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PRELIMINARIES

By a transformation semigroup (X,S,7) (or simply (XX,S)) we mean a compact Hausdorff
topological space X, a discrete topological semigroup § (phase semigroup) with identity e and a
continuous map 7 : X xS - X (7(x,s)=xs(Vx e X,;VseS)) such that:

VxeX xe=x,
VxeX Vs,teS x(st)=(xs)t.

In the transformation semigroup (X,S) we havethe following definitions:

1.

For each s € S, define the continuoussmap 7° : X — X by xz° =xs (Vxe X), then E(X,S) (or
simply E(X)) is the closure of {z° |s€ S} in X* with pointwise convergence, moreover it is
called the enveloping semigroup (or Ellis semigroup) of (X,S). We used to write s instead of 7°
(seS). E(X,S) has a semigroup structure [1], a nonempty subset K of E(X,S) is called a right
ideal if KE(X,S)cK.

A nonempty subset Z of X is called invariant if ZS < Z. A closed invariant subset of X is
called minimal if it does not have any proper subset, which is a closed invariant subset of X .
a € X is(called almost periodic if aS is a minimal subset of X .

Let a e X', A be anonempty subset of X and K be a closed right ideal of E(X,S) [2].

We say K is an a —minimal set if:

aK =aE(X,S),

K does not have any proper subset like L, such that L be a closed right ideal of E(X,S) and
aL=aE(X,S).

The set of all @ —minimal sets is denoted by M g (a).
e Wesay K isan 4 —minimal set if:

VbeAd bK=bE(X,S),

“Received by the editor April 12, 2003 and in final revised form June 14, 2005
**Corresponding author



482 F. Ayatollah Zadeh Shirazi

- K does not have any proper subset like L, such that L be a closed right ideal of E(X,S) and
bL=bE(X,S) forall be 4.

The set of all 4 — minimalsets is denoted by M(X,S) 4.

e Wesay K isan 4 —minimal set if:

- AK=A4E(X,S),
- K does not have any proper subset like L, such that L be a closed right ideal of E(X,S) and
AL=AE(X,S).

The set of all 4 — minimalsets is denoted by M(X,S) (4.
Mx.5)(4) and My 5 (@) are nonempty. We set:

MX,S)={BS X |B#DA(VK eMx.s)(4) JF(AK)=D)!

(where for all L c E(X,S), J(F(4,L))={uelL| u*=un(vbed bu =b)}).

4. Let A be a nonempty subset of X ; we introduce the following sets [3]:

P(X,S)={(x,y)e Xx X |Ip e E(X,S) xp=yp} (or simplyP(X)),

P (X,8)={(x,y)eXxX|JaeAd Tl eMy;(a) Vpel xp=ypj(orsimply P, (X)),
Ps(X,8)={(x,y) e Xx X |3 €Mx.s5)(4) Vpel xp=)p} (orsimply P.(X)),
Psa(X,S)={(x,»)e X xX | eMx.s5(4A) Vpel xp=yp} (orsimply P4(X)).

5. Let (Y,S) be a transformation semigroup, a continuous map ¢:(X,S)— (¥,S) is called a
homomorphism if g(xs)=¢(x)s (xe€X,se€S), moreoverlet R(¢)={(x,y)e X x X |d(x)=¢(y)}.
Bijective (resp. injective, surjective) homomorphism ¢:(X,S)— (Y,S) is called an isomorphism
(resp. monomorphism, epimorphism).

By A, wemean {(y,y)|yeY}.

1. EXACT SEQUENCES OF TRANSFORMATION SEMIGROUPS

In this section you will find the definition of exact sequences (of the transformation semigroups) and
some of their properties.

Definition 1. 1.
é b P b
o (X,8)—>(X,,S)y—>=(X,,S)>(X
transformation semigroups) if for each i e {l,...,n—1}, ¢, x§,(X; x X;) VA =R(4,,).

