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FUZZY HYPERIDEALS IN TERNARY SEMIHYPERRINGS

B. DAVVAZ

Abstract. In a ternary semihyperring, addition is a hyperoperation and mul-
tiplication is a ternary operation. Indeed, the notion of ternary semihyperrings

is a generalization of semirings. Our main purpose of this paper is to introduce

the notions of fuzzy hyperideal and fuzzy bi-hyperideal in ternary semihyper-
rings. We give some characterizations of fuzzy hyperideals and investigate

several kinds of them.

1. Introduction

The theory of semiring was first developed by H. S. Vandiver and he has obtained
important results of the objects. Semiring constitute a fairly natural generaliza-
tion of rings, with board applications in the mathematical foundation of computer
science. Also, semiring theory has many applications to other branches. For exam-
ple, automata theory, optimization theory, algebra of formal process, combinatorial
optimization, Baysian networks and belief propagation.

The idea of investigations of n-ary algebras, i.e., sets with one n-ary operation,
seems to be going back to Kasner’s lecture [35] at the 53rd annual meeting of the
American Association of the Advancement of Science in 1904. But the first pa-
per concerning the theory of n-ary groups was written (under inspiration of Emmy
Noether) by Dörnte in 1928 (see [30]). Since then many papers concerning vari-
ous n-ary algebras have appeared in the literature, for example see [19, 31, 50, 53].
Ternary semigroups are universal algebras with one associative operation. A ternary
semigroup is a particular case of an n-ary semigroup (n-semigroup) for n = 3 (cf,
[5, 6, 29, 38, 47, 55]). The literature of ternary algebraic system was introduced by
D.H. Lehmer [38] in 1932. He investigated certain ternary algebraic system called
triplexes which turn out to be ternary groups. The notion of ternary semigroups
was known to S. Banach. He showed by an example that a ternary semigroup does
not necessarily reduce to an ordinary semigroup. (m,n)-rings studied by Crombez
[9], Crombez and Timm [10] and Dudek [32]. In [41], W.G. Lister characterized
those additive subgroups of rings which are closed under the triple ring product
and he called this algebraic system a ternary ring. Dutta and Kar [33] introduced
the notion of ternary semiring which is a generalization of the notion of ternary
ring.

Algebraic hyperstructures which is based on the notion of hyperoperation was
introduced by Marty [43] and studied extensively by many mathematicians. Sev-
eral books have been written on hyperstructure theory, see [7, 8, 22, 56]. A recent
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22 B. Davvaz

book on hyperstructures [8] points out on their applications in fuzzy and rough
set theory, cryptography, codes, automata, probability, geometry, lattices, binary
relations, graphs and hypergraphs. Another book [22] is devoted especially to the
study of hyperring theory. Several kinds of hyperrings are introduced and ana-
lyzed. The volume ends with an outline of applications in chemistry and physics,
analyzing several special kinds of hyperstructures: e-hyperstructures and transpo-
sition hypergroups. The theory of suitable modified hyperstructures can serve as
a mathematical background in the field of quantum communication systems. The
notion of hyperrings was studied by many authors. Some principal new notions
about hyperrring theory can be found in [2, 3, 24, 25, 48, 46].

The concept of fuzzy algebraic structures was started with the introduction of
the concept of fuzzy subgroups by Rosenfeld [52], also see [59]. Liu [42] introduced
the notion of fuzzy subrings and ideals of a ring, also see [4]. The study of fuzzy
hyperstructures is an interesting research topic of fuzzy sets. There is a considerable
amount of work on the connections between fuzzy sets and hyperstructures. Some
of them concern the fuzzy hyperalgebras. This is a direct extension of the concept
of fuzzy algebras (fuzzy (sub)groups, fuzzy lattices, fuzzy rings etc). This approach
can be extended to fuzzy hypergroups. For example, given a crisp hypergroup
(H, ◦) and a fuzzy set µ, we say that µ is a fuzzy (sub)hypergroups of (H, ◦) if
every cut of µ, say µt, is a (crisp) subhypergroup of (H, ◦). This was initiated by
Zahedi and et. al. [60] and continued by Davvaz [12], [26] and Davvaz and et. al.
[14, 15, 16, 17, 18].

In [26], Davvaz and Vougiouklis introduced the concept of n-ary hypergroups
as a generalization of hypergroups in the sense of Marty. Then this concept stud-
ied Leoreanu-Fotea and Davvaz [39, 40], Davvaz, Dudek Mirvakili and Vougiouklis
[27, 28] and others. Leoreanu-Fotea and Davvaz in [40] introduced and studied the
notion of a partial n-ary hypergroupoid, associated with a binary relation. Some
important results, concerning Rosenberg partial hypergroupoids, induced by rela-
tions, are generalized to the case of n-ary hypergroupoids. Davvaz and et. al. in
[28] considered a class of algebraic hypersystems which represent a generalization
of semigroups, semihypergroups and n-ary semigroups. Ternary semihypergroups
are algebraic structures with one associative hyperoperation. A ternary semihy-
pergroup is a particular case of an n-ary semihypergroup (n-semihypergroup) for
n = 3 [23]. The main propose of [23] is the study of binary relations on ternary
semihypergroups.

