in the previous section. In all the following 
examples tubes undergo a 1000N.m twisting torque. 
 
3. 1. Circular Cross-section     A circular hollow 
cross-section tube with inner and outer radii of 0.06m 
and 0.1m, respectively, is considered. In this case, the 
outer boundary of the cross-section is divided into 
sufficient imaginary strips, i.e. n=10000. Regarding the 
ratio of inner and outer radii, n0 becomes 6000. It is 
obvious from the geometry of the cross-section that θ=β 
for all the values of θ in Equation (18). Moreover, it is 
assumed that, shear moduli of inner (

0nG ) and outer 
( nG ) boundaries are 90GPa and 150GPa, respectively, 
and the variation of shear modulus is linear (k=1). 
Figure 3 compares the variation of shear stress across 
the thickness obtained from Equation (18) with 
analytical results calculated from the formula presented 
by Lekhnitskii [11] for a circular cylinder having 
cylindrical anisotropy. In addition, numerical results are 
provided using  commercial finite element software 
ANSYS 11. SOLID45 element has been used to model 
the tubes in FEM analysis. SOLID45 element has 8 
nodes and is used for three dimensional modeling of 
solid components. 
 
 

 
Figure 3. Variation of shear stress through the thickness for 
circular cross-section. 

www.SID.ir


Arc
hive

 of
 S

ID

www.SID.ir

281                         B. Golami Bazehhour and J. Rezaeepazhand/ IJE TRANSACTIONS A: Bacsics   Vol. 25, No. 3, (July 2012)  277-287 
 

 

Mesh sensitivity has been analyzed for all of the 
tubes to reach convergent and accurate results in FEM 
software. In this case, results obtained by the present, 
analytical and numerical methods are in excellent 
agreement. 
 
3. 2. Flattened Tube     Consider a flattened tube with 
constant thickness t which has been previously 
investigated by Arghavan and Hematyian [18]. Length 
of straight and radius of arch segments shown in Figure 
4 (a) are assumed to be L=100mm and R=50mm, 
respectively. The results from Arghavan and Hematyian 
[18] and FEM are compared with the results calculated 
using the present method for t=10, 20, 30 and 40mm. 
Shear moduli of inner (

0nG ) and outer ( nG ) boundaries 
are 77GPa and 25.5GPa, respectively, and the variation 
of shear modulus is supposed to be linear (k=1). Shear 
stress is calculated at points A and B. It can be noticed 
from geometry of the cross-section that these points, 
θ=β=3π/2 in Equation (18). Again the cross-section is 
divided into n=10000 imaginary strips. 

Figures 5 and 6 illustrate the variation of shear stress 
for different thicknesses at points A and B, respectively. 
 
 

 
(a) 

 
(b) 

 
(c) 

Figure 4. (a) Flattened tube [18], (b) quasi-triangular 
cross-section and (c) quasi-square cross-section. 

As it can be noticed, for cross-sections with thinner 
thickness, the shear stress calculated using the three 
methods are close to each other while the discrepancy 
increases for higher values of thickness. Furthermore, 
the angle of twist per unit length of the cross-section has 
been shown in Figure 7. Generally, the observed results 
provide confidence in the accuracy of the applied 
approximate solution for torsion of functionally graded 
tubes.  

In the following sections, the effect of different 
parameters on torsion of functionally graded tubes with 
specially shaped non-circular cross sections is 
investigated. 
 
 

 
Figure 5. Shear stress at point A. 

 

 
Figure 6. Shear stress at point B. 

 

 
Figure 7. Angle of twist of flattened tubes with different 
thicknesses. 
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3. 3. Modeling Specially Shaped Cross-section   
The special non-circular cross-sections which are 
considered in this study are polygons with blunted 
corners. The following mapping functions are used to 
model such non-circular cross-sections in x-y plane 
[26]: 

(cos( ) cos( ))x w Nλ θ θ= +  (19) 

( sin( ) sin( ))y c w Nλ θ θ= −  (20) 

in which λ is a real and positive parameter which 
determines the size of the boundary. N (integer) 
specifies the number of sides and c controls the curve 
shape while w changes the bluntness of the corners. 
Figure 8 presents the effect of the bluntness parameter w 
for triangle and square cross sections. Using these 
equations, one can investigate the effects of different 
shape parameters on torsional behavior of a variety of 
cross-sections with tractable shapes. Usage examples of 
similar non-circular tubes can also be found in fluid 
ducts [27, 28].  
 