S) (m=2) is called an exact sequence (of

no n+l»

e An infinite sequence of transformation semigroup homomorphisms
[ b, [ [ . . .
(X, 8) X, 8) (X, 8) o 1S exact if for each iel,

# x ¢, (X, XX;')UAXM =R(4;.1)-

n+l>

Note 1. 2. Let (X,S), (X,,5), (X,,S) and (X;,S) be transformation semigroups. Let C be a

closed invariant subset of X , and ¢ € C, be such that 5 = {¢}, then:

e ({11,9) —t>(C, S) —l>(X, S) g(m ,8)—> ({t},S) is exact (where : and = are respectively
inclusiogﬂand proj %ction maps).

o ({t},8)—>(X,,8)—(X,,S) is exact if and only if ¢, : (X,,S) — (X,,S) is a monomorphism (@,
exists if ind only if there exists u € X, such that uS = {u}).

e (X,,9)—(X;,8) > ({t},S) is exact if and only if @, : (X,,S) = (X;,S) is an epimorphism.
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é [
If (X,,8)—(X,,8)—>(X;5,5)—> ({t},S) is exact, then two transformation semigroups (X;,S)

X,
and ((¢1(X1)><¢1(X1))UAX2 ’S)

are isomorph.

If (x,,9) i(X 555) ﬁ(X ,,S) is an exact sequence, then:

For each xe€ X, ¢,¢,(x) is almost periodic.

#,0,(X,) is a singleton minimal subset of (X 359).

If teX, nX,, then ({t}, S)—)(XI,S)—>(X x {t} U {t} ><X2,S)—>(X2,S) —({t},S) where
L(x)=(x,t) (VxeX,|) and 7,(x,y)=y (V(x,y)eX, x{t} U{t}x X is exact (attention: ¢ is
one to one and 7, : X; x {t} U {t} x X, — X, is onto).

Lemma 1. 3. (The Short Five Lemma). Let

(1.5 > (X.5) 5 (X,.5) 5 (XS (1.9
T ) T ) 5
({S) > (.8 5> (1.5 > (1.5 /> ({19

be a commutative diagram of transformation semigroup homomorphisms such that each row is an

exact sequence, then (see [4]):

If ¢,:(X,,8)— (¥,,S) and ¢, :(X;,S)— (¥5,S) are monomorphisms, then ¢, :(X,,S)— (¥,,S)
is a monomorphism.

If ¢,:(X,,S)—>(;,S) and ¢, :(X;,S5)— (¥5,S) are epimorphisms, then ¢, :(X,,S)—>(¥,,S)
is an epimorphism.

If ¢, :(X,,8)—(Y},S) and ¢, :(X;,5)—> (¥;,S) are isomorphisms, then ¢, :(X,,S)— (¥,,S)
is an isomorphism.

Proof:

$,(a) =@, (b)

Let ¢, :(X,,5)— (Y,,S8) and ¢, :(X;,S) > (¥5,5) be monomorphisms, and a,b € X, be such
that ¢, (a) =@, (b), we have:

A 0,(@) = 4,4, (D)

P34 (a) = g5 11, (D)

Uy (@)= 1, (b)

(a,b) e R(u,)

(a,0) € py x py (X, x X ) UA

a=bv3c,deX, (a,b)=(u(c), ()

A N

Moreover, if ¢,d € X, are such that (a,b)=(u,(¢c), 1,(d)), then since ¢, and A, (see Note 1.2) are
one to one, we have:

(a,0)=(u (), i (d)) = ru(c) =, p(d)
= L (0)=44(d)
= c¢=d
= )=u(d)
= a=b

thus @, : (X,,S) = (¥,,S) is a monomorphism.

o Let ¢ :(X,,5)—>(,S) and ¢, :(X;,S)—>(Y;,S) be epimorphisms, and aeY,, since

@y :(X;5,5) > (15,5) and w4, :(X,,S)—> (X;,S) (see Note 1.2) are epimorphisms, there exists
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b e X, such that ¢, 1, (b) =4,(a). Using the fact that ¢, :(X,,S)—> (¥,,S) is an epimorphism,
we have:
A, (a) =P34, (D) A,(a)=2,¢,(b)
(a,0,(b)) €R(4,)
(a,9,(b)) € 4, x 4, (Y, xY) U Ay,
a=¢,(b)v(3c,deY, (a,9,(b))=(4(c),4,(d)))
acp,(Xy)v(@ceY, TkeX, (a=A4(c)rc=4¢(k))
acd,(Xy)v(FkeX, a=Ai¢ (k)
acd,(Xy)v(FkeX, a=d¢u (k)
aed,(X,)
thus ¢, : (X,,S) = (¥,,S) is an epimorphism.

