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ABSTRACT

A large group of structures hold tri-diagonal stiffness matrices. The eigenpairs and inverse
of these matrices are found simpler than the ones of common matrices. In addition, using the
householder transformation, symmetric matrices can be converted to the similar tri-diagonal
matrices. Therefore, since stiffness matrices are symmetric, they can be changed to the
similar tri-diagonal ones. In other words, all symmetric matrices can be converted to the tri-
diagonal ones and the simpler solution of tri-diagonal matrices can be used for all stiffness
matrices. Such a comparison is also true for block tri-diagonal matrices and block symmetric
matrices. Although block matrices are a specific kind of common matrices, we want to study
them independently because working with blocks can be more time-saving and efficient in
many cases. In this paper, efficient solutions are presented for tri-diagonal and block tri-
diagonal matrices. Besides, using the features of symmetric and block symmetric matrices
they are converted to the tri-diagonal and block tri-diagonal ones.
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1. INTRODUCTION

Although computational capacity of computers has ameliorated during recent years, the
swift solution of structures is still of great importance in the literature. The analysis of huge
structures is time-consuming and occupies lots of memory. The efficient solution of regular
and near-regular structures has been discussed in the reference [1-8]. The stiffness matrix of
regular structures follows repetitive patterns. In these structures a sector is repeated to form
the whole structure. In the near-regular structures a combination of regular and non-regular
parts forms the main structure. To solve the near-regular structures, usually combined graph
products and sub structuring methods are adapted. Although the matrix patterns of regular
and near-regular structures are considered very special from the viewpoint of matrix theory
and linear algebra, however, these patterns are very common from the structural point of
view. Moreover, using the prefabricated structural components has caused more regularity in
the structures. Other interesting patterns, seen in many non-regular structures, include tri-
diagonal and block tri-diagonal ones. These patterns can be seen.in the shear buildings and
structures with several parts where the parts hold same degrees of freedom. Moreover, in
arbitrary structures because stiffness matrices are symmetric, they.can be converted into the
tri-diagonal and block tri-diagonal matrices using the methods in the linear algebra.
Therefore, the swift solution of tri-diagonal and block tri-diagonal structures can be utilized
in all structures since stiffness matrices are symmetric.

In this paper some efficient methods for computing the eigenpairs and inverse of tri-
diagonal and block tri-diagonal stiffness matrices are presented. Then, the methods of
converting the symmetric matrices into-the tri-diagonal and block tri-diagonal matrices are
studied. This way the advantages of using the methods together are seen in the solution of all
structures.

2. TRI-DIAGONAL MATRICES

Although the stiffness matrix of structures is symmetric, here the general form of tri-
diagonal matrices is considered. Suppose matrix A holds the following pattern

a; G
fbl “ 1
A= Ch—2 (D)
by an.1 Cna
b,y an

With no change in the eigenvalues we will have
S=D7'AD 2

Where matrix S is a symmetric tri-diagonal one. Now, the components of matrix D are
found


www.sid.ir

EFFICIENT ANALYSIS OF STRUCTURES HOLDING TRI-DIAGONAL AND BLOCK ...537

dl_l a; G d,
d;t b, a, ]|[ d, ]
S= Cn-2 | (3)
dr_zll [ bp2 an—y Cn—lJ dp—q
d;l bn—l an l dnJ
di=1ody= |[2disds= |2dy..>d g
=1l-d;= |7—a;, >d3z= |—dz..> = |—d,_
1 2 b1 1 3 bz 2 n bn_l n-—1
This way the symmetric matrix S is found
[¢1 B 1
[B1 a |
S = | “ Pn (4)
Bn-—z2 @n-1 Pn-z
l Bn-1 Qn J
Using Cholesky decomposition we will have
S =LALT (5)
Where
1
1
L — | . . (6)
., 1
| Lo, 1
[0
| 9
A=| (7)
I -
| 5,
Where
B By Bi .
6, =aq, ll=6—i, 6i=ai_5i—i'l=2""'n' li=EZ,l=2,...,n

The decomposition can be also written as

S =LA (8)


www.sid.ir

538 A. Kaveh, H. Rahami and I. Shojaei

Where

ﬂ 1 62
L

ﬁ"- s )
| e s

As seen, 81‘ s is the only components which should be calculated and saved. Besides, the

relationships corresponding to Sis are recursive. Considering the features of recursive

relationships, each component is quickly obtained using the previous component.
Consequently, all components of the three matrices L*, A™* and (L*)T are quickly obtained.

To solve the equation Sx = b, one can use the following equation with no need to invert
the matrix S.

L'y=b, (L)Tx=A4y (11)

As shown in reference [1], using the eigenpairs of matrix A, the equation Ax = b is
solved as follows

Ax =b = {o} A{e}y; = Ay; = {o}'b
b R I R (O (o (12)
yj = % = {x}, = ;{(P}iYi ;{@}ifi = ;Tb

Consequently, for solving the relationships in Eq. (11), the approach used in Eq. (12) is
utilized. Applying the approach is possible because the eigenvalues (and thus the
eigenvectors) of the matrix L* (also the matrix (L*)T) are available. These eigenvalues are
the 81’ s located on the diagonal. This way the equation Sx = b is simply solved for a
symmetric tri-diagonal matrix. Application of the method is in the analysis of shear
buildings ‘and mass-spring systems which hold tri-diagonal stiffness matrices.