In a ternary semihyperring, addition is a hyperoperation and multiplication is
a ternary operation. Indeed, the notion of ternary semihyperrings is a generaliza-
tion of semirings. Our main purpose of this paper is to introduce the notions of
fuzzy hyperideal and fuzzy bi-hyperideal in ternary semihyperrings. We give some
characterizations of fuzzy hyperideals and investigate several kinds of them.

2. Basic Facts about Semirings and Hyperstructures

We consider the ring of integers Z which plays a vital role in the literature of ring.
The subset Z+ of all positive integers of Z is an additive commutative semigroup
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which is closed under the binary product, i.e., Z+ forms a semiring.
A semiring is a system consisting of a set S together with two binary operations

on S called addition and multiplication (denoted in the usual manner) such that

(1) S together with addition is a (commutative) semigroup,
(2) S together with multiplication is a semigroup,
(3) a · (b + c) = a · b + a · c and (a + b) · c = a · c + b · c for all a, b, c ∈ S.

In the following table we present some examples of semirings which occur in com-
binatorics.

S ⊕ � e
R+ + · 0
R+ max + 0
R+ (am + bm)1/m · 0
[a, b] max min b

R ∪ {+∞} min + +∞
{0, 1} and or 0

A left (right) ideal of a semiring S is a subset I of S such that

(1) a + b ∈ I for all a, b ∈ I,
(2) r · a ∈ I (a · r ∈ I) for all r ∈ S and a ∈ I.

An ideal of a semiring S is a subset I of S such that I is both a left and a right
ideal of S.

Let H be a non-empty set and let ℘∗(H) be the set of all non-empty subsets of
H. A hyperoperation on H is a map ◦ : H ×H −→ ℘∗(H) and the couple (H, ◦) is
called a hypergroupoid. If A and B are non-empty subsets of H, then we denote

A ◦B =
⋃

a∈A, b∈B

a ◦ b, x ◦A = {x} ◦A and A ◦ x = A ◦ {x}.

A hypergroupoid (H, ◦) is called a semihypergroup if for all x, y, z of H we have
(x ◦ y) ◦ z = x ◦ (y ◦ z), which means that⋃

u∈x◦y

u ◦ z =
⋃

v∈y◦z

x ◦ v.

Let (S, ·) be an ordinary semigroup and let P be a subset of S. We define

x ◦ y = x · P · y, for all x, y ∈ S.

Then (S, ◦) is a semihypergroup.
A semihyperring is essentially a semiring, with approximately modified axioms

in which addition is a hyperoperation (i.e., a + b is a set). This concept has been
studied by Ameri and Hedayati [1]. Of course, early, Vougiouklis in [57] and Davvaz
in [20] studied the notion of semihyperrings in a general form, i.e., both the sum
and product are hyperoperations. For example, let (R,+, ·) be a semiring. We
define x ⊕ y =< x, y > (the ideal generated by x and y) and x � y = x · y. Then
(R,⊕,�) is a semihyperring.
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24 B. Davvaz

3. Ternary Semihyperrings and Hyperideals

We know that Z+ forms a semiring. Now, if we consider the subset Z− of all
negative integers of Z, then we see that Z− is an additive commutative semigroup
which is closed under the ternary product. However Z− is not closed under the
binary product, i.e., Z− does not form a semiring. Moreover, we know that the
addition of two elements can be a set. Taking these facts, Davvaz in [13] introduced
the notion of ternary semihyperrings which is a generalization of semihyperrings [1]
and a generalization of ternary semirings [33].

Definition 3.1. A set R together with a binary hyperoperation + and a ternary
multiplication f is said to be a ternary semihyperring if (R,+) is a (commutative)
semihypergroup satisfying the following conditions:

(1) f(f(a, b, c), d, e) = f(a, f(b, c, d), e) = f(a, b, f(c, d, e)),
(2) f(a + b, c, d) = f(a, c, d) + f(b, c, d),
(3) f(a, b + c, d) = f(a, b, d) + f(a, c, d),
(4) f(a, b, c + d) = f(a, b, c) + f(a, b, d),

for all a, b, c, d, e ∈ R. If (R,+) be a semigroup, i.e., + be an ordinary operation,
then (R,+, f) is called a ternary semiring.

Example 1. Let Z be the set of all integers. We define a binary hyperoperation and
a ternary multiplication on Z in the following way: x⊕ y = {x, y} and f(x, y, z) =
x · y · z. Then (Z,⊕, f) is a ternary semihyperring.

Example 2. Let (R,+, ·) be a semiring. We define a binary hyperoperation and
a ternary multiplication on R in the following way: x ⊕ y =< x, y > (the ideal
generated by x, y) and f(x, y, z) = x·y·z. Then (R,⊕, f) is a ternary semihyperring.

Example 3. Let I be the real interval [0, 1]. On I we define x ⊕ y = {t ∈
I | min{x, y} ≤ t ≤ max{x, y}} and f(x, y, z) = min{x, y, z}. Then (I,⊕, f) is a
ternary semihyperring.

