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PRELIMINARIES 
 

By a transformation semigroup ),,( πSX  (or simply ),( SX ) we mean a compact Hausdorff 
topological space X , a discrete topological semigroup S  (phase semigroup) with identity e  and a 
continuous map XSX →×:π  )),(),(( SsXxxssx ∈∀∈∀=π  such that: 
• xxeXx =∈∀ , 
• txsstxStsXx )()(, =∈∀∈∀ . 
In the transformation semigroup ),( SX  we have the following definitions: 
1. For each Ss∈ , define the continuous map XXs →:π by xsx s =π  )( Xx∈∀ , then ),E( SX  (or 

simply )E(X ) is the closure of }|{ Sss ∈π  in XX  with pointwise convergence, moreover it is 
called the enveloping semigroup (or Ellis semigroup) of ),( SX . We used to write s  instead of sπ  

)( Ss∈ . ),E( SX  has a semigroup structure [1], a nonempty subset K  of ),E( SX  is called a right 
ideal if KSXK ⊆),E( . 

2. A nonempty subset Z  of X  is called invariant if ZZS ⊆ . A closed invariant subset of X  is 
called minimal if it does not have any proper subset, which is a closed invariant subset of X . 

Xa∈  is called almost periodic if aS  is a minimal subset of X . 
3. Let Xa∈ , A  be a nonempty subset of X  and K  be a closed right ideal of ),E( SX  [2]. 
• We say K  is an −a minimal set if: 
- ),E( SXaaK = , 
- K  does not have any proper subset like L , such that L  be a closed right ideal of ),E( SX  and 

),E( SXaaL = . 
The set of all −a minimal sets is denoted by )(M ),( aSX . 
• We say K  is an minimal−A  set if: 
- ),E( SXbbKAb =∈∀ , 
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- K  does not have any proper subset like L , such that L  be a closed right ideal of ),E( SX  and 
),E( SXbbL =  for all Ab∈ . 

The set of all minimal−A sets is denoted by )(M ),( ASX . 
• We say K  is an minimal−A  set if: 
- ),E( SXAAK = , 
- K  does not have any proper subset like L , such that L  be a closed right ideal of ),E( SX  and 

),E( SXAAL = . 
The set of all minimal−A sets is denoted by )(M ),( ASX . 

)(M ),( ASX  and )(M ),( aSX  are nonempty. We set: 
 

)})),J(F()(M(|{),( ),( ∅≠∈∀∧∅≠⊆= KAAKBXBSX SXM  
 

 (where for all ),E( SXL ⊆ , )}(|{)),J(F( 2 bbuAbuuLuLA =∈∀∧=∈= ). 
4. Let A  be a nonempty subset of X ; we introduce the following sets [3]: 

}),E(|),{(),P( ypxpSXpXXyxSX =∈∃×∈=  (or simply )P(X ), 
})(M|),{(),(P ),( ypxpIpaIAaXXyxSX SXA =∈∀∈∃∈∃×∈= (or simply )(P XA ), 

})(M|),{(),(P ),( ypxpIpAIXXyxSX SXA =∈∀∈∃×∈=  (or simply )(P XA ), 
})(M|),{(),(P ),( ypxpIpAIXXyxSX SXA =∈∀∈∃×∈=  (or simply )(P XA ). 

5. Let ),( SY  be a transformation semigroup, a continuous map ),(),(: SYSX →φ  is called a 
homomorphism if ( ) ( )xs x sφ φ=  ),( SsXx ∈∈ , moreover let )}()(|),{()R( yxXXyx φφφ =×∈= . 
Bijective (resp. injective, surjective) homomorphism ),(),(: SYSX →φ  is called an isomorphism 
(resp. monomorphism, epimorphism). 
By Y∆  we mean }|),{( Yyyy ∈ . 
 

1. EXACT SEQUENCES OF TRANSFORMATION SEMIGROUPS 
 
In this section you will find the definition of exact sequences (of the transformation semigroups) and 
some of their properties. 
 
Definition 1. 1. 
• ),(),(),(),( 121

121

SXSXSXSX nn

nn

+→→→→
− φφφφ

"  )2( ≥n  is called an exact sequence (of 

transformation semigroups) if for each }1,,1{ −∈ ni … , )R()( 11 +=∆∪××
+ iXiiii i

XX φφφ . 
• An infinite sequence of transformation semigroup homomorphisms 

""
211

),(),(),( 21

++−

→→→→ ++

nnnn

SXSXSX nnn

φφφφ
 is exact if for each Z∈i , 

)R()( 11 +=∆∪××
+ iXiiii i

XX φφφ . 
 
Note 1. 2. Let ),( SX , ),( 1 SX , ),( 2 SX  and ),( 3 SX  be transformation semigroups. Let C  be a 
closed invariant subset of X , and Ct∈ , be such that }{ttS = , then: 
• )},({),(),(),()},({ )( StSSXSCSt

XCC
X →→→→ ∆∪×

πιι
 is exact (where ι  and π  are respectively 

inclusion and projection maps). 

• ),(),()},({ 21

10

SXSXSt
φφ
→→  is exact if and only if ),(),(: 211 SXSX →φ  is a monomorphism ( 0φ  

exists if and only if there exists 1Xu∈  such that }{uuS = ). 
• )},({),(),( 32

2

StSXSX →→
φ

 is exact if and only if ),(),(: 322 SXSX →φ  is an epimorphism. 
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• If )},({),(),(),( 321

21

StSXSXSX →→→
φφ

 is exact, then two transformation semigroups ),( 3 SX  

and ),(
21111

2
))()(( S

XXX
X

∆∪×φφ  are isomorph. 

