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Abstract: A truly meshless local Petrov-Galerkin (MLPG) method is developed for
solving 3Drelasto-static problems. Using the general MLPG concept, this method is
derived through the local weak forms of the equilibrium equations, by using test functions,
namely, the Heaviside function. The moving least squares (MLS) are chosen to construct
the shape functions, for the MLPG method. The penalty approximation is used to impose
essential boundary condition. Several numerical examples are included to demonstrate that
the present method is very promising for solving the elastic problems.
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1 INTRODUCTION

Compared with the finite element method’s convenience
and flexibility in use, it has been plagued for a long time, by
the inherent problems such as locking, poor derivative
solutions, etc. It is well known that the accuracy of the FEM
relies on the quality of the mesh and the element type. First,
a good-quality of the mesh cannot be always achieved,
especially when adaptive refinement and adaptive re-
meshing are required for 3D problems. It has also been
found that only simple quadrilateral or hexahedral elements
have achieved considerable success for explicit dynamic
analysis. However, the use of such elements is limited by
the mesh generation. In contrast, the truly meshless local
Petrov-Galerkin (MLPG) approach has become very
attractive as a very promising method for solving 3D
problems. The MLPG concept was presented in [1]. The
main advantage of this method, over the widely used finite
element methods, is that it does not need any mesh, either
for the interpolation of the solution variables or for the
integration of the weak forms. The many research in
solving PDEs demonstrates that the MLPG method, and its
variants, have become some of the most promising
alternative methods for computational mechanics.

The MLPG method in the present study employs a local
symmetric weak form (LSWF), the shape functions are
obtained from the MLS approximation and the Heaviside
function is used as the test function. Although the MLS
approximations have some drawbacks in dealing with the
essential boundary conditions, they can be straightforwardly
applied to 3D cases, by using the numerical techniques
developed for 2D problems. One of the major advantages of
the MLS is that, the shape functions are constructed from
the local points only, with the high order continuities.
Hence, this method leads to lesser cost in assembling the
system equations. In the general MLPG approach, the local
test domains can be arbitrary, such as spheres, cubes, and
ellipsoids in 3D. However, the local sub-domains become
very complicated, for the points which are located on, or
near, the global boundaries, because of the intersection
between the simple sub-domain and the boundary surfaces.
In the present study, a method is developed to define the
local sub-domains. as spheres, with the use of a
transformation which maps a circle on a semi-sphere for
numerical integrations,

The MLPG method has been demonstrated to be quite
successful in solving various partial differential equations.
The MLPG concept was presented first by Atluri and Zhu
[1]. They are solved elasto-static problems in two
dimensional domains. Lin and Atluri [2] introduced an up
winding scheme to analyze steady state convection—
diffusion problems, and Liu and Gu [3] coupled the MLPG
method with either the finite element or the boundary
element method to enhance the efficiency of the MLPG
method. Ching and Batra [4] augmented the polynomial
basis functions with singular fields to determine
deformations and stress fields near the crack tip for
generally 2D mixed-mode problems. Gu and Liu [5] and
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Batra and Ching [6] used the Newmark family of methods
to analyze 2D transient elasto-dynamic problems. The
bending of a thin plate has been studied by Gu and Liu [7]
and Long and Atluri [8]. Although the several research
successes in solving boundary value problems in two
dimensional domains illustrate that the MLPG method and
its variants are much comparative with the Galerkin finite
element method, there are only a few works that study the
application of the MLPG methods in 3D problems. Han and
Atluri [9] used the MLPG approach for the solution of the
3D problems in elasto-statics. They are also applied the
MLPG method in 3D elastic fracture problem [10] and 3D
elasto-dynamics problems [11].

2 THE MOVING LEAST SQUARES

The MLS method of interpolation is generally considered to
be one’of the best schemes to interpolate random data with
a reasonable accuracy. Although the nodal shape functions
that arisewfrom the MLS approximation have a very
complex nature, they always preserve completeness up to
the order of the chosen basis, and robustly interpolate the
irregularly distributed nodal information. The MLS scheme
has been widely used in domain discretization methods.
With the MLS, the distribution of function u in s can be
approximated as,

uix) =P’ (va@x) vieQ, M

where P” x) = [p(x), pr(x) ... , Py (x)] 1is a monomial

basis of order m; and a(x) is a vector containing
coefficients, which are functions of the global cartesian
coordinates [x;, x, x3;/, depending on the monomial basis.
They are determined by minimizing a weighted discrete L,
norm, defined, as:

J@ =Y w P’ (ae) -1’

i=1
=[P -a(x)-a'W[Pa(x) -] (©)
Where W, (x) are the weight functions and ﬁiare the

fictitious nodal values. The stationarity of J in Eq. (2), with
respect to a(x) leads to following linear relation between
a(x) andu .