Example 4. If (L,∧,∨) is a relatively complemented distributive lattice and if
⊕ and f are defined as: a ⊕ b = {c ∈ L | a ∧ c = b ∧ c = a ∧ b, a, b ∈ L} and
f(a, b, c) = a ∨ b ∨ c. Then (L,⊕, f) is a ternary semihyperring.

Example 5. Let R be a semihyperring and M be the set of all n × n matrixes
with entries from R. The hyperproduct of two matrixes (aij), (bij) is defined in the
usual manner

(aij) · (bij) = {(cij) | cij ∈
n∑

k=1

aik + bkj}.

We define a binary hyperoperation and a ternary multiplication on M as follows:

(aij)⊕ (bij) = {(cij) | cij ∈ aij + bij} and f((aij), (bij), (cij)) = (aij) · (bij) · (cij).

Then (M,⊕, f) is a ternary semihyperring.

Example 6. Let S be the set of all continuous functions f : X −→ R−, where
X is a topological space and R− is the set of all negative real numbers. Now, we
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define a binary hyperoperation (operation) and a ternary multiplication on R in
the following way:

(1) (f ⊕ g)(x) = {f(x) + g(x)} := f(x) + g(x),
(2) F (f, g, h)(x) = f(x) · g(x) · h(x),

for all f, g, h ∈ S and x ∈ X. Then (S,⊕, F ) forms a ternary semihyperring (indeed,
it is a ternary semiring).

Notice that the positive real valued continuous functions form a semiring where
as the negative real valued continuous functions form a ternary semiring.

Let (R1,+, f) and (R2,+′, g) be ternary semihyperrings. Then a map ϕ : R1 −→
R2 is called a homomorphism if

ϕ(a + b) = ϕ(a) +′ ϕ(b) and ϕ(f(a, b, c)) = f(ϕ(a), ϕ(b), ϕ(c))

are satisfied for all a, b, c ∈ R1. Moreover, if ϕ is onto and one to one, then ϕ is
called an isomorphism, and in this case we write R1

∼= R2.

Definition 3.2. Let (R,+, f) be a ternary semihyperring. An additive sub-semihyp-
ergroup A of R is called a ternary sub-semihyperring of R if f(a, b, c) ∈ A, for all
a, b, c ∈ A. An additive sub-semihypergroup I of R is called

(1) a left hyperideal of R if f(a, b, i) ∈ I, for all a, b ∈ R and i ∈ I,
(2) a right hyperideal of R if f(i, a, b) ∈ I, for all a, b ∈ R and i ∈ I,
(3) a lateral hyperideal of R if f(a, i, b) ∈ I, for all a, b ∈ R and i ∈ I.

If I is both left and right hyperideal of R, then I is called a two-sided hyperideal of
R. If I is a left, a right and a lateral hyperideal of R, then I is called a hyperideal
of R.

Example 7. Consider Example 1. It is easy to see that I =< 2 >= {2k | k ∈ Z}
is a hyperideal of Z.

4. Fuuzzy Hyperideals

In this section, we introduce the notion of fuzzy hyperideal in a ternary semihy-
perring.

Let X be a non-empty set. A map µ : X −→ [0, 1] is called a fuzzy subset of X.
Let µ and λ are fuzzy subsets of X. Then µ ∩ λ and µ ∪ λ are defined as follows:

(µ ∩ λ) = min{µ(x), λ(x)} and (µ ∪ λ)(x) = max{µ(x), λ(x)}.

If µ is a fuzzy subset of X, then for any t ∈ [0, 1], the set µt = {x ∈ X | µ(x) ≥ t}
is called a level subset of µ.

A fuzzy ideal of a semiring S is a function µ : S −→ [0, 1] satisfying the following
conditions:

(1) min{µ(x), µ(y)} ≤ µ(x + y), for all x, y ∈ S,
(2) min{µ(x), µ(y)} ≤ µ(x · y), for all x, y, z ∈ S.
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26 B. Davvaz

Example 8. Let µ be a fuzzy subset of the semiring N of natural numbers defined
by

µ(x) =

 0 if 0 ≤ x < 10
0.6 if 10 ≤ x < 100
1 if 100 ≤ x.

Then it is easy to see that µ is a fuzzy ideal of N.

Definition 4.1. A fuzzy subset µ of a ternary semihyperring (R,+, f) is called a
fuzzy sub-semihyperring of R if

(1) min{µ(x), µ(y)} ≤ inf
z∈x+y)

{µ(z)}, for all x, y ∈ R,

(2) min{µ(x), µ(y), µ(z)} ≤ µ(f(x, y, z)), for all x, y, z ∈ R.

Example 9. Consider the ternary semihyperring (Z,⊕, f) defined in Example 1.
Let S = Z− be the set of all negative integers. We define a fuzzy subset µ : Z −→
[0, 1] as follows:

µ(x) =
{

0.8 if x ∈ S
0.3 otherwise

Then µ is a fuzzy ternary sub-semihyperring of (Z,⊕, f).