• If ),(),(),( 321

21

SXSXSX
φφ
→→  is an exact sequence, then: 

- For each 1Xx∈ , )(12 xφφ  is almost periodic. 
- )( 112 Xφφ  is a singleton minimal subset of ),( 3 SX . 
• If 21 XXt ∩∈ , then )},({),(),}{}{(),()},({ 2211

21

StSXSXttXSXSt →→×∪×→→
πιι

 where 
),()(1 txx =ι  )( 1Xx∈∀  and yyx =),(2π  XttXyx ×∪×∈∀ }{}{),(( 1  is exact (attention: 1ι  is 

one to one and 2212 }{}{: XXttX →×∪×π  is onto). 
 
Lemma 1. 3. (The Short Five Lemma). Let 
 

)},({),(),(),()},({

)},({),(),(),()},({

321

321

321

21

21

StSYSYSYSt

StSXSXSXSt

→→→→

↓↓↓
→→→→

λλ

µµ

φφφ  

 
be a commutative diagram of transformation semigroup homomorphisms such that each row is an 
exact sequence, then (see [4]): 
• If ),(),(: 111 SYSX →φ  and ),(),(: 333 SYSX →φ  are monomorphisms, then ),(),(: 222 SYSX →φ  

is a monomorphism. 
• If ),(),(: 111 SYSX →φ  and ),(),(: 333 SYSX →φ  are epimorphisms, then ),(),(: 222 SYSX →φ  

is an epimorphism. 
• If ),(),(: 111 SYSX →φ  and ),(),(: 333 SYSX →φ  are isomorphisms, then ),(),(: 222 SYSX →φ  

is an isomorphism. 
 
Proof: 
• Let ),(),(: 111 SYSX →φ  and ),(),(: 333 SYSX →φ  be monomorphisms, and 2, Xba ∈  be such 

that )()( 22 ba φφ = , we have: 
)()( 22 ba φφ =  )()( 2222 ba φλφλ =⇒  

  )()( 2323 ba µφµφ =⇒  
  )()( 22 ba µµ =⇒  
  )R(),( 2µ∈⇒ ba  
  

2
)(),( 1111 XXXba ∆∪××∈⇒ µµ  

  )))(),((),(,( 111 dcbaXdcba µµ=∈∃∨=⇒  
Moreover, if 1, Xdc ∈  are such that ))(),((),( 11 dcba µµ= , then since 1φ  and 1λ  (see Note 1.2) are 
one to one, we have: 

))(),((),( 11 dcba µµ=  )()( 1212 dc µφµφ =⇒  
   )()( 1111 dc φλφλ =⇒  
   dc =⇒  
   )()( 11 dc µµ =⇒  
   ba =⇒  

thus ),(),(: 222 SYSX →φ  is a monomorphism. 
• Let ),(),(: 111 SYSX →φ  and ),(),(: 333 SYSX →φ  be epimorphisms, and 2Ya∈ , since 

),(),(: 333 SYSX →φ  and ),(),(: 322 SXSX →µ  (see Note 1.2) are epimorphisms, there exists 
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2Xb∈  such that )()( 223 ab λµφ = . Using the fact that ),(),(: 111 SYSX →φ  is an epimorphism, 
we have: 

)()( 232 ba µφλ =  )()( 222 ba φλλ =⇒  
   )R())(,( 22 λφ ∈⇒ ba  
   

2
)())(,( 11112 YYYba ∆∪××∈⇒ λλφ  

   )))(),(())(,(,()( 11212 dcbaYdcba λλφφ =∈∃∨=⇒  
)))()((()( 111122 kccaXkYcXa φλφ =∧=∈∃∈∃∨∈⇒  

))(()( 11122 kaXkXa φλφ =∈∃∨∈⇒  
))(()( 12122 kaXkXa µφφ =∈∃∨∈⇒  

)( 22 Xa φ∈⇒  
thus ),(),(: 222 SYSX →φ  is an epimorphism. 
 
Definition 1. 4. Exact sequences ""

112

),(),(),( 11

+−−

→→→→ +−

nnnn

SXSXSX nnn

µµµµ  and ""
112

),(),(),( 11

+−−

→→→→ +−

nnnn

SYSYSY nnn

λλλλ  
are isomorph if there are isomorphisms ),(),(: SYSX iii →φ  )( Z∈i  such that the following diagram 
commutes: 
 

""

""

112

112

),(),(),(

),(),(),(

11

11

11

+−−

+−−

→→→→

↓↓↓
→→→→

+−

+−

+−

nnnn

nnnn

SYSYSY

SXSXSX

nnn

nnn

nnn

λλλλ

µµµµ

φφφ   . 

 
Theorem 1. 5. Let )},({),(),(),()},({ 21

210

StSXSXSXSt →→→→
λλλ

 be an exact sequence such that 
)(tt iλ=  )2,1,0( =i  and for each Xx∈ , }{xxS =  if and only if tx = . The following statements are 

equivalent (see [4]): 
a. There exist homomorphisms ),(),(: 11 SXSX →µ  and ),(),(: 22 SXSX →µ  such that 

1
id11 X=λµ  and 

2
id22 X=µλ . 

b. There exists a homomorphism ),(),(: 22 SXSX →µ  such that 
2

id22 X=µλ . 
c. Two exact sequences )},({),(),(),()},({ 21

210

StSXSXSXSt →→→→
λλλ

 and 
)},({),(),}{}{(),()},({ 2211

21

StSXSXttXSXSt →→×∪×→→
πιι

 (which is introduced in Note 1.2), 
are isomorph, in particular two transformation semigroups ),( SX  and ),}{}{( 21 SXttX ×∪×  are 

isomorph. 
 