L A R

s) —>( S)li}’
are isomorph if there are isomorphisms ¢, : (X;,S) — (¥;,S) (i €Z) such that the following diagram

o e Uy 2 L, | 1, Ly An*?
Definition 1. 4. Exact sequences ...}ﬁ(X’H,S);(X”,S);(Xm,g);‘.. and BN S)—>( o s

commutes:

Hp Hus1

—> X,..8 = «X,,9 —> (X,4.8) —
\L ¢n—1 \L ¢ \L ¢n+1

2”7’2 j’ﬂ*l /?'m-l

- (YnflﬂS) i ( S) _) ( n+l» ) g

2’0 /11 2
Theorem 1. 5. Let ({t},S5)—>(X,,S)—>(X,S5)—(X,,8) > ({t},S) be an exact sequence such that

t=4,(t) (i=0,12) and for each xe X, xS =4{x}_if and only if x=¢. The following statements are
equivalent (see [4]):

a. There exist homomorphisms ~u, :(X,S)—>(X,,S) and u,:(X,,S)—>(X,S) such that
mA =idy and A, p, =id

b. There exists a homomorphism 'y, : (X,,S) = (X, S) such that /"Lzyz = idX2 .

c. Two exact sequences ({t} S) —)(X1 ,8) —>(X S) —>(X2 ,8) — ({1}, 5) and
{t},9) —)(XI,S) —)(X x{ty u{ttx X,,S) —>(X2,S) — ({t},S) (which is introduced in Note 1.2),
are isomorph, in particular.two transformation semigroups (X,S) and (X, x{t} U {t}x X,,S) are

isomorph.

Proof:
“(b)=>(c)”: Define ¢: (X, x{t} U{t}xX,,5)—(X,S) by:

bz, ) = {ﬂ] () (rny)eX, x{t}

v(x, X, x x X,
1, (y) (x,y)ef{tyxX, (r.y) e {ryuin

The following diagram commutes (since A,¢(X, x {t}) =1, 4,(X,)={L,A4, ()} ={t} =7n,(X, x{t})):

(X.S) > (X, x{UxX,.8) > (X,.5)
idy ¥ Y Vid,,

(X1,9) 5 (X.S5) 5 (X,,S5)
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thus by Lemma 1.3 (Short Five Lemma), ¢: (X, x{t} U {t}x X,,S) — (X,S) is an isomorphism and
the mentioned two exact sequences are isomorph. X
e “(o)=> (a)” Suppose two exact sequences {t},8)>(X,,S) —)(X S) —>(X2 ,)—>({t},S) and
{t},9) —)(Xl,S) —>(X x{tyu{t}x X,,S) —>(X2,S) - ({t},9) are isomorph, there are
isomorphisms @ :(X,,8)—>(X,,9), ¢:(X,S) > (X, x{Hu{t}xX,,5) and
?, :(X,,8) > (X,,S) such that the following diagram commutes:

Ao A A
(7.8 = (X,,9) - (X,$) - (X,,8) - ({1,9)
b Vo 2
({11.8) > (X,.5) 5 (X) x{ty Vit x X5, 5) 5 (X5,8) = ({1,9)

Define 1, :(X,,8)— (X,S) by u,(x,)=¢"(t,4,(x,)) (Vx, € X,). For each x, € X,, we have
(use g4, =7,¢):

Aoty (%y) = 27 (1,0,(x,)) = by 9y 2np (0. 45 (x,))
= ¢271”2¢¢71 (2,0,(x,)) = ¢£1”2 (2,9, (x,))
= ¢2_1¢2 (xy)=x,

0 Ay, =idy . On the other hand, define 7, : (X, x{tj O {1} x X,,5) > (X;,5) by 7, (x,y)=x
V(x,y)e X, x{t} u{t}x X,),and y, :(X,S)—>(X,,S) by yl(x)=¢1’1ﬂ1¢(x) (Vxe X). For each
x eX,, we have (use ¢4, =44) mAx)=47"T ¢4 (x)=¢" 708, (x)=4"$(x)=x so
A, =id
14 X,