Ax)ax)=B(x)u 3)
Where matrices A(x) and B(x) are defined by
Ax)=PTWP  Bx)=PTW vxeoq, “4)

Once coefficients a(x) in Eq. (3) are determined, one may
obtain the approximation from the nodal values at the local
scattered points, by substituting them into Eq. (1), as

u(x) =d7 (x)4 Vx € 0Q, (5)
Where © (X) is the so-called shape function of the MLS
approximation, defined as,

o(x)=PT (x)A™ (x)B(x) (6)
The weight function in Eq. (2) defines the range of
influence of node /. Normally it has a compact support.
Numerical practices of [1, 2] have shown that a quadratic
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spline weight function works well. Hence in this article, the
quadratic spline weight function is used. Thus we have

(7

Where d; is the distance between points x and nod x; and r;
is the size of support for the weight functions. It can be seen
that the quadratic spline weight function is C' continuous
over the entire domain.

3 LOCAL SYMMETRIC WEAK-FORMS OF ELASTICITY

Consider a linear elastic body in a 3D domainQ, with a
boundary 6Q . The solid is assumed to undergo infinitesimal
deformations. The equations of balance of linear and
angular momentum can be written as:

)
o+ fi=0; 05=0 (),iEa_é:i (®)

Where o, is the stress tensor, which corresponds to the
displacement field u; and f; is the body force. The
corresponding boundary conditions are given as follows,

u; i

; on ]"u

t;=oyn; =1

onr, ©)
Where Z and Z are the prescribed displacements and
tractions, respectively, on the displacement boundary T,
and on the traction boundary I, ;and \»; is the unit outward

normal to the boundary T.
The strain-displacement relations are:
1
&h =7 (e + 1) (10)

The constitutive  relations.. of isotropic linear elastic
homogeneous Solid are:

0y = Ejen = Ejug i1 (11)
Where

Ejjig = 26,014 + 1661 + 630 jt.)

with 2 and u being the Lame’s constants.

A generalized local weak form of the differential equation
(7) over a local sub-domain Q; can be written as:

j (0. + [ midQ=0 (12)
o .

Where u
respectively. By applying the divergence theorem and the

; and v, are the trial and test functions,
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boundary conditions, Eq. (12) may be rewritten in a
symmetric weak form as:

I iy +Ir tivl +Ir iy —_[ (O, —fiv)k2=0 (13)

where T, is a part of the boundary 6Q, of Q;, over which

the essential boundary conditions are specified. In
general, 0Q, =Ty N L;, with T being a part of the local

boundary located on the global boundary, and L, being the

other part of the local boundary which is inside the solution
domain. Ty, =T, NT, is the intersection between the local

boundary 6Q; and the global displacement boundaryT, ;
I, =T, NI, is-a.part of the boundary over which the

natural boundary conditions are specified. Therefore, a local
symmetric weak form (LSWF) in linear elasticity can be
written.as:

'&O;/Vi,/)d)_.[ AVCR —.L tvd'= _[r e +Lf,-vicﬂ (14)
’ p lS' su st

If a Heaviside step function is used as the test function for
the nodes on the natural boundary or inside the domain, i.e.,

uD ¢T, one may simplify Eq. (14) for u}” as:
—I t,—dl‘—I z,.dr:f Zdr+J' £,dQ (15)
L_S rAll rA/ Q&

If the penalty approach is used to impose essential boundary
condition we have:

-J' z,.ar—j t,-dFJraJ.uidl":J. Zidrmﬁdnj fd (16)
L S . S

su su

In this equation coefficient «>>11is used to impose
essential boundary condition.

The shape of sub-domains in this study is chosen to be
spherical and for numerical integrations, we use a
transformation which maps a circle on a semi-sphere.

4 RESULTS OF NUMERICAL EXAMPLES

In this section the meshless local Petrov—Galerkin method
is applied to compute three-dimensional elasto-static
problems. Three problems in three-dimensional linear
elasticity are solved to illustrate the effectiveness of the
present method. The numerical results are discussed
consequently.