Proof: 
• “(b)⇒ (c)”: Define ),(),}{}{(: 21 SXSXttX →×∪×φ  by: 
 





×∈
×∈

=
22

11

}{),()(
}{),()(

),(
Xtyxy
tXyxx

yx
µ
λ

φ  21 }{}{),( XttXyx ×∪×∈∀  

 
The following diagram commutes (since )}({)(}){( 1211212 tXtX λλλλφλ ==×  }){(}{ 12 tXt ×== π ): 
 

),(),(),(

idid
),(),}{}{(),(

21

2211

21

21

21

SXSXSX

SXSXttXSX

XX
λλ

πι

φ

→→

↓↓↓
→×∪×→
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thus by Lemma 1.3 (Short Five Lemma), ),(),}{}{(: 21 SXSXttX →×∪×φ  is an isomorphism and 
the mentioned two exact sequences are isomorph. 
• “(c)⇒ (a)”: Suppose two exact sequences )},({),(),(),()},({ 21

210

StSXSXSXSt →→→→
λλλ

 and 
)},({),(),}{}{(),()},({ 2211

21

StSXSXttXSXSt →→×∪×→→
πιι

are isomorph, there are 
isomorphisms ),(),(: 111 SXSX →φ , ),}{}{(),(: 21 SXttXSX ×∪×→φ  and 

),(),(: 222 SXSX →φ  such that the following diagram commutes: 
 

)},({),(),}{}{(),()},({

)},({),(),(),()},({

2211

21

21

21

210

StSXSXttXSXSt

StSXSXSXSt

→→×∪×→→

↓↓↓
→→→→

πιι

λλλ

φφφ . 

 
Define ),(),(: 22 SXSX →µ  by ))(,()( 22

1
22 xtx φφµ −=  )( 22 Xx ∈∀ . For each 22 Xx ∈ , we have 

(use φπλφ 222 = ): 
 

)( 222 xµλ ))(,())(,( 22
1

22
1

222
1

2 xtxt φφλφφφφλ −−− ==  
               ))(,())(,( 222

1
222

1
2

1
2 xtxt φπφφφφπφ −−− ==  

                                                       222
1

2 )( xx == − φφ  
 

so 
2

id22 X=µλ . On the other hand, define ),(),}{}{(: 1211 SXSXttX →×∪×π  by xyx =),(1π  
)}{}{),(( 21 XttXyx ×∪×∈∀ , and ),(),(: 11 SXSX →µ  by )()( 1

1
11 xx φπφµ −=  )( Xx∈∀ . For each 

11 Xx ∈ , we have (use 111 φιφλ = ) 111
1

11111
1

1111
1

1111 )()()()( xxxxx ==== −−− φφφιπφφλπφλµ  so 

1
id11 X=λµ . 

 
Lemma 1. 6. (The Five Lemma) Let 
 

),(),(),(),(),(

),(),(),(),(),(

54321

54321

54321

4321

4321

SYSYSYSYSY

SXSXSXSXSX

λλλλ

µµµµ

φφφφφ

→→→→

↓↓↓↓↓
→→→→

  
be a commutative diagram such that each row is exact, then we have (see [4]): 
a. Let ),(),(: 111 SYSX →φ  be an epimorphism and ),(),(: 222 SYSX →φ , ),(),(: 444 SYSX →φ  be 
monomorphisms, then ),(),(: 333 SYSX →φ  is a monomorphism. 
b. Let ),(),(: 555 SYSX →φ  be a monomorphism and ),(),(: 222 SYSX →φ , ),(),(: 444 SYSX →φ  
be epimorphisms, then ),(),(: 333 SYSX →φ  is an epimorphism. 
c. Let ),(),(: 111 SYSX →φ  be an epimorphism, ),(),(: 555 SYSX →φ  be a monomorphism and 

),(),(: 222 SYSX →φ , ),(),(: 444 SYSX →φ  be isomorphisms, then ),(),(: 333 SYSX →φ  is an 
isomorphism. 
 
Proof: 
a. Let 3, Xba ∈  be such that )()( 33 ba φφ = , then: 

)()( 33 ba φφ =  )()( 3333 ba φλφλ =⇒  
)()( 3434 ba µφµφ =⇒  

)()( 33 ba µµ =⇒  
)R(),( 3µ∈⇒ ba  
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)))(),((),(,( 222 dcbaXdcba µµ=∈∃∨=⇒  
if 2, Xdc ∈  are such that )(2 ca µ=  and )(2 db µ= , then: 

)()( 2323 dc µφµφ =  
  )()( 2222 dc φλφλ =⇒  
  )R())(),(( 222 λφφ ∈⇒ dc  

)))(),(())(),((,()()( 1122122 kldcYkldc λλφφφφ =∈∃∨=⇒  
)))(),(())(),((,( 1111221 kldcXkldc ′′=∈′′∃∨=⇒ φλφλφφ  
)))(),(())(),((,( 1212221 kldcXklba ′′=∈′′∃∨=⇒ µφµφφφ  

)))(),((),(,( 111 kldcXklba ′′=∈′′∃∨=⇒ µµ  
)()( 22 dcba µµ =∨=⇒ (By the definition of exact sequences) 

ba =⇒  
thus ),(),(: 333 SYSX →φ  is a monomorphism. 
b. Let 3Ya∈  and 3Xu∈ . Choose 4Xb∈  such that )()( 43 ba φλ = , we have: 

)()( 4434 ba φλλλ =  
  )()( 45334 bu µφφλλ =⇒  (use: )}({)( 34334 aY λλλλ = ) 

)()( 45344 bu µφµφλ =⇒  
)()( 45345 bu µφµµφ =⇒  

)()( 434 bu µµµ =⇒  
)))(),(()),((,()( 33333 wvbuXwvbu µµµµ =∈∃∨=⇒  

)(33 cbXc µ=∈∃⇒  
)()( 3433 caXc µφλ =∈∃⇒  
)()( 3333 caXc φλλ =∈∃⇒  

))))(),(())(,(,()(( 223233 wvcaYwvcaXc λλφφ =∈∃∨=∈∃⇒  
))(()( 2233 caYcXa λφ =∈∃∨∈⇒  

))(()( 22233 caXcXa φλφ =∈∃∨∈⇒  
))(()( 23233 caXcXa µφφ =∈∃∨∈⇒  

)( 33 Xa φ∈⇒  
thus ),(),(: 333 SYSX →φ  is an epimorphism. 
c. Use (a) and (b) Lemma 1.3, (The Short Five Lemma is a corollary of (c)). 
 