Definition 4.2. A fuzzy subset µ of a ternary semihyperring (R,+, f) is called a
fuzzy hyperideal of R if

(1) min{µ(x), µ(y)} ≤ inf
z∈x+y)

{µ(z)}, for all x, y ∈ R,

(2) µ(x) ≤ µ(f(x, y, z)), for all x, y, z ∈ R,
(3) µ(y) ≤ µ(f(x, y, z)), for all x, y, z ∈ R,
(4) µ(z) ≤ µ(f(x, y, z)), for all x, y, z ∈ R.

Example 10. Suppose that R := {0, 1, 2, 3} and define a hyperoperation + on R
as follows:

+ 0 1 2 3
0 0 1 2 3
1 1 {0, 1} 3 {2, 3}
2 2 3 0 1
3 3 {2, 3} 1 {0, 1}.

Let f be a ternary operation on R such that

f(x, y, z) =
{

2 if x, y, z ∈ {2, 3},
0 otherwise.

Then, (R,+, f) is a ternary semihyperring. Now, let α, β ∈ [0, 1] and β ≤ α. We
define

µ(x) =
{

α if x = 0, 1
β if x = 2, 3

Then µ is a fuzzy hyperideal of R.

Lemma 4.3. Any hyperideal of a ternary semihyperring (R,+, f) can be realized
as a level subset of some fuzzy hyperideal of R.
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Proof. Let I be a hyperideal of a given ternary semihyperring R and let µI be a
fuzzy subset of R defined by

µI(x) =
{

t if x ∈ I
s if x 6∈ I

where 0 ≤ s < t ≤ 1 is fixed. It is not difficult to see that µ is a fuzzy hyperideal
of R such that µt = I. �

Notice that the characteristic function of a non-empty subset A of a ternary
semihyperring R is a fuzzy hyperideal of R if and only if A is a hyperideal of R.

Theorem 4.4. A fuzzy subset µ of a ternary semihyperring (R,+, f) is a fuzzy
hyperideal if and only if each its non-empty level subset is a hyperideal of R.

Proof. Let µ be a fuzzy hyperideal of a ternary semihyperring (R,+, f). If x, y ∈ µt

for some t ∈ [0, 1], then µ(x) ≥ t and µ(y) ≥ t. Thus

t ≤ min{µ(x), µ(y)} ≤ inf
z∈x+y

{µ(z)},

which implies that µ(z) ≥ t for every z ∈ x + y. Therefore, x + y ⊆ µt. Moreover,
suppose that x, y, z ∈ R and x ∈ µt. Then µ(x) ≥ t. So we have t ≤ µ(x) ≤
µ(f(x, y, z)), which implies that f(µt, y, z) ⊆ µt. Similarly, we obtain f(x, µt, z) ⊆
µt and f(x, y, µt) ⊆ µt. Hence, µt is a hyperideal of R.

Conversely, assume that every non-empty level subset µt is a hyperideal of R.
Let t0 = min{µ(x), µ(y)} for x, y ∈ R. Then obviously x, y ∈ µt0 , consequently,
x + y ⊆ µt0 . Thus

min{µ(x), µ(y)} = t0 ≤ inf
z∈x+y

{µ(z)}.

Now, let µ(x) = t1. Then x ∈ µt1 . So we obtain f(x, y, z) ∈ µt1 , which implies
that t1 ≤ µ(f(x, y, z)). Hence, µ(x) = t1 ≤ µ(f(x, y, z)). Similarly, we obtain
µ(y) ≤ µ(f(x, y, z)) and µ(z) ≤ µ(f(x, y, z)). In this way all conditions of definition
are verified. This completes the proof. �

A strong level subset µ>
t of a fuzzy set µ in R is defined by µ>

t = {x ∈ R | µ(x) >
t}.

Corollary 4.5. Let µ be a fuzzy set with the upper bound t0 of a ternary semi-
hyperring R. Then the following are equivalent:

(1) µ is a fuzzy hyperideal of R.
(2) Each level subset µt, for t ∈ [0, t0] is a hyperideal of R.
(3) Each strong level subset µ>

t , for t ∈ [0, t0] is a hyperideal of R.
(4) Each level subset µt, for t ∈ Im(µ) is a hyperideal of R, where Im(µ)

denotes the image of µ.
(5) Each strong level subset µ>

t , for t ∈ Im(µ) \ {t0} is a hyperideal of R.
(6) Each non-empty level subset of µ is a hyperideal of R.
(7) Each non-empty strong level subset of µ is a hyperideal of R.
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Let ϕ : R1 −→ R2 be a function and µ be a fuzzy subset of R1. Then ϕ induces
a fuzzy subset ϕ(µ) in ϕ(µ) in R2 defined by:

ϕ(µ)(y) =

{
sup

x∈ϕ−1(y)

{µ(x)} if y ∈ ϕ(R1)

0 otherwise.

Here ϕ(µ) is called the image of µ under ϕ. Let λ be a fuzzy subset in R2. Then ϕ
induces a fuzzy subset ϕ−1(λ) in R1 defined by ϕ−1(λ)(x) = λ(ϕ(x)) for all x ∈ R1.
Here ϕ−1(λ) is called the inverse image of λ under µ.

Lemma 4.6. Let R1 and R2 be two ternary semihyperrings. Let ϕ : R1 −→ R2 be
a homomorphism.