In following, the eigenvalues of tri-diagonal matrices are obtained. Previously, the
eigenvalues of matrix L* were calculated that are different from the eigenvalues of matrix S.
To obtain the eigenvalues of matrix, the following Equation should be solved

det(S—AI) =0 (13)

Showing the relationship S — Al with S(4), we will have

S(A) = FQOFW)T (14)

Where
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VE(4),
B1
Vo), \/5'(’1)2 '
F(b) = . Bn..—z (15)
N VE(A)n-1
Bn-1
VE(D)n—1 \/6(/1)71-
And
2
M1 =a, — 2, 6(A)i=ai—)l—6gs_1_1 A=2un (16)

Using Eq. (14) and considering Eq. (13) and Eq. (15), we will:‘have

det(S —AI) = 86(1)16(A); ... ), =0 (17

By multiplying the 5i s sequentially, the characteristic equation is simply found. An
appropriate matrix form of the characteristic equation is shown in Eq. (18).

det(S — AI) = [(anl_ A _'376-12> (azl— A —€12) (“11_ A 8)]11 -0 (18)

Where the index 11 shows the component 11 of the matrix is the characteristic equation.
Therefore, in each multiplication of two matrices one should only multiply the second
matrix by the first row of the first matrix. This way the characteristic equation is found just
using vector multiplication. The application of the method is in obtaining the natural
frequencies of free vibration of shear buildings and mass-spring systems.

In the  following section it is shown how to convert symmetric matrices into the tri-
diagonal matrices. Using the conversion the simply obtained features of tri-diagonal
matrices are also applicable to symmetric matrices.

3. ONVERTING SYMMETRIC MATRICES INTO TRI-DIAGONAL
MATRICES USING HOUSEHOLDER TRANSFORMATION

Symmetric matrices can be converted to the symmetric tri-diagonal matrices using
householder transformation. The conversion is performed in the limited steps. The initial
matrix and the obtained tri-diagonal matrix hold similar eigenvalues.

Suppose v is a column vector in which ||v||, = 1. The orthogonal matrix bellow is the
householder transformation corresponding to the vector v.
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H=1,—2vvt (19)
Algorithm:

Stepl.Putk =1and B = A
Step 2. Calculate

If s = 0, put k = k + 1 and calculate s again.
Step 3. Put

=1 if bry1x <0
6= {+1 if brsrx =0

Step 4. Consider

1 SG.b
2= =(1+ k+1k

2 S )

Step 5. Consider v; = 0 for i = 1,2, 4.,k and vy, = V7 and v; = 28 for { = k +

25VUk41
2,..,mn

Step 6. Put U = (v, vy, ..., v,)" and H = I,, — 2vv*

Step 7. Calculate A = HBH

Step 8. If k = n + 2, matrix A is the aimed tri-diagonal matrix, otherwise put k = k + 1
and B = A and go to the step 2.

This way using n — 2 steps, a symmetric matrix is converted to a similar tri-diagonal
matrix. Thus, the characteristics of tri-diagonal matrices in the fast solution can be utilized
for all symmetric matrices.

Stiffness.matrix of structures is composed of smaller blocks since first the stiffness
matrix of members is constructed. Therefore, it is a good idea to get advantages of the block
form. In many cases, working with blocks is more economical and time-saving. The blocks
can be saved separately and therefore they occupy less memory. In the following sections
the features of block tri-diagonal matrices are obtained and then block matrices are
converted into the block tri-diagonal matrices using a block householder transformation.
Thus, to increase the speed of the solution of block matrices one can utilize the
characteristics of block tri-diagonal matrices for the block matrices.

4. BLOCK TRI-DIAGONAL MATRICES

Consider the block tri-diagonal matrix M
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4, G
I ]

M =| “ % Cpsp | (20)
| Boy Ap-i Cpos|
| B, Al

Where the blocks are matrices of dimension m. The determinant of matrix M is
calculated as

detM = (—1)™" det[T,,] det[B, ... B,_,] Q1)

Where matrix T;, of the dimension m, is the block on the top left hand of matrix T
shown bellow

T = [_An _Cn—l] [—Bﬁilz‘ln-l —B;! 1Cn 2] [ Bi'Ay =Bt (22)
I, I 0
To calculate the eigenvalues, we will have
detM(1A) = (—1)™ det[T;;(A1)] det[B; ... B_1] =0 (23)
And then
det[Ty; (AD)]= 0 (24)

Where matrix T;4(4), of the dimension m, is the block on the top left hand of matrix
T (A) shown bellow
T(A) — -4, [ B (An 1 —)le) —B,Z 1Cn 2] [ Bl_l(Al _/Um) _Bl_1 (25)

I I, 0

Therefore, in each multiplication of two matrices one should only multiply the second
matrix by the first block row of the first matrix. Consequently, the characteristic equation is
found just using vector multiplication. The application of the method is in finding the natural
frequencies of the structures which are composed of part by part substructures. Regular
structures are a specific kind of these structures.