Remark 1. 7. If )},({),(),(),()},({ StSZSYSXSt

f
→→→→  and )},({),(),(),()},({ StSWSVSZSt

g
→→→→  

are exact sequences, then )},({),(),(),(),()},({ StSWSVSYSXSt
fg

→→→→→
D

 is an exact sequence 
(see [4]). 
 
Theorem 1. 8. In the following diagram suppose that each row is an exact sequence: 
 

2φ  3φ   

),(),( 21

1

SXSX
φ
→

 

 
 

2φ ′  ),(

),(

3

3

SX

SX

′
  

 
3φ ′  

 

),,(),( 54

4

SXSX
φ
→  

 
then we have: 
a. If ),(),(: 33 SXSX ′→ψ  is a homomorphism, such that the following diagram commutes: 
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2φ  3φ
 

 
 

),( 2 SX
 

 
2φ ′  ),(

),(

3

3

SX

SX

′
↓ψ  

 
3φ ′
 

 
 

),( 4 SX            (1.8.1) 

 
then ),(),(: 33 SXSX ′→ψ  is an isomorphism. 
b. )R()R( 22 φφ ′= . Moreover, )),(( 22 SXφ  and )),(( 22 SXφ ′  are isomorph. 
c. If 1))(card( 33 >Xφ , then )()( 3333 XX ′′= φφ . 
d. If 1))(card( 33 =Xφ , then: 
1. 1))(card( 33 =′′ Xφ , 
2. 4φ  is one to one, 
3. ),(),(: 322 SXSX →φ  and ),(),(: 322 SXSX ′→′φ  are onto, 
4. if 1

22
−′= φφψ , then (1.8.1) is a commutative diagram and ),(),(: 33

1
22 SXSX ′→′ −φφ  is an 

isomorphism. 
e. 
1. ))(card())(card( 3333 XX ′′= φφ , 

2. ),( )R( 3

3 SX
φ  and ),( )R( 3

3 SX
φ′
′  are isomorph. 

f.  ),(),(),( 3321

221

SXXSXSX ′×→→
′×φφφ

 is an exact sequence. 
 
Proof: 
a. Use Lemma 1.6 (The Five Lemma). 
b. )R()()R( 211112 2

φφφφ ′=∆∪××= XXX . In addition, )),(( 22 SXφ , ),( )R( 2

2 SX
φ  )),(( )R( 2

2 SX
φ′
′=  and 

)),(( 22 SXφ ′  are isomorph. 
c. Since 1))(card( 33 >Xφ , for each )( 33 Xu φ∈  there exists )( 33 Xv φ∈  such that vu ≠ , moreover, 

)()( 44 vu φφ = , so )(),( 3333 XXvu ′×′′×′∈ φφ , therefore )(, 33 Xvu ′′∈φ , )()( 3333 XX ′′⊆ φφ  and 
1))(card( 33 >′′ Xφ . By a similar method we have )()( 3333 XX ′′⊇ φφ . 

d. 1. Use (c). 
2. )( 3333 XX ××φφ  is a singleton set, so 

4
)( 3333 XXX ∆⊆××φφ , )R( 44

φ=∆ X  and 4φ  is one to 
one. 
3. Using 3332222 )R()(

3
XXXX X ×==∆∪×× φφφ  we have 322 )( XX =φ  (by a similar method 

322 )( XX ′=′φ ). 
e. Use (c) and (d). 
f. For each 1, Xba ∈  we have )()( 1212 ba φφφφ =  and )()( 1212 ba φφφφ ′=′ , so 

))(())(( 122122 ba φφφφφφ ′×=′× , therefore )R()( 221111 φφφφ ′×⊆×× XX . In order to complete the 
proof use )()R()R( 1111222 22

XXXX ××⊆∆−⊆∆−′× φφφφφ . 
 

2. P- EXACT SEQUENCES OF TRANSFORMATION SEMIGROUPS 
 
As a matter of fact, in the definition of an exact sequence of transformation semigroups, with the 
exception of the choice of functions, which should be homomorphisms, you will not find any other 
role of the phase semigroup, and to some extent this problem will be solved by the definition of 
−P exact, −ΓP exact, −ΓP exact and −ΓP exact sequences (of transformation semigroups). 
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Definition 2. 1. 
 
• ),(),(),(),( 121

121

SXSXSXSX nn

nn

+→→→→
− φφφφ

"  )2( ≥n  is called a −P exact sequence (of 
transformation semigroups) if for each }1,,1{ −∈ ni … , )R())(P( 11 +=∆∪×

+ iXiii i
X φφφ . 

• For each }1,,1{ +∈ ni …  let iA  be a nonempty subset of iX  and 1
1)( +
==Γ n

iiA . 

),(),(),(),( 121

121

SXSXSXSX nn

nn

+→→→→
− φφφφ

"  )2( ≥n  is called a −ΓP exact (resp. −ΓP exact, 

−ΓP exact) sequence (of transformation semigroups) if for each }1,,1{ −∈ ni … , 

)R())((P 11 +=∆∪×
+ iXiAii ii

X φφφ  (resp. )R())(P( 11 +=∆∪×
+ iXiAii ii X φφφ , 

)R())(P( 11 +=∆∪×
+ iXiAii ii X φφφ ) (as a matter of fact, nA  and 1+nA  are extra). 