(1) If µ is a fuzzy hyperideal of R1, then ϕ(µ) is a fuzzy hyperideal of R2.
(2) If λ is a fuzzy hyperideal of R2, then ϕ−1(λ) is a fuzzy hyperideal of R1.

Proof. It is straightforward. �

Let (R1,+, f) and (R2,+′, g) be two ternary semihyperrings. The direct product
R1 ×R2 is a ternary semihyperring such that for a1, a2, a3 ∈ R1, b1, b2, b3 ∈ R2,

((a1, b1)⊕ (a2, b2)) = {(a, b) | a ∈ a1 + a2, b ∈ b1 +′ b2},
(f × g)((a1, b1), (a2, b2), (a3, b3)) = (f(a1, a2, a3), g(b1, b2, b3))) .

Let µ, λ be fuzzy hyperideals of R1, R2, respectively. Then the product of µ and λ
is the fuzzy subset µ× λ of R1 ×R2 where (µ× λ)(x, y) = min{µ(x), λ(y)} for all
(x, y) ∈ R1 ×R2.

Lemma 4.7. Let (R1,+, f) and (R2,+′, g) be two ternary hyperrings and µ, λ
be fuzzy hyperideals of R1, R2, respectively. Then µ × λ is a fuzzy hyperideal of
R1 ×R2.

Proof. It is straightforward. �

A fuzzy subset µ of R of the form

µ(y) =
{

t 6= 0 if y = x,
0 if y 6= x.

is called a fuzzy point with support x and value t and is denoted xt. A fuzzy point
xt is said to be belong to (resp. be quasi-coincident with) a fuzzy set µ, written as
xt ∈ µ (resp. xtqµ) if µ(x) ≥ t (resp. µ(x) + t > 1). If xt ∈ µ or xtqµ, then we
write xt ∈ ∨qµ. The symbol ∈ ∨q means neither ∈ nor q hold.

Definition 4.8. A fuzzy subset µ of a ternary semihyperring (R,+, f) is called an
(∈,∈ ∨q)-fuzzy hyperideal of R if

(i) xt, ys ∈ µ implies zt∧s ∈ ∨qµ for all z ∈ x + y, t, s ∈ (0, 1] and x, y ∈ R,
(ii) xt ∈ µ implies f(x, y, z)t ∈ ∨qµ, for all t ∈ (0, 1] and x, y, z ∈ R,
(iii) yt ∈ µ implies f(x, y, z)t ∈ ∨qµ, for all t ∈ (0, 1] and x, y, z ∈ R,
(iv) zt ∈ µ implies f(x, y, z)t ∈ ∨qµ, for all t ∈ (0, 1] and x, y, z ∈ R.,

Proposition 4.9. Conditions (i), (ii), (iii) and (iv) in Definition 4.8 are equiva-
lent,respectively, to the following conditions.
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(1) µ(x) ∧ µ(y) ∧ 0.5 ≤
∧

z∈x+y

µ(z) for all x, y ∈ R,

(2) µ(x) ∧ 0.5 ≤ µ(f(x, y, z)) for all x, y, z ∈ R,
(3) µ(y) ∧ 0.5 ≤ µ(f(x, y, z)) for all x, y, z ∈ R,
(4) µ(z) ∧ 0.5 ≤ µ(f(x, y, z)) for all x, y, z ∈ R.

Proof. (i ⇒ 1): Suppose that x, y ∈ R. We consider the following cases:
(a) µ(x) ∧ µ(y) < 0.5
(b) µ(x) ∧ µ(y) ≥ 0.5.
Case a: Assume that there exists z ∈ x + y such that µ(z) < µ(x) ∧ µ(y) ∧ 0.5,

which implies that µ(z) < µ(x) ∧ µ(y). Choose t such that µ(z) < t < µ(x) ∧ µ(y).
Then xt, yt ∈ µ, but zt∈ ∨qµ, which contradicts (i).

Case b: Assume that µ(z) < 0.5 for some z ∈ x + y. Then x0.5, y0.5 ∈ µ, but
z0.5∈ ∨qµ, which is a contradiction. Therefore, (1) holds.

(ii ⇒ 2): Suppose that x, y, z ∈ R. We consider the following cases:
(a) µ(x) < 0.5
(b) µ(x) ≥ 0.5.
Case a: Assume that µ(f(x, y, z))) < µ(x)∧0.5, which implies that µ(f(x, y, z))) <

µ(x). Choose t such that µ(f(x, y, z))) < t < µ(x). Then xt ∈ µ, but (f(x, y, z)))t∈ ∨qµ,
which contradicts (ii).

Case b: Assume that µ(f(x, y, z))) < 0.5. Then x0.5 ∈ µ, but (µ(f(x, y, z)))0.5∈ ∨qµ,
which is a contradiction. Therefore (2) holds.

The proofs of (iii ⇒ 3) and (iv ⇒ 4) are similar to (ii ⇒ 2).
(1 ⇒ i): Let xt, ys ∈ µ. Then µ(x) ≥ t and µ(y) ≥ s. For every z ∈ x + y, we

have
µ(z) ≥ µ(x) ∧ µ(y) ∧ 0.5 ≥ t ∧ s ∧ 0.5.