 0w =  0.05w =  0.10w =  0.15w =  0.2w =  

2N =

      

3N =

      
Figure 8. Triangles and squares with c=1 and different 
bluntness factor (w). 
 
 
3. 3. 1. Quasi-triangular Cross-section    A 
triangular cross-section with blunted corners has been 
shown in Figure 4 (b). Corresponding parameters in 
Equations (19) and (20), are w=0.07, N=2 and c=1. 
Furthermore, nominal perimeter (dashed curve) of the 
cross-section is assumed to be constant in the following 
examples. 

In this case, shear moduli of inner (
0nG )and outer 

( nG ) boundaries are 80GPa and 150GPa respectively, 
and the power law exponent is supposed to be k=0.25, 
0.5, 1, 2 or 4. The variation of shear stress around the 
outer boundary of the quasi-triangular cross-section for 
different values of w is shown in Figure 9. Clearly, for 
different bluntness factors, the maximum shear stress 
occurs in the middle of each side of the cross-section, 
i.e. at θ=60, 180 and 300°, rather than at the blunted 
corners. Moreover, as w increases, sharper corners, 
higher shear stresses are produced around the outer 
boundary of the tube. At all of these points, θ is 
identical to β and, by using Equations (17) and (18) one 
can obtain the angle of twist per unit length and 
corresponding shear stresses.  

 
Figure 9. Variation of shear stress around the outer boundary 
for k=1. 
 
 

For comparison, the variations of shear stress around 
the outer boundary of the same cross-section with 
t=10mm and for w=0.1 and w=0.2 have been obtained 
by the present method and the FEM and shown in 
Figure 10. Figure 11 illustrates the variation of 
normalized shear stress ( )0kτ τ = through the thickness of 
quasi-triangular tubes for t=10mm. τk=0 represents the 
shear stress of an isotropic cross-section. It is obvious 
that increasing the value of k increases the volume 
fraction of the material with shear modulus closer to Gn 
and, therefore, the shear stress decreases. 

Figure 12 illustrates the effect of wall thickness on 
the angle of twist per unit length of the quasi-triangular 
cross-section for different values of k. It can be noticed 
that for higher values of the wall thickness, the angle of 
twist is less influenced by distribution of the shear 
modulus. Figure 13 demonstrates the variation of shear 
stress through the thickness for t=10mm which is 
normalized with respect to the angle of twist (τ/α). As it 
is seen, k does not affect the normalized shear stress on 
the inner and outer boundaries in Figure 13.  

In order to investigate the effect of bluntness of 
corners, a quasi-triangular cross-section with different 
bluntness factor w is considered. The power law 
exponent is assumed to be k=1. Bluntness factor w 
varies from 0 to 0.2 in Equations (19) and (20).  
 
 

 
Figure 10. Variation of shear stress around the outer 
boundary for t=10mm and w=0.1 and 0.2, k=1. 
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Figure 11. Normalized shear stress ( )0kτ τ =

 through the 
thickness for t=10mm and w=0.07 at θ=60°. 
 

 
Figure 12. Angle of twist of quasi-triangular cross-section 
for different thicknesses with w=0.07. 

 

 
Figure 13. Normalized shear stress ( )τ α  through the 
thickness for t=10mm and w=0.07 at θ=60°. 
 
 

All tubes have identical thickness and, λ of the 
centerline has been calculated for each cross-section so 
that the area bounded between the inner and outer 
boundaries has a constant value in all the cross-sections.  

Figures 14 and 15 show the variation of maximum 
shear stress and angle of twist with bluntness factor (w) 
for quasi-triangular cross-section which are normalized 
with respect to maximum shear stress and angle of twist 
of circular cross-section (w=0), respectively. 

Clearly, the circular cross section (w=0) yields the 
lowest normalized shear stress and angle of twist while 
changes in bluntness of corners dramatically alter the 

value of maximum shear stress and angle of twist. A 
desirable shear stress or angle of twist for a triangular 
cross section tube can be achieved when appropriate 
bluntness is selected for corners of the cross section. In 
this case, the discrepancy between the presented method 
and FEM does not exceed 2% for angle of twist and 4% 
for shear stress. 
 
3. 3. 2. Quasi-square Cross-section     Figure 4 (c) 
shows a square cross-section with blunted corners. 
Corresponding parameters in Equations (19) and (20) 
are w=0.08, N=3 and c=1. Similar to the previous case, 
nominal perimeter (dashed curve) of the cross-section is 
assumed to be constant. 