• An infinite sequence of transformation semigroup homomorphisms 

""
211

),(),(),( 21

++−

→→→→ ++

nnnn

SXSXSX nnn

φφφφ
 is −P exact if for each Z∈i , 

)R())(P( 11 +=∆∪×
+ iXiii i

X φφφ . 

• For each Z∈i , let iA  be a nonempty subset of iX  and Z∈=Γ iiA )( . An infinite sequence of 

transformation semigroup homomorphisms ""
211

),(),(),( 21

++−

→→→→ ++

nnnn

SXSXSX nnn

φφφφ
 is 

−ΓP exact (resp. −ΓP exact, −ΓP exact) sequence (of transformation semigroups) if for each 

Z∈i , )R())((P 11 +=∆∪×
+ iXiAii ii

X φφφ  (resp. )R())(P( 11 +=∆∪×
+ iXiAii ii X φφφ , 

)R())(P( 11 +=∆∪×
+ iXiAii ii X φφφ ). 

 
Note 2. 2. Let ),( 1 SX , ),( 2 SX  and ),( 3 SX  be transformation semigroups. Let ii XA ⊆≠∅  

)3,2,1( =i  and }{ttS = , then: 

• ),(),()},({ 21

10

SXSXSt
φφ
→→  is −P exact (resp. for ),},({ 21 AAt=Γ : −ΓP exact, −ΓP exact, 

−ΓP exact) if and only if ),(),(: 211 SXSX →φ  is a monomorphism ( 0φ  exists if and only if there 

exists 1Xu∈  such that }{uuS = ). 

• If )},({),(),( 32

2

StSXSX →→
φ

 is −P exact (resp. for }){,,( 32 tAA=Γ : −ΓP exact, −ΓP exact, 

−ΓP exact), then ),(),(: 322 SXSX →φ  is an epimorphism. 
 
Lemma 2. 3. (The Short Five Lemma) Let 
 

)},({),(),(),()},({

)},({),(),(),()},({

321

321

321

21

21

StSYSYSYSt

StSXSXSXSt

→→→→

↓↓↓
→→→→

λλ

µµ

φφφ  

 
be a commutative diagram of transformation semigroup homomorphisms such that the first row is 

−ΓQ exact ( −P exact) and the second row is −ΛQ exact ( −P exact), where }P,P{P,Q∈ , 
}){,,,},({ 321 tAAAt=Γ  (for 3,2,1=i , iA  is a nonempty subset of iX ) and }){,,,},({ 321 tBBBt=Λ  

(for 3,2,1=i , iB  is a nonempty subset of iY ), then we have: 
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• If ),(),(: 111 SYSX →φ  and  ),(),(: 333 SYSX →φ  are monomorphisms, then 
),(),(: 222 SYSX →φ  is a monomorphism. 

• If ),(),(: 111 SYSX →φ  and ),(),(: 333 SYSX →φ  are epimorphisms, then ),(),(: 222 SYSX →φ  
is an epimorphism. 

• If ),(),(: 111 SYSX →φ  and ),(),(: 333 SYSX →φ  are isomorphisms, then ),(),(: 222 SYSX →φ  
is an isomorphism. 

 
Proof: Use Note 2.2 and a similar method described in Lemma 1.3. 
 

Definition 2. 4. −P exact (resp. −ΓP exact, −ΓP exact and −ΓP exact where Z∈=Γ iiA )(  and for 

each Z∈i , iA  is a nonempty subset of iX ) sequence ""
112

),(),(),( 11

+−−

→→→→ +−

nnnn

SXSXSX nnn

µµµµ
 

and −P exact (resp. −ΛP exact, −ΛP exact and −ΛP exact where Z∈=Λ iiB )(  and for each Z∈i , iB  

is a nonempty subset of iY ) sequence ""
112

),(),(),( 11

+−−

→→→→ +−

nnnn

SYSYSY nnn

λλλλ
 are isomorph if there 

are isomorphisms ),(),(: SYSX iii →φ  )( Z∈i  such that the following diagram commutes: 
 

""

""

112

112

),(),(),(

),(),(),(

11

11

11

+−−

+−−

→→→→

↓↓↓
→→→→

+−

+−

+−

nnnn

nnnn

SYSYSY

SXSXSX

nnn

nnn

nnn

λλλλ

µµµµ

φφφ   , 

 
(resp. moreover iii BA =)(φ ). 
 
Lemma 2. 5. Let 
 

),(),(),(),(

),(),(),(),(

4321

4321

4321

321

321

SYSYSYSY

SXSXSXSX

λλλ

µµµ

φφφφ

→→→

↓↓↓↓
→→→

  
be a commutative diagram such that the first row is −ΓQ exact ( −P exact) and the second row is 

−ΛQ exact ( −P exact), where }P,P{P,Q∈ , ),,,( 4321 AAAA=Γ  (for 4,3,2,1=i , iA  is a nonempty 
subset of iX ) and ))(),(),(),(( 44332211 AAAA φφφφ=Λ , then we have: 
a. Let ),(),(: 111 SYSX →φ  be an isomorphism and ),(),(: 222 SYSX →φ , ),(),(: 444 SYSX →φ  be 
monomorphisms, then ),(),(: 333 SYSX →φ  is a monomorphism. 
b. Let }{11 tYX ==  and ),(),(: 222 SYSX →φ , ),(),(: 444 SYSX →φ  be monomorphisms and 

333 )( YX =φ , then ),(),(: 333 SYSX →φ  is an isomorphism. 
 
Proof: 
a. Use a similar method described in Lemma 1.6 (a). 
b. Use (a). 
 