If t ∧ s > 0.5, then µ(z) ≥ 0.5 which implies that µ(z) + (t ∧ s) > 1. If t ∧ s ≤ 0.5,
then µ(z) ≥ t ∧ s. Therefore zt∧s ∈ ∨qµ for all z ∈ x + y.

(2 ⇒ ii): Let xt ∈ µ. Then µ(x) ≥ t. We have µ(f(x, y, z)) ≥ µ(x)∧0.5 ≥ t∧0.5.
If t > 0.5, then µ(f(x, y, z)) ≥ 0.5 which implies that µ(f(x, y, z)) + t > 1. If
t ≤ 0.5, then µ(f(x, y, z)) ≥ t. Therefore, (f(x, y, z))t ∈ ∨qµ.

The proofs of (3 ⇒ iii) and (4 ⇒ iv) are similar to (2 ⇒ ii). �

By Definition 4.8 and Proposition 4.9, we obtain immediately:

Corollary 4.10. A fuzzy subset µ of a ternary semihyperring (R,+, f) is an (∈
,∈ ∨q)-fuzzy hyperideal of R if and only if the conditions (1), (2), (3) and (4) in
Proposition 4.9 hold.

Definition 4.11. A fuzzy subset µ of a ternary semihyperring (R,+, f) is called
an (∈,∈ ∨ q)-fuzzy hyperideal of R if

(i) zt∧s∈µ implies xt∈ ∨ qµ and ys∈ ∨ qµ for all z ∈ x + y, t, s ∈ (0, 1] and
x, y ∈ R,

(ii) f(x, y, z)t∈µ implies xt∈ ∨ qµ for all t ∈ (0, 1] and x, , y, z ∈ R,
(iii) f(x, y, z)t∈µ implies yt∈ ∨ qµ for all t ∈ (0, 1] and x, , y, z ∈ R,
(iv) f(x, y, z)t∈µ implies zt∈ ∨ qµ for all t ∈ (0, 1] and x, , y, z ∈ R.
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Proposition 4.12. A fuzzy subset µ of a ternary semihyperring (R,+, f) is an
(∈,∈ ∨ q)-fuzzy hyperideal of R if and only if it satisfies:

(1) µ(x) ∧ µ(y)) ≤
∧

z∈x+y

(µ(z) ∨ 0.5) for all x, y ∈ R,

(2) µ(x) ≤ µ(f(x, y, z)) ∨ 0.5 for all x, y, z ∈ R,
(3) µ(y) ≤ µ(f(x, y, z)) ∨ 0.5 for all x, y, z ∈ R,
(4) µ(z) ≤ µ(f(x, y, z)) ∨ 0.5 for all x, y, z ∈ R.

Proof. The proof is similar to the proof of Proposition 4.9. �

Definition 4.13. Let α, β ∈ [0, 1] and α < β . Let µ be a fuzzy subset of a ternary
semihyperring (R,+, f). Then µ is called a fuzzy hyperideal with thresholds of R, if

(1) µ(x) ∧ µ(y) ∧ β ≤
∧

z∈x+t

(µ(z) ∨ α) for all x, y ∈ R,

(2) µ(x) ∧ β ≤ µ(f(x, y, z)) ∨ α for all x, y, z ∈ R,
(3) µ(y) ∧ β ≤ µ(f(x, y, z)) ∨ α for all x, y, z ∈ R,
(4) µ(z) ∧ β ≤ µ(f(x, y, z)) ∨ α for all x, y, z ∈ R.

Now, we give a characterization of fuzzy hyperideals with thresholds by using
their level subsets.

Theorem 4.14. A fuzzy subset µ of a ternary semihyperring (R,+, f) is a fuzzy
hyperideal with thresholds (α, β) of R if and only if µt(6= ∅) is a hyperideal of R for
all t ∈ (α, β].

Proof. Suppose that µ is a fuzzy hyperideal with thresholds of R and t ∈ (α, β].
Let x, y ∈ µt. Then µ(x) ≥ t and µ(y) ≥ t. Now,

α < t = t ∧ β ≤ µ(x) ∧ µ(y)) ∧ β ≤
∧

z∈x+y

(µ(z) ∨ α).

So for every z ∈ x + y we have µ(z) ∨ α ≥ t > α which implies that µ(z) ≥ t and
z ∈ µt. Hence x + y ⊆ µt.

Now, suppose that x, y, z ∈ R, x ∈ µt and t ∈ (α, β]. Then µ(x) ≥ t. Thus, we
have

α < t = t ∧ β ≤ µ(x) ∧ β ≤ µ(f(x, y, z)) ∨ α.

Then, we obtain µ(f(x, y, z)) ≥ t or f(x, y, z) ∈ µt. Hence, f(µt, y, z) ⊆ µt. Simi-
larly, we obtain f(x, µt, z) ⊆ µt and f(x, y, µt) ⊆ µt. Therefore, µt is a hyperideal
of R.