A. Example 1

In this case a cube under the hydrostatic pressure is
considered. The MLPG approach is applied for this elasto-
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static problem with boundary conditions are presented in
figure 1 as

ox=0y=0;="PD

Ty=1,=7.=0 a7
The analytical solutions for this problem are

e ufzy =3

uy=—3if2#(y—§) (18)
T 3/1f2;1 )

The node distribution with 27 nodes are presented in figure
2 for the case of a=b=c=2. The displacements are
presented in figure 3, figure 4 and figure 5 for the case of
p=12 :31—6,;1 :ﬁ. As shown in these figures, the MLPG
results agree with the values obtained by analytical solution.
The convergence of the MLPG approach is demonstrated in
these figures.

p
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Fig.1  Geometric and'boundary conditions

0.5 ]

Fig.2  The node distribution for Example 1
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Fig.5 Displacement of Y direction at Z=-h/2 & Y=b

B. Example 2

The second example is a beam under pure bending as
illustrated in figure 6. The node distribution with 225 nodes
are presented in figure 7 for the case of L=24, b=2, h=2.
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The exact solutions for this problem are
Xz
Uy =~

R

vz b
uy:—?(y—g)

1 e (19)
u2=*§ x2+v(z *(y—z) )
1M
R EI,
Where I, is the bending stiffness of the plate, as,
3
P
12
E for plane strain
E = 20
1+202 E for plane stress (20)
(1+v)
and
v for plane strain
VvV =

v

for plane stress
I+v

The displacements are presented in figure 8 to figure 11 for
the plane stress case with £=1, v=0.2 and M=1. As shown
in these figures, the MLPG results agree with/the values
obtained by analytical solution.

v/
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M : M
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h %
i X
<« L >
Fig.6  Geometric and boundary conditions for

Example 2

Fig. 7 The node distribution for Example 2
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Fig. 11 Displacement of Y direction at Z=-h/2 & Y=b/2

C. Example 3

The cantilever beam under a transverse load problem is
shown in figure 12. The exact solutions for this problem are

R i Bx(2L —x)+ (2 +v)(z> —ﬁ)]
¥ 6bEI 4
u, = 61; [ BL-+ 3L LAy Qb

Where [ is the bending stiffness of the plate, as

bh*
I=—o),
12
E for plane strain
E=1 11 (22)
> E for plane stress
(1+v)
and
v forplanestrain
V=

v
—— forplanestress
1+v

The corresponding stresses are:

Ox = _%(L - x)
=0 (23)

The problem is solved for the plane stress case with P=1,
E=1, b=h=2, L=24 and v=0.2. Regular uniform nodal
configurations with nodal distances are used, as figure 13
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shows the configuration with a nodal distance of 1.0. The
number of nodes is 225.

First, a uniform tension load is applied to the free end of the
cantilever beam. The problem is solved by using the
mentioned MLPG method with MLS approximation. The
numerical results are shown in figure 14 to figure 18, which
agree with the analytical solution well.
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Fig.12 Cantilever beam with an end load
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Fig. 14 Displacement of X direction at X=L/2 & Y=b/2
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CONCLUSION

A meshless local Petrov-Galerkin (MLPG) method is
developed for 3D static problems, based on the local
symmetric weak forms. The MLS approximation is used for
constructing the trial functions. The penalty approximation
is used to impose essential boundary condition. A simple
heaviside step function is chosen for test function. The
numerical results demonstrate the high accuracy of this
method while comparing with the exact solution.

REFERENCES

(1

(2]

(3]

(4]

(3]

(6]

Atluri, S. N., and Zhu, T., "A New Meshless Local
Petrov—Galerkin (MLPG) Approach in Computational
Mechanics", Computation Mechanics, Vol. 24, 1998, pp.
348-372.

Lin, H., and Atluri S. N., "Meshless Local Petrov-
Galerkin (MLPG) Method for Convection Diffusion
Problems", CMES: Computer Modelling in Engineering
& Sciences, Vol. 1, No. 2, 2000, pp. 45-60.

Wu, Y. L, Liu, G. R. and Gu, Y. T., "Application of
Meshless Local Petrov—Galerkin (MLPG) Approach to
Simulation of Incompressible Flow", Numerical Heat
Transfer, Part B Vol. 48, 2005, pp. 459—475.

Ching, H. K., and Batra, R. C., "Determination of Crack
Tip Fields in Linear Elasto-statics by the Meshless Local
Petrov-Galerkin (MLPG) Method", CMES: Computer
Modelling in Engineering & Sciences, Vol. 2, No. 2,
2001, pp. 273-290.

Gu, Y. T, and Liu, G. R., "A Meshless Local Petrov—
Galerkin (MLPG) Method for Free and Forced Vibration
Analyses for Solids", Computation Mechanics, Vol. 27,
2001, pp. 188-98.

Batra, R. C. and Ching, H. K., "Analysis of Elasto-
dynamic Deformations near a Crack-Notch Tip by the
Meshless Local Petrov—Galerkin (MLPG) Method",



Maijlesi Journal of Mechanical Engineering, Vol. 3/ No. 2/ Winter-2010

(7]

(8]

]

[10]

[11]

[12]

[13]

[14]

CMES: Computer Modelling in Engineering &
Sciences, Vol. 3, No. 6, 2002, pp. 717-30.