Theorem 2. 6. In the following diagram suppose each row be a −P exact (resp. the first row is 

−ΓP exact, −ΓP exact, −ΓP exact, where ),,,( 4321 AAAA=Γ  ( iA  is a nonempty subset of iX , for 
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4,3,2,1=i ) and the second row is −ΛP exact, −ΛP exact, −ΛP exact, where ),,,( 4321 AAAA ′=Λ  
( 3A′  is a nonempty subset of 3X ′ ) sequence: 

 
 

2φ  3φ   

),(),( 21

1

SXSX
φ
→

 

 
 
2φ ′  ),(

),(

3

3

SX

SX

′
  

 
3φ ′  

 
),,( 4 SX  

 
then we have: 
a. If ),(),(: 33 SXSX ′→ψ  is an epimorphism, such that the following diagram commutes: 
 

2φ  3φ
 

 
 

),( 2 SX
 

 
2φ ′  ),(

),(

3

3

SX

SX

′
↓ψ  

 
3φ ′

 

 
 

),( 4 SX  

 
(and 33 )( AA ′=ψ ), then ),(),(: 33 SXSX ′→ψ  is an isomorphism. 
b. )R()R( 22 φφ ′= , moreover )),(( 22 SXφ  and )),(( 22 SXφ ′  are isomorph. 
 
Proof: Use Lemma 2.5 and a similar method described in Theorem 1.8. 
 
Theorem 2. 7. For each Z∈i , let iX  and iY  be nonempty closed subsets of compact Hausdorff 
topological space iZ , such that ∅=∩ ii YX  and iii ZYX =∪ . Consider: 
 

                                                       ""
11

),(),( 111

+−

→→→ +

nnn

SXSX nn

φφφ
                                             (2.7.1) 

 

                                            ""
11

),(),( 212

+−

→→→ +

nnn

SYSY nn

µµµ
                                            (2.7.2) 

 
and 
 

                                                    ""
1111

),(),( 1

++−− ∪

+

∪∪

→→→
nnnnnn

SZSZ nn

µφµφµφ
                                  (2.7.3) 

 
where 21 SSS ×=  and: 
 





∈
∈

=
i

i

Yzzs
Xzzs

ssz
2

1
21 ),(     )),(,,( 2121 SSssiZz i ×∈∀∈∀∈∀ Z , 

 
then for Z∈=Γ iiA )(  (for Z∈i , iA  is a nonempty subset of iX ), Z∈=Λ iiB )(  (for Z∈i , iB  is a 
nonempty subset of iY ) and Z∈∪=Θ iii BA )( , we have: 
a. (2.7.1) and (2.7.2) are −P exact, if and only if (2.7.3) is −P exact (if (2.7.1) and (2.7.2) are 
−P exact, then (2.7.3) is −ΘP exact). 

b. (2.7.1) is −ΓP exact and (2.7.2) is −P exact, if and only if (2.7.3) is −ΓP exact. 
c. (2.7.1) is −ΓP exact and (2.7.2) is −P exact, if and only if (2.7.3) is −ΓP exact. 
d. (2.7.1) is −ΓP exact and (2.7.2) is −ΛP exact, if and only if (2.7.3) is −ΘP exact. 
 
Proof: b. Using [5], for each Z∈n , we have ),P(),(P),(P 21 SYSXSZ nnAnA nn

∪= . 
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Suppose (2.7.1) is −ΓP exact and (2.7.2) is −P exact, so for each Z∈n , we have 
)R()),((P 11 1 +=∆∪×

+ nXnAnn nn
SX φφφ  and )R()),(P( 12 1 +=∆∪×

+ nYnnn n
SY µµµ , therefore: 

1
)),()(P()(

+
∆∪∪×∪

nn ZnAnnnn SZµφµφ  

1
)),P(),()(P()( 21 +

∆∪∪∪×∪=
nn ZnnAnnnn SYSXµφµφ  

1
)),)(P(()()),()(P()( 21 +

∆∪∪×∪∪∪×∪=
nn ZnnnnnnAnnnn SYSX µφµφµφµφ  

1
)),(P()),((P 21 +

∆∪×∪×=
nn ZnnnnAnn SYSX µµφφ  

11
)),(P()),((P 21 ++

∆∪∆∪×∪×=
nnn YXnnnnAnn SYSX µµφφ  

)R()R( 11 ++ ∪= nn µφ  
)R( 11 ++ ∪= nn µφ  (since ∅=∩ nn YX ) 

thus (2.7.3) is −ΓP exact. 
On the other hand, if (2.7.3) is −ΓP exact, for each Z∈n , using a similar method as the above we 
have: 

)R( 1+nϕ )())R()(R( 1111 ++++ ×∩∪= nnnn XXµφ  
  )()R( 1111 ++++ ×∩∪= nnnn XXµφ  
  )())),()(P()(( 111 ++ ×∩∆∪∪×∪=

+ nnZnAnnnn XXSZ
nn

µφµφ  
  )())),(P()),((P( 1121 11 ++ ×∩∆∪∆∪×∪×=

++ nnYXnnnnAnn XXSYSX
nnn

µµφφ  
  

1
)),((P 1 +

∆∪×=
nn XnAnn SXφφ  

thus (2.7.1) is −ΓP exact. And for each Z∈n , we have: 
)R( 1+nµ )())R()(R( 1111 ++++ ×∩∪= nnnn YYµφ  
 )()R( 1111 ++++ ×∩∪= nnnn YYµφ  
 )())),()(P()(( 111 ++ ×∩∆∪∪×∪=

+ nnZnAnnnn YYSZ
nn

µφµφ  
 )())),(P()),((P( 1121 11 ++ ×∩∆∪∆∪×∪×=

++ nnYXnnnnAnn YYSYSX
nnn

µµφφ  
 

1
)),(P( 2 +

∆∪×=
nYnnn SYµµ  

which leads to the desired result. 
For the other items using [5], for each Z∈n , we have: 
 ),P(),P(),P( 21 SYSXSZ nnn ∪= , 
 ),P(),(P),(P 21 SYSXSZ nnAnA nn ∪= , 
 )),P((),P(),P(),(P 21)( SZSYSXSZ nnnnBA nn

=∪=∪ , 
 ),(P),(P),(P 21)( SYSXSZ nBnAnBA nnnn ∪=∪ , 
now use a similar method. 
 