Conversely, let µ be a fuzzy subset of R such that µt(6= ∅) is a hyperideal
of R for all α < t ≤ β. If there exist x, y, z ∈ R with z ∈ x + y such that
µ(z) ∨ α < µ(x) ∧ µ(y) ∧ β = t, then t ∈ (α, β], µ(z) < t, x, y ∈ µt. Since µt

is a hyperideal of R so x + y ⊆ µt. Hence, µ(z) ≥ t for all z ∈ x + y. This is a
contradiction with µ(z) < t. Therefore, µ(x)∧µ(y))∧β ≤ µ(z)∨α for all x, y, z ∈ R
which implies that

µ(x) ∧ µ(y)) ∧ β ≤
∧

z∈x+y

(µ(z) ∨ α)
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for all x, y ∈ R. Hence, the first condition of definition holds. Now, if there exist
x, y, z ∈ R such that µ(f(x, y, z)) ∨ α < (µ(x) ∨ µ(y)) ∧ β = µ(x) ∧ β = t0, then
t0 ∈ (α, β], µ(f(x, y, z)) < t0 and x ∈ µt0 . Since µt0 is a hyperideal of R, so
f(x, y, z) ∈ µt0 . Hence, µ(f(x, y, z)) ≥ t0. This is a contradiction. �

By the above theorem, we have the following corollary.

Corollary 4.15. Let µ be a fuzzy subset of a ternary semihyperring R. Then

(i) µ is an (∈,∈ ∨q)-fuzzy hyperideal of R if and only if the set µt(6= ∅) is a
hyperideal of R for all t ∈ (0, 0.5].

(ii) µ is an (∈,∈ ∨ q)-fuzzy hyperideal of R if and only if the set µt(6= ∅) is a
hyperideal of R for all t ∈ (0.5, 1].

Fuzzy logic is an extension of set theoretic variables in terms of the linguistic
variable truth. Some operators, like ∧,∨,¬,→ in fuzzy logic are also defined by
using truth tables, the extension principle can be applied to derive definitions of
the operators.

In the fuzzy logic, truth value of fuzzy proposition P is denoted by [P ]. In the
following, we display the fuzzy logical and corresponding set-theoretical notions
used in this paper:

[x ∈ A] = A(x),
[x /∈ A] = 1−A(x),
[P ∧Q] = min{[P ], [Q]},
[P → Q] = min{1, 1− [P ] + [Q]},
[∀xP (x)] = inf[P (x)],
|= P if and only if [P ] = 1.
A function I : [0, 1]× [0, 1] −→ [0, 1] is called fuzzy implication if it is monotonic

with respect to both variables (separately) and fulfils the binary implication truth
table: I(0, 0) = I(0, 1) = I(1, 1) = 1, I(1, 0) = 0. By monotonicity I(0, x) =
I(x, 1) = 1 for all x ∈ [0, 1], where I is decreasing with respect to the first
variable (I(1, 0) < I(0, 0)) and I is increasing with respect to the second variable
(I(1, 0) < I(1, 1)).

Of course, various implication operators have been defined. The following are
the most important multi-valued implications:

Ig(α, β) =
{

1 if α ≤ β
β if α > β,

Icg(α, β) =
{

1 if α ≤ β
1− α if α > β,

Igr(α, β) =
{

1 if α ≤ β
0 if α > β.

In the following definition we consider the definition of implication operator in the
£ukasiewicz system of continuous-valued logic.

Definition 4.16. A fuzzy subset µ of a ternary semihyperring (R,+, f) is called
a fuzzifying hyperideal of R if and only if it satisfies:

(i) for any x, y ∈ R,
|= [[x ∈ µ] ∧ [y ∈ µ] −→ [∀z ∈ x + y, z ∈ µ]],
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(ii) for any x, y, z ∈ R,
|= [[x ∈ µ] −→ [f(x, y, z) ∈ µ]],

(iii) for any x, y, z ∈ R,
|= [[y ∈ µ] −→ [f(x, y, z) ∈ µ]],

(iv) for any x, y, z ∈ R,
|= [[z ∈ µ] −→ [f(x, y, z) ∈ µ]].

Clearly, a fuzzyfying hyperideal is an ordinary fuzzy hyperideal. In [49], the
concept of t-tautology is used, i.e., |=t P if and only if [P ] ≥ t for all valuations.
Now, we consider the following definition.

Definition 4.17. A fuzzy subset µ of a ternary semihyperring (R,+, f) is called
a t-implication-based fuzzy hyperideal of R with respect to implication −→ if and
only if satisfies:

(1) for any x, y ∈ R
|=t [[x ∈ µ] ∧ [y ∈ µ] −→ [∀z ∈ x + y, z ∈ µ]],

(2) for any x, y, z ∈ R
|=t [[x ∈ µ] −→ [f(x, y, z) ∈ µ]],

(3) for any x, y, z ∈ R
|=t [[y ∈ µ] −→ [f(x, y, z) ∈ µ]],

(4) for any x, y, z ∈ R
|=t [[z ∈ µ] −→ [f(x, y, z) ∈ µ]].

Corollary 4.18. A fuzzy subset µ of a ternary semihyperring (R,+, f) is a t-
implication-based fuzzy hyperideal of R with respect to implication I if and only
if

(i) I

(
µ(x) ∧ µ(y),

∧
z∈x+y

µ(z)

)
≥ t for all x, y ∈ R,

(ii) I(µ(x), µ(f(x, y, z))) ≥ t for all x, y, z ∈ R,
(iii) I(µ(y), µ(f(x, y, z))) ≥ t for all x, y, z ∈ R,
(iv) I(µ(z), µ(f(x, y, z))) ≥ t for all x, y, z ∈ R.