In the next section using block householder transformation a method for converting
symmetric block matrices into the block tri-diagonal matrices is presented. The conversion
makes the opportunity of using the fast solution of block tri-diagonal matrices for the
symmetric block matrices.
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5. CONVERTING SYMMETRIC BLOCK MATRICES INTO THE BLOCK TRI-
DIAGONAL MATRICES USING BLOCK HOUSEHOLDER
TRANSFORMATION

Block householder transformation is an appropriate method for obtaining the eigenvalues of
large symmetric matrices. The method is specifically useful for solving large stiffness
matrices since they can be saved by their blocks, occupying less memory. The approach for
changing a block matrix to a similar block tri-diagonal matrix is presented bellow

Product p of householder transformation is written as

HHy..H, =1—-WYT (26)

Where Wand Y are matrices including p columns. Consider block symmetric matrix C as
follows

Cii Cop' Cm‘lT]
T
C — | C2’1 CZ,Z Cm’z I (27)
| : v Cpy |
lCns Gz Crin
Consider matrix M as the first block column of matrix C except for the diagonal block
Ca1
C
M= (28)
Cim1

C
Onsider Hy, H,,... and H,, as householder transformations of QR decomposition of matrix
M in which H;s hold the following pattern

Hi =]- ZuiuiT (29)

Householder transformations are put in the matrix WY (composed of w; columns for W
and y; for Y)

w; = Zui
30
yi =HpHy 1 .. Hipquy 30
It can be shown
HH,..H,=1- wyT 31

Consider transformation matrix Q which does not change eigenvalues
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I 0
e=[, ,_wyrl (32)
Using the following transformation, we will have
[Ci R" 0 .. 0 ]
~ A T ~ T
| R Gy Gy o Cos
QTCQ — | 0 C.. ~ ~ T (33)

3,2 C3,3 m,3 |
mm J

Where matrix R is the upper triangular matrix obtained from QR decomposition of matrix
M and C; ;8 show the blocks of new matrix C obtained from Eq. (33). If C @) is the matrix
gained through eliminating the first block row and column of matrix C, we will have

0 Cnz GCus

™

CO=U-WwyDHTCOU-WYT) (34)
Or
CA=Cc®-—ywrc@® — cOWYT + YW c®wyT (35)
Replacing S = COW,V=W'CPW.and T=S-0.5Y, we will have
CA=¢c@ —yrT —TYT (36)

Therefore, the computational cost of C®is reduced to the computational cost of some
multiplications of W, V' and C®. These multiplications are efficiently done using vector
computers. The matrix is converted into a block tri-diagonal one by applying m-1 steps. This
operation is not.an iterative operation but it is an exact one with limited steps. Now, the
obtained block tri-diagonal matrices can be solved using the proposed method in the
previous section:

6. EXAMPLE

Consider the 28-story tall building shown in Fig. 1. The front view and scheme of the
building are shown in Fig. 2 and Fig. 3, respectively. According to Fig. 1, the first 22 stories
are similar and the top 6 stories are the same.
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Figure 1. The 28-story tall building
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Figure 2. The scheme of the building

Considering these two parts, the stiffness matrix will have the form below

WWW.SID.ir
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A, BT,
By A B";
B, A B";
B, A
B, ~ BT,

B, A B";
B, A B,

BZ AZ
B, BT,
A, /BT,
BZ AZ BTZ
B, A |

Consider Eq. (25)

T(A):[_A"_Mm —Cas [—Bgil(An_l—Mm —B,:_llcn_z] [—Bfl(Al—Mm) -B;*
I, 0 I, 0 Iy 0

In this example n = 28 and we have

A; =4,  B; =B, C; = BT, 1<i<22
A;=A, - By= B, C; = BT,, 23<i<27
A=Az i =28

Then, the characteristic equation will be obtained from the following relationships

T
- _ 6 - _ 20 _ _
— —Az — ALy _B;] [_Bz 1(A2 —Aly) —B; 1BZT] [_31 1(A1 —Aln) —Bj 1B1T] [_31 1(A1 —ALn) —Bj !
I 0 I 0 1 I

And
det[T;; ()] =0

After obtaining eigenpairs, the inverse of stiffness matrix is calculated by Eq. (12).

7. CONCLUSIONS

In this paper methods for finding the eigenpairs and inverse of tri-diagonal and block tri-
diagonal matrices are presented. In these methods the characteristic equation of the matrices
are efficiently calculated. Many structures hold these tri-diagonal and block tri-diagonal
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patterns and therefore their calculations are of great importance. Fortunately, the common
structures, which do not hold the above mentioned patterns, can be easily converted into the
tri-diagonal and block tri-diagonal matrices. These conversions are feasible just because the
stiffness matrices are symmetric. The transformations are done using householder methods.
Applying the block householder is more efficient in large structures because working with
blocks occupies less memory.
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