Theorem 2. 8. Consider: 
 

                                                ""
11

),(),( 111

+−

→→→ +

nnn

SXSX nn

φφφ
                                       (2.8.1) 

 

                                                 ""
11

),(),( 212

+−

→→→ +

nnn

SYSY nn

µµµ
                                       (2.8.2) 

 
and 
 

                                                        ""
1111

),(),( 1

++−− ×

+

××

→→→
nnnnnn

SZSZ nn

µφµφµφ
                                (2.8.3) 

 
where iii YXZ ×= , 21 SSS ×=  and: 
 

),(),)(,( 2121 ysxsssyx =  )),(,,),(( 2121 SSssiYXyx ii ×∈∀∈∀×∈∀ Z , 
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then for Z∈=Θ iiA )(  (for Z∈i , iA  is a nonempty subset of iZ ), Z∈=Γ iiA ))(( 1π  and 
Z∈=Λ iiA ))(( 2π  (where 1π  and 2π  are projection maps), we have: 

a. (2.8.1) and (2.8.2) are −P exact, if and only if (2.8.3) is −P exact. 
b. (2.8.1) is −ΓP exact and (2.8.2) is −ΛP exact, if and only if (2.8.3) is −ΘP exact. 
c. (2.8.1) is −ΓP exact and (2.8.2) is −ΛP exact, if and only if (2.8.3) is −ΘP exact. 
 
Proof: Using [5], for each Z∈n , we have: 

)},P(),(),,P(),(|)),(),,{((),P( 2221112121 SYyxSXyxZZyyxxSZ nnnnn ∈∈×∈= , 
)},(P),(),,(P),(|)),(),,{((),(P 2)(221)(112121 21

SYyxSXyxZZyyxxSZ nAnAnnnA nnn ππ ∈∈×∈= , 
)},(P),(),,(P),(|)),(),,{((),(P 2)(221)(112121 21 SYyxSXyxZZyyxxSZ nAnAnnnA nnn ππ ∈∈×∈= , 

now use a similar method described in Theorem 2.7. 
 

Theorem 2. 9. Let e  be the identity of the semigroup S ; mSS ,,1 …  be subsemigroups of S , 

∩
m

i
iSe

1=

∈  and ∪
m

i
iSS

1=

= . If the sequences ""
11

),(),( 1

+−

→→→ +

nnn

inin SXSX
φφφ

 for mi ,,1…=  are 

−P exact (resp. −ΓP exact (where Z∈=Γ iiA )(  and for each Z∈i , iA  is a nonempty subset of iX ), 

−ΛP exact (where Z∈=Λ iiB )(  and for each Z∈i , ∩
m

j
ijii SXSXB

1

),(),(
=

∩∈ MM )), then 

""
11

),(),( 1

+−

→→→ +

nnn

SXSX nn

φφφ
 is −P exact (resp. −ΓP exact, −ΛP exact). 

 
Proof: Suppose for each },,1{ mi …∈ , ""

11

),(),( 1

+−

→→→ +

nnn

inin SXSX
φφφ

 be a −P exact sequence, thus 
for each Z∈n , )R()),(P( 11 +=∆∪×

+ nXinnn n
SX φφφ . Using [6], for each Z∈n , we have 

∪
m

i
inn SXSX

1

),P(),P(
=

= , so: 
 

)R(

)),(P(

)),P(()),(P(

1

1

1

1

11

+

=

=

=

∆∪×=

∆∪×=∆∪×

+

++

n

X

m

i
innn

X

m

i
innnXinnn

n

nn

SX

SXSX

φ

φφ

φφφφ

∪

∪
 

 
so ""

11

),(),( 1

+−

→→→ +

nnn

SXSX nn

φφφ
 is −P exact (for the rest, use a similar method and note to the fact 

that by [6], for each Z∈n , we have ∪
m

i
inAnA SXSX

nn
1

),(P),(P
=

=  and ∪
m

i
inBnB SXSX nn

1

),(P),(P
=

= ). 
 

3. EXAMPLES 
 
Most of the examples given in this section deal with fort spaces. 
X  is a fort space with the particular point t  if X  is considered with the topology 

})card(|{ 0ℵ<−∨∉⊆ UXUtXU  (where t  is a member of X ) [7]. 
 
Example 3. 1. For 3,2,1=i , let iX  be an infinite fort space with the particular point t , and 

)},({),(),(),()},({
3210

321 StSXSXSXSt
φφφφ
→→→→  be an exact (resp. −P exact, −ΓP exact, −ΓP exact, 

−ΓP exact (where }){,,,},({ 321 tAAAt=Γ  and for 3,2,1=i , iA  is a nonempty subset of iX )) 
sequence, then tti =)(φ  (for 2,1=i ) (since 1φ  is one to one and 322 : XX →φ  is onto). 
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Example 3. 2. In this example, for an arbitrary transformation semigroup like ),( SX , we will assume 
that X  is an infinite fort space with the particular point t , and that S  is a group such that for each 

Xx∈ , we have }{xxS =  if and only if tx = . 
In the sequence ),(),(),( 321

21

SXSXSX
φφ
→→ , let: 

a. )R()( 21111 2
φφφ =∆∪×× XXX  (i.e., ),(),(),( 321

21

SXSXSX
φφ
→→  is exact). 

b. )()( 1
211 tX −= φφ . 

c. )()( 1
211 tX −⊆φφ . 

d. )R()( 21111 2
φφφ ⊆∆∪×× XXX . 

e. )R()( 21111 2
φφφ ⊇∆∪×× XXX . 