Shear moduli of inner (
0nG ) and outer ( nG ) 

boundaries are 80GPa and 150GPa, respectively, and 
the power law exponent is assumed to be k=0.25, 0.5, 1, 
2 or 4. Similar to the privious case, Figure 16 presents 
variation of shear stress around the outer boundary of 
the cross-section for different values of w. The 
maximum shear stress happens in the middle of each 
side of the cross- section, i.e. at θ=45, 135, 225 and 
315° for which θ is identical to β. As w decreases, the 
square gradually transfers to a circle, and thus, the 
maximum shear stress reduces while the minimum shear 
stress, which occurs at the corners, increases and 
smoother distribution of the shear stress is achieved. 

 
 

 
Figure 14. Variation of maximum shear stress with bluntness 
for quasi-triangular tube (k=1). 
 

 
Figure 15. Variation of angle of twist with bluntness for 
quasi-triangular tube (k=1). 
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Figure 17 shows the variation of normalized shear 
stress ( )0kτ τ =

 through the thickness for t=40mm. 
Similarly, τk=0 represents the shear stress of isotropic 
cross-section. Angle of twist per unit length of the 
quasi-square cross-section has been illustrated in Figure 
18 for different values of the power law exponent (k). 
As previously mentioned, for thicker cross-sections the 
angle of twist is less influenced by how the shear 
modulus is distributed. 
 
 

 
Figure 16. Variation of shear stress around the outer 
boundary for k=1. 
 

 
Figure 17. Normalized shear stress ( )0kτ τ =

 through the 
thickness for t=40mm and w=0.08 at θ=45°. 

 
Figure 18. Angle of twist of quasi-square cross-section for 
different thicknesses with w=0.08. 

Figure 19 presents the variation of shear stress 
through the thickness for t=40mm which is normalized 
with respect to the angle of twist (τ/α). As seen, 
normalized shear stresses on the inner and outer 
boundaries do not vary for different values of k in 
Figure 19. 

Similar to the previous case, to investigate the effect 
of bluntness of corners, a quasi-square cross-section 
with variable bluntness factor w is considered. The 
power law exponent is assumed to be k=1. 
 

 
Figure 19. Normalized shear stress ( )τ α  through the 
thickness for t=40mm and w=0.08 at θ=45°. 
 

 
Figure 20. Variation of maximum shear stress with bluntness 
for quasi-square tube (k=1). 
 

 
Figure 21. Variation of angle of twist with bluntness for 
quasi-square tube (k=1). 
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Bluntness factor w varies from 0 to 0.2 in Equations 
(19) and (20). The thicknesses of the cross-sections are 
identical and the λ of centerline has been calculated for 
each cross-section so that the area bounded between the 
inner and outer boundaries has a constant value in all 
the cross-sections. Figures 20 and 21 show the variation 
of normalized maximum shear stress and angle of twist 
with bluntness factor (w) for quasi-square cross-section. 
These values are normalized with respect to 
corresponding maximum shear stress and angle of twist 
of a circular cross-section (w=0), respectively. Similar 
to the triangular case, by choosing proper bluntness, a 
designer can considerably reduce the maximum shear 
stress and corresponding angle of twist of square tubes. 
In this case, the discrepancy between the presented 
method and FEM does not exceed 3% for angle of twist 
and 5% for shear stress. 
 
3. 3. 3. Effect of Cross-sectional Shape (N)     In the 
previous sections, torsional response of quasi-triangular 
and quasi-square tubes was investigated. The effect of 
number of sides (N) of the cross section on the angle of 
twist and maximum shear stress is investigated in this 
section. Using Equations (19) and (20) with N=2, 3, 4 
and 5, triangular, rectangular, pentagonal and hexagonal 
cross-sections can be modeled, respectively (c=1). 
Similar to the previous cases, shear moduli of inner 
(

0nG ) and outer ( nG ) boundaries are assumed to be 
80GPa and 150GPa, respectively, and the power law 
exponent is  k=1. The thicknesses of the cross-sections 
are identical and the λ of centerline has been calculated 
for each cross-section so that the area bounded between 
the inner and outer boundaries has a constant value in 
all the cross-sections. As can be seen in Figures 22 and 
23, increasing N increases the maximum shear stress 
and angle of twist. However, this increase becomes 
more conspicuous for higher values of w. For a small 
value of w, the shape of the cross-section is much closer 
to a circle. Therefore, the number of the sides (N) does 
not affect the maximum shear stress and angle of twist 
very much. In contrast, for large values of w, sharp 
corners are produced and the maximum shear stress and 
twist angle increase as the number of the sides 
increases. 
     In summury, the results obtained using the presented 
method demonstrated a good agreement with FEM 
(ANSYS 11). However, as it can be seen from the 
previous sections, the difference between the results of 
the presented method and FEM has increased 
comparing to that of a circular cross-section. Despite in 
FEM software, the presented method does not count for 
cross-sectional warping and its influence on shear stress 
and angle of twist. Thus, the discrepancy between the 
two methods increases for non-circular cross-sections. 
Nevertheless, it must be noted that the presented method 