Gu, Y. T. and Liu, G. R., "A Meshless Local Petrov—
Galerkin (MLPG) Formulation for Static and Free
Vibration Analysis of Thin Plates", CMES: Computer
Modelling in Engineering & Sciences, Vol. 2, No. 4,
2001, pp. 463-76.

Long, S. Y. and Atluri, S. N., "A Meshless Local
Petrov-Galerkin (MLPG) Method for Solving the
Bending Problem of a Thin Plate", CMES: Computer
Modelling in Engineering & Sciences, Vol. 3, No. 1,
2002, 53-63.

Han, Z. D. and Atluri, S. N., "Meshless Local Petrov-
Galerkin (MLPG) Approaches for Solving 3D Problems
in Elasto-statics", CMES: Computer Modelling in
Engineering & Sciences, Vol. 6, No. 2, 2004, pp. 169—
188.

Han, Z. D. and Atluri, S. N., "Truly Meshless Local
Petrov-Galerkin (MLPG) Solutions of Traction &
Displacement BIEs", CMES: Computer Modelling in
Engineering & Sciences, Vol. 4, No. 6, 2003b, pp. 665—
678.

Han, Z. D. and Atluri, S. N., "A Meshless Local Petrov-
Galerkin (MLPG) Approach for 3 Dimensional Elasto-
dynamics", CMC: Tech Science Press., Vol. 1, No. 2,
2004, pp. 129-140.

Atluri, S. N., "The Meshless Local Petrov-Galerkin
(MLPG) Method for Domain & Boundary
Discretizations", Tech. Science Press, 2004, pp. 665.
Atluri, S. N., Han, Z. D. and Shen, S., "Meshless Local
Petrov-Galerkin (MLPG) Approaches for Weakly
Singular Traction & Displacement Boundary Integral
Equations", CMES: Computer = Modeling  in
Engineering& Sciences, Vol. 4, No. 5, 2003, pp. 507—
517.

Atluri, S. N. and Shen, S., "The Meshless Local Petrov-
Galerkin (MLPG) Method", Tech..Science Press, 2002a,
pp- 440.

© 2010 IAU, Majlesi Branch

[15]

[16]

[17]

[18]

[19]

(20]

[21]

(22]

44

Atluri, S. N. and Shen, S., "The Meshless Local Petrov-
Galerkin (MLPG) Method: A Simple & Less-costly
Alternative To The Finite Element And Boundary
Element Methods", CMES: Computer Modeling in
Engineering & Sciences, Vol. 3, No. 1, 2002b, pp. 11—
52.

Atluri, S. N. and Zhu, T., "A New Meshless Local
Petrov-Galerkin (MLPG) Approach in Computational
Mechanics", Computational Mechanics. Vol. 22, 1998,
pp. 117-127.

Han, Z. D. and Atluri, S. N., "On Simple Formulations
of Weakly-Singular Traction & Displacement BIE, and
Their Solutions through Petrov-Galerkin Approaches",
CMES: Computer Modeling in Engineering & Sciences,
Vol. 4, No. 1, 2003a, pp. 5-20.

Han, Z. D. and Atluri, S. N., "Truly Meshless Local
Petrov-Galerkin (MLPG) Solutions of Traction &
Displacement BIEs", CMES: Computer Modeling in
Engineering & Sciences, Vol. 4, No. 6, 2003b, pp. 665—
678.

Li, Q., Shen, S., Han, Z. D. and Atluri, S. N.,
"Application of Meshless Local Petrov-Galerkin
(MLPG) to Problems with Singularities, and Material
Discontinuities in 3D Elasticity", CMES: Computer
Modeling in Engineering & Sciences, Vol. 4 No. 5,
2003, pp. 567-581.

Newmark, N. M., "A Method of Computation for
Structural Dynamics", Journal of the Engineering
Mechanics Division, ASCE, Vol. 85, 1959, pp. 67-94.
Sellountos, E. J. and Polyzos, D., "A MLPG (LBIE)
Method for Solving Frequency Domain Elastic
Problems", CMES: Computer Modeling in Engineering
& Sciences, Vol. 4, No. 6, 2003, pp. 619-636.

Sladek, J., Sladek, V. and Zhang, C., "Application of
Meshless Local Petrov-Galerkin (MLPG) Method to
Elasto-dynamic Problems in Continuously Non-
homogeneous Solids", CMES: Computer Modeling in
Engineering & Sciences, Vol. 4, No. 6, 2003, pp. 637—
648.