We have “(a)⇒ (b)”, “(b)⇒ (c)”, and “(c)⇒ (d)”. 
Thus (a), (b)∧ (e), (c)∧ (e), and (d) ∧ (e) are equivalent. 
 
Proof: 
• “(a)⇒ (b)”: Let 1Xx∈ , then )R())(),(()),(( 2111 φφφφ ∈= txtx , so ttx == )()( 212 φφφ , and 

)()( 1
21 tx −∈φφ . On the other hand, if )(1

2 ty −∈φ , then )()( 22 tty φφ ==  and 

2
)()R(),( 11112 XXXty ∆∪××=∈ φφφ , so )( 11 Xy φ∈  or )()( 111 Xtty φφ ∈== , which 

completes this part of proof. 
• “(c)⇒ (d)”: Let 1, Xyx ∈ , by the assumption ))(())(( 1212 ytx φφφφ == , so )R())(),(( 211 φφφ ∈yx . 
 
Example 3. 3. Suppose { } }0{|1 ∪∈= NnX n  with the induced topology of R . 
• Let XX →:ξ  be such that: 
 



 −∈∧=

= +

otherwise0
21

1
1 NNnx

x nnξ  , 

 
}}0{|{ ∪∈= NnS nξ , then ""

ξξξξ
→→→→ ),(),(),( SXSXSX  is an exact sequence. 

• For 2≥p  and }1,,1{ −∈ pm … , let XX →:ξ  be such that: 
 



 −∈∧=

= +

otherwise0

1
1

1 NN pnx
x nnξ  , 

 
}}0{|{ ∪∈= NnS nξ , then ""

mmmm

SXSXSX
ξξξξ
→→→→ ),(),(),(  is an exact sequence if and only if p  

is even and 2
pm = , since { }∪

m

t
n

m tpnXX
1

1 |)(
=

+∈−= Nξ , ( ) { }∪
mp

t
n

m tpnX
−

=

−
+∈−=

1

11
|)0( Nξ  and 

( ) ( ) X
mmm ∆∪×=

−−
))0()0(()R(

11
ξξξ  (moreover for each pn ≥ , 0=nξ ). 

Using a same method, if Z∈iim }{  is a sequence in }1,,1{ −p… , then 

""
11

),(),(
+−

→→→
imimim

SXSX
ξξξ

 is an exact sequence if and only if for each Z∈i , we have 

1++= ii mmp  (so for each Z∈i , 02 mm i =  and 012 mpm i −=+  and we can name the above exact 
sequence, exact sequence related to 0m ). 
 
Example 3. 4. Let { } ])1,1[}0({]1,0(|)sin,( 1 −×∪∈= xxX x  (with the induced topology of 2R ). Let S  
be the set of all homeomorphisms of X , then for each Ss∈ , there exists u  in the set of all 
homeomorphisms of ]1,1[−  and v  in the set of all homeomorphisms of ]1,0( , such that 

))(,0(),0( xusx =  ])1,1[( −∈x  and )sin),(()sin,( )(
11
xvx xvsx =  ])1,0(( ∈x  (use the linear connected 

components of X ). Moreover, in the transformation semigroup ),( SX , we have: 
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b. For all Xyx ∈),( , we have: 
 

{ }










=
∈∈

−∈=−×
−==−

=

1)}1sin,1{(
)1,0()1,0(|)sin,(

)1,1(,0)1,1(}0{
1,1,0)}1,0(),1,0{(

),( 1

x
xzz

yx
yx

Syx
z

 . 

 
So: 
 











=
∈

−∈=−×
−==−

=

1)}1sin,1{(
)1,0(

)1,1(,0]1,1[}0{
1,1,0)}1,0(),1,0{(

),(

x
xX

yx
yx

Syx  . 

 
b. )}1sin,1(),1,0(},1,0{( −  is the set of all almost periodic points of X . 

c. Let ),(),(),( SZSXSY
µη
→→ , be an arbitrary sequence named (3.4.1), and t=)1sin,1(µ . 

• XY =)(η : (3.4.1) is exact if and only if }{)( tX =µ . 
• )}1sin,1(),1,0(),1,0{()( −=Yη : (3.4.1) is exact if and only if t==− )1,0()1,0( µµ  and 

)}1sin,1(),1,0(),1,0{(| −−Xµ  is one to one. 
• )}1,0(),1,0{()( −=Yη : (3.4.1) is exact if and only if )1,0()1,0( µµ =−  and )}1,0(),1,0{(| −−Xµ  is one to 

one. 
• )}1sin,1{()( =Yη : (3.4.1) is exact if and only if µ  is one to one (the other cases has been omitted). 
 
Note 3. 5. The consideration of Example 3.4, leads us to the following fact that in the sequence 

),(),(),( 321

21

SXSXSX
φφ
→→ , the following statements are equivalent: 

• ),(),(),( 321

21

SXSXSX
φφ
→→  is an exact sequence. 

• For all 1Xa∈ , )}({)( 12112 aX φφφφ =  and )(2 112
| XX φφ −  is one to one. 

• There exists 2Xa∈ , such that )}({)( 2112 aX φφφ =  and )(2 112
| XX φφ −  is one to one. 

• )R()( 21111 2
φφφ ⊆∆∪×× XXX  and )(2 112

| XX φφ −  is one to one. 
So if for 3,2,1=i , iX  is an infinite fort space with the particular point b  such that }{xxS =  if and 

only if bx = , then ),(),(),( 321

21

SXSXSX
φφ
→→  is exact if and only if )()( 1

211 bX −= φφ  and 

)(2 112
| XX φφ −  is one to one (see also Example 3.2). 
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