Lemma 1. 6. (The Five Lemma) Let

(X1.8) 5X,08) 5 (X8 5 (X,.8) 5 (X..5)
ot Nod b le e
1.8) 5 (1.5 > (1,8 - (%, - (%.5)

be a commutative diagram such that each row is exact, then we have (see [4]):

a. Let ¢, :(X,,S) — (¥;,S) be an epimorphism and ¢, : (X,,S) —> (¥,,S5), &, :(X,,5) > (¥,,S) be
monomorphisms, then. ¢, : (X;,S) — (¥;,S) is a monomorphism.

b. Let ¢5:(Xs,8) — (¥5,S) be a monomorphism and ¢, :(X,,S) > (¥,,S5), ¢, :(X,,S) > 1,,S)
be epimorphisms, then ¢, : (X;,S5) — (¥;,S) is an epimorphism.

c. Let ¢,:(X,,S)—>(¥;,S) be an epimorphism, ¢, :(X,,S)— (¥5,S) be a monomorphism and
9, (X,,8)—>1,,S), ¢,:(X,,S8)—>(Y,,S) be isomorphisms, then ¢, :(X;,S)—(¥;,5) is an
isomorphism.

Proof:
a. Let a,b e X, be such that ¢, (a)=¢,(b), then:
$i(a)=¢5(b) = Adi(a)=1345(b)

= Pyuz(a) =g, u5(b)

= py(a)=ps(b)

= (a,b)eR(p3)
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= a=bv@c,deX, (a,b)=(u,(c), 1,(d)))
if ¢,d € X, are such that a =y, (c) and b= pu,(d), then:
P15 (¢c) =Py, (d)
A4,(¢c) = 4,4,(d)
(¢,(c). 9, (d)) e R(4,)
$(c)=¢,(d)v ELkeY, (4,(c).4,(d) = (4 (), 4(k))
c=dv @l k'eX, (4,(c),9,(d)=(4 "), 24 (k)
a=bv @l ke X, (9,(c),4,(d)=(d,11,(I'), b1, (k"))
a=bv @l k'eX, (c,d)=(u "), (k")
a= Z; v #(€) = 4 (d) (By the definition of exact sequences)
a=
thus ¢, : (X;,S) > (¥5,S) is a monomorphism.
b.Let aeY; and u € X;. Choose b e X, such that A,(a)=¢,(b), we have:
Ay Ay (a) = A4, (b)

L A R

Ay 2305 (u) = Ps iy (b) (use: A4,4;(15) = {4ad;(@)})
Ay@ypis () = Pspy (D)

Ps ity iy (u) = Ps 14 (b)

Haypts () = p, (b)

uyw)=bv @v,we X5 (u3w)sb) = (415 (v), 3 (w)))
dceX; b=pu,(c)

Jee Xy Ay(a)=¢,u5(0)

dee Xy Ay(a)=A,¢5(c)

deeX; (a=¢;(qQv@v,weY, (a,4;(c)=(4,(v),4, (W)
acd,(X;)v(@3cel, a=4,(c)

ae g (X5)v (FceX, a=1,4,(c))
aed;(X;)v(@3ceX, a=d¢u,(c)

a € gy(X5)

thus ¢, : (X;,S) — (Y5, S) isan epimorphism.

¢. Use (a) and (b) Lemma 1.3, (The Short Five Lemma is a corollary of (c)).

L L L L L VO VA VA VA

Remark 1. 7. If ({},5)— (X,S)—>(Y,S) ‘—@(Z,S) - ({},5) and ({#},8)—>(Z,9) S0.8) = (7.8) = (,5)
are exact sequences, then ({¢},5) > (X,S) > (¥,S) >,S) > (W,S) > ({t},S) is an exact sequence

(see [4]).