Theorem 4.19. Let µ be a fuzzy subset of a ternary semihyperring (R,+, f).
(i) Let I = Igr . Then µ is a 0.5-implication-based fuzzy hyperideal of R if and

only if µ is a fuzzy hyperideal with thresholds α = 0 and β = 1 of R.
(ii) Let I = Ig . Then µ is a 0.5-implication-based fuzzy hyperideal of R if and

only if µ is a fuzzy hyperideal with thresholds α = 0 and β = 0.5 of R.
(iii) Let I = Icg . Then µ is a 0.5-implication-based fuzzy hyperideal with thresh-

olds if and only if µ is a fuzzy hyperideal with thresholds α = 0.5 and β = 1
of R.

Proof. It is straightforward. �

5. Bi-hyperideals

Definition 5.1. A sub-semihyperring A of a ternary semihyperring (R,+, f) is
called a bi-hyperideal of R if f(A, f(R,A, R), A) ⊆ A.
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In general, if A is a bi-hyperideal of a ternary semihyperring R and B is a bi-
hyperideal of A, then B is not a bi-hyperideal of R. But, in particular, we have the
following proposition.

Proposition 5.2. Let A be a bi-hyperideal of a ternary semihyperring R and B be
a bi-hyperideal of R such that f(B,B,B) = B. Then B is a bi-hyperideal of R.

Proof. It is straightforward. �

Proposition 5.3. Let A, B and C be ternary sub-semihyperrings of a ternary
semihyperring R and D = f(A,B, C). Then D is a bi-hyperideal of R if at least
one of A, B, C is a right, a lateral, or a left hyperideal of R.

Proof. We consider only one case. The proofs of other cases are similar. Suppose
that A is a right hyperideal of R. Then we have

f(D, f(R,D, R), D) = f(f(A,B,C), f(R, f(A,B,C), R), f(A,B,C))
⊆ f(A, f(f(R,R, R), f(R,R, R), f(R,R, B), C))
⊆ f(A, f(R,R, B), C) ⊆ f(f(A,R, R), B, C)
⊆ f(A,B, C) = D.

So D is a bi-hyperideal of R. �

Definition 5.4. A fuzzy sub-semihyperring µ of R is called a fuzzy bi-hyperideal
of R if

min{µ(x), µ(y), µ(z)} ≤ µ(f(x, f(a, y, b), z))
for all x, y, z, a, b ∈ R.

Example 11. Consider Z−, the set of all negative integers. Then Z− is a ternary
semihyperring (indeed, a ternary semiring) under the usual addition and multipli-
cation. Let S = 2Z−. We define a fuzzy subset µ : Z− −→ [0, 1] by

µ(x) =
{

0.7 if x ∈ S
0.1 otherwise.

Then µ is a fuzzy bi-hyperideal of Z−.

The following proposition gives a characterization of fuzzy bi-hyperideals in
terms of level subsets.

Proposition 5.5. Let µ be a fuzzy subset of R. Then µ is a fuzzy bi-hyperideal of
R if and only if µt (6= ∅) is a bi-hyperideal of R.

Proof. Suppose that µ is a fuzzy hyperideal of R. Then µ is a fuzzy sub-semihyperring
of R and so according to the proof of Theorem 4.4, µt is a sub-semihyperring of R. In
order to show that f(µt, f(R,µt, R), µt) ⊆ µt, suppose that ω ∈ f(µt, f(R,µt, R), µt)
is an arbitrary element. Then there exist x, y, z ∈ µt and a, b ∈ R such that ω =
f(x, f(a, y, b), z). Since µ is a fuzzy bi-hyperideal, we have min{µ(x), µ(y), µ(z)} ≤
µ(ω). Since x, y, z ∈ µt, t ≤ min{µ(x), µ(y), µ(z)}. Thus t ≤ µ(ω) or ω ∈ µt.
Therefore, µ is a bi-hyperideal of R.

Conversely, suppose that µt (t ∈ Imµ) is a bi-hyperideal of R. Then µt is
a sub-semihyperring of R and so according to the proof of Theorem 4.4, µ is
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a fuzzy sub-semihyperring of R. Now, let x, y, z, a, b ∈ R such that µ(x) ≤
µ(y) ≤ µ(z). If we set µ(x) = t, µ(y) = r and µ(z) = s, then x, y, z ∈ µt.
So f(x, f(a, y, b), z) ∈ µt which implies that µ(f(x, f(a, y, b), z)) ≥ t. Hence,
min{µ(x), µ(y), µ(z)} ≤ µ, (f(x, f(a, y, b), z)). Therefore, µ is a fuzzy bi-hyperideal
of R. �

Proposition 5.6. Let µ be a fuzzy bi-hyperideal of a ternary semihyperring R and
λ be a fuzzy sub-semihyperring of R. Then µ ∩ λ is a fuzzy bi-hyperideal of R.

Proof. It is straightforward. �
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