gives a solution for torsion problem of closed cross-
sections under uniform pure torsion in which warping 
effects are usually very small comparing to open cross-
sections. Additionally, in order to have more accurate 
results, it is recommended to apply the method for only 
thin to moderately thick tubes. Moreover, the power law 
distribution can be replaced by exponential distribution 
of material in the formulation. Also similar procedure 
can be used for torsion problem of multi-layered tubes.  
 
 

 
Figure 22. Variation of maximum shear stress for different 
values of N. 
 

 
Figure 23. Variation of angle of twist for different values of 
N. 
 

 

Figure 24. Convergency of the present method. 
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As mentioned before, the present method gives the 
convergent results for n=10000. This fact applies to 
almost all of the cases studies in this paper. Figure 24 
shows the convergency trend of the solution for the 
quasi-triangular case investigated before. 
 
 
4. CONCLUSIONS 

 
A relatively simple method was presented for torsional 
analysis of tubes made of non-homogeneous material 
with continuous variation of shear modulus through the 
thickness. The elastic shear stress and deformation of 
specially shaped polygonal tubes subjected to pure 
torsion were also examined. In order to verify the 
accuracy and efficacy of the presented formulas for 
angle of twist per unit length and shear stress, the 
obtained results were compared with the available 
published works and finite element solution. 
Furthermore, effects of thickness, bluntness of corners 
and cross-sectional shape on torsional behavior of 
polygonal tubes were investigated. Based on the results 
presented herein, the shape and bluntness of the cross-
section have a significant effect on the maximum shear 
stress and angle of twist of a functionally graded tube. It 
is also concluded that increasing the number of the sides 
(N) in a polygonal cross-section with constant bluntness 
factor (w), increases the maximum shear stress, 
especially for higher values of w. Using the present 
method, one can achieve desirable shear stress and 
angle of twist for a polygonal functionally graded tube 
using an appropriate bluntness. The power law exponent 
(k) determines the variation of shear stress through the 
thickness of the cross-section. For k>1, the variation of 
shear stress through the thickness is concave up and for 
k<1, the variation of shear stress through the thickness 
is concave down. Generally, using a proper k, one can 
achieve a desired profile of shear stress through the 
cross-section of an FGM tube. Although the cross-
sectional warping is neglected in the method, the 
presented formulas are well-suited for analysis of thin to 
moderately thick closed cross-sections in which the 
warping effects are very small in comparison to that of 
open cross-sections. The presented simple formulas give 
convergent results quickly and thus they are appropriate 
to be used in optimization programs. 
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  چکیده
 

ین منظور روشی ه اب. شود هاي غیر همگن با سطح مقطع دلخواه ارائه می در این مقاله روشی براي تحلیل پیچشی تیوب 
مدول . دست آیند ههایی جهت تحلیل پیچشی ب شود تا فرمول باشد بسط داده می ري برِت میموجود که بر اساس تئو

به منظور تایید دقت . کند برشی در اینجا مطابق با قانون توزیع توانی و در جهت ضخامت دیواره تیوب تغییر می
هاي تحلیلی و عددي  ه با دادههاي ارائه شده براي زاویه پیچش در واحد طول و تنش برشی، نتایج محاسبه شد فرمول

ها و شکل هندسی سطح مقطع مورد بررسی قرار  علاوه بر آن، اثر ضخامت، تیزي گوشه. شوند موجود مقایسه می
هایی با جداره نازك تا نسبتاً ضخیم  هاي ارائه شده به نسبت دقیق، ساده و مناسب جهت تحلیل تیوب فرمول. گیرند می
هاي سطح مقطع،  گوشه) پخ(توان با انتخاب مناسب میزان تیزي  ه روش ارائه شده در این تحقیق، میبر پای. باشند می

هاي غیر همگن با شکل سطح مقطع چند ضلعی به راحتی  زاویه پیچش و ماکسیمم تنش برشی مورد نظر را در تیوب
سازي به راحتی  هاي بهینه ن از آن در برنامهتوا شوند و لذا می نتایج در روش ارائه شده به سرعت همگرا می. دست آورد هب
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