Theorem 1. 8. In the following diagram suppose that each row is an exact sequence:

2 (X5,9) %

é [
(XI’S)_)(Xz’S) (X4,S)—)(X5,S),
T e —

then we have:
a. If y:(X,,S)— (X3,S) is a homomorphism, such that the following diagram commutes:
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[ (X35,95) 9
— 7 ly

X,,S X,,S
(X, >\ s — (X,.5)

(1.8.1)

then v : (X,,S) > (X3,S) is an isomorphism.

b. R(4,) =R(g,) . Moreover, (¢4,(X,),S) and (4,(X,),S) are isomorph.
c. If card(¢;(X;))>1, then ¢, (X;) =¢;(X3).

d. If card(¢,(X;)) =1, then:

1. card(g(X3) =1,

2. ¢, is one to one,

3. ¢, :(X,,8) > (X;,5) and ¢; :(X,,S) > (X}, S) are onto,

4. if w=4¢; 2"1, then (1.8.1) is a commutative diagram and ¢;¢; (X3,S) —(X3,8) is an
isomorphism.

e.

1. card( (X)) = card(¢5 (X})).

2. (Rf;f),S) and (Rz;f),S) are isomorph.

><¢7
f. (X,,9) —>(X2,S) — (X; x X;3,8) is an exact sequence.

Proof:

a. Use Lemma 1.6 (The Five Lemma).

b. R()=¢ x ¢ (X, x X)) UA =R(g5). I addition, (¢,(X,),5), (25.8) (=(zs;.5)) and
(¢5,(X,),S) are isomorph.

c. Since card(¢,(X;))>1, for each"uweg,(X,) there exists ve¢,(X;) such that u #v, moreover,
b ()= 4,(), 50 (uv)ed;x X5 x K1), therefore u,ve gj(X3), ¢5(X;)S¢(X3) and
card(¢; (X)) >1. By a similar method we have ¢;(X;)2¢;(X3).

d. 1. Use (c).

2. ¢y x ¢y (X5 x X5) is @ singleton set, so ¢y Xy (X3 x X5)c Ay, Ay =R(4,) and ¢, is one to
one.

3. Using ¢, x ¢, (Xy x X,) UA, =R(4;)=X; x X; we have ¢,(X,)=X; (by a similar method
#5(X,) = X§):

e. Use (c) and (d).

f. For each a,beX, we have ¢,4(a)=¢,6(b) and @) p(a)=¢,¢,(b), so
&, x ¢5 (¢, (@) =@, x @5 (4, (b)), therefore ¢, x ¢, (X, x X,)cR(¢, x¢,). In order to complete the
proofuse R(¢, x43) = Ay, cR(4,)—Ay, S ¢ x (X, xX)).

2. P-EXACT SEQUENCES OF TRANSFORMATION SEMIGROUPS

As a matter of fact, in the definition of an exact sequence of transformation semigroups, with the
exception of the choice of functions, which should be homomorphisms, you will not find any other
role of the phase semigroup, and to some extent this problem will be solved by the definition of
P— exact, P.—exact, Pr —exactand Pr —exact sequences (of transformation semigroups).
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Definition 2. 1.

é b P b
e (X,,9)-(X,,8)—>—>(X,,9>(X,,,,S) (n=2) is called a P-—exact sequence (of
transformation semigroups) if for each i {l,...,n -1}, ¢, x§,(P(X;)) VA, =R(4,,).

e For each ie{l,....,n+1} let A4, be a nonempty subset of X, and I'=(4 )1'7:11 .
(X, ,S)ﬁ)(Xz,S)g-'-%—;(Xn ,S)i(X,,H,S) (n>2) is called a P.—exact (resp. Pr —exact,
1=9r —exact) sequence (of transformation semigroups) if for each ie{l,...,n-1},
6, x4, (X)UA,  =R(@,) (resp. b, x$, P4 (X)UA, =R(@.),
&; x @, (1=) 4 (X)) VA, =R(4;,)) (as a matter of fact, 4, and 4,,, areextra).

e An infinite sequence of transformation semigroup homomorphisms
[ b Pus [
(X, 8) (X 5 8) (X s, S) > e is P-exact if . for  each ieZ,

$x¢;(P(X;) VA, =R(4).

e For each i€Z, let A4, be a nonempty subset of X; and-T"=(4;),.,. An infinite sequence of
b P Pus

SYSS(X . S) (X, S)—> - s

P
transformation ~ semigroup  homomorphisms +: — (X

no n+l» n+2°

P —exact (resp. Pr— exact, Pr - exact) sequence (of transformation semigroups) if for each
ieZ, ¢ x ¢ (P, (X;) WAy =R(¢,) (resp. ¢ x ¢, (F 4 (X)) VA, =R(d),
¢ x§;(Pa (X)) VA, =R(g)).

Note 2. 2. Let (X,,S), (X,,S) and?(Xj,S) 'be transformation semigroups. Let &= 4, c X,

(i=1,2,3) and &S = {¢}, then:

e ({11,9) ﬁ)(Xl,S) ﬁ>(X2,S) is P—exact (resp. for I'=({t},4,,4,): P-—exact, Pr —exact,
I=’r —exact) if and only if @, : (X;,S)— (X,,S) is a monomorphism (@, exists if and only if there
exists u € X, such that uS ={u}).

o If (X,,9) g(X3,S) —>({t}»85) is P—exact (resp. for I'=(4,,4,,{t}): P.—exact, Pr —exact,

Er —exact), then @;.: (X,,S) > (X;,S) is an epimorphism.
Lemma 2. 3. (The Short Five Lemma) Let

(1.5 > (X.5) 5 (X,.5) 5 (Xi.8) > (h9)
7 ) T ) T2
({1h,S) > (1,8 - 1.5 - 1.5 — ({1.5)

be a commutative diagram of transformation semigroup homomorphisms such that the first row is
Qr—exact (P—exact) and the second row is Q,—exact (P-exact), where Qe€{P, F, E},
I'=({},4,,4,,4,,{t}) (for i=1,2,3, A, is a nonempty subset of X,) and A=({¢},B,,B,,B;,{t})

(for i=1,2,3, B, is a nonempty subset of Y;), then we have:
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o If ¢ :(X,,5)—>(,,S) and ¢;:(X;,5)—>(15,S5) are monomorphisms, then
?, :(X,,8)—> (¥,,S) is a monomorphism.

o If ¢4 :(X,,8)—>(Y,,S) and ¢, :(X;,5) = (¥;,S) are epimorphisms, then ¢, :(X,,S)—>(¥;,S)
is an epimorphism.

o If ¢ :(X,,5)—>(Y,,S) and ¢, :(X;,S)—>(Y;,S) are isomorphisms, then ¢, : (X,,S)—> (¥,,S)
is an isomorphism.

Proof: Use Note 2.2 and a similar method described in Lemma 1.3.

Definition 2. 4. P—exact (resp. P.—exact, Pr —exact and Pr —exact where T =(4;);, and for

Hp1

Hn-2 Hn-1 Hn
each ieZ, A, is a nonempty subset of X,) sequence --- — (X, ;,85) =>(X,,S8)>(X,,,S) > -
and P— exact (resp. P, —exact, P, —exactand P, —exact where A = (B;);.z, and foreach ieZ, B,

l”, l”,] in n+
is a nonempty subset of Y;) sequence --- —>Z(Ynf1 ,8) >, S)=>(,.155) —)1 .-+ are isomorph if there

n+12

are isomorphisms ¢, : (X;,S) —> (¥;,S) (i € Z) such that the following diagram commutes:

Hp2 Hp Hy Hus1

- (Xn—l5S) - (Xn7S) - (Xn+15S) -
\L ¢n—1 \L ¢n \L ¢n+1 ]

Ana A1 Anst

n lﬂ
- T8 = F5S) = F..S) -

(resp. moreover ¢,(A4;)=B,).
Lemma 2. 5. Let

X.5) 5 (18 5 (.S 5 (.S
¢ 4 1 ¢, L ) g, ) g,
1,.8) > (1.5) > (1.5) — (7.9

be a commutative diagram such that the first row is Qp—exact (P—exact) and the second row is
Q, —exact (P—exact), where Qe {P,F, P}, I'=(4,,4,,4,,4,) (for i=1,23,4, A, is a nonempty
subset of X )and A =(¢,(4,),d,(4,),05(A4;),8,(A4,)), then we have:

a. Let ¢, :(X,S) > (¥} S) be an isomorphism and ¢, :(X,,S5) > (Y,,S5), ¢, :(X,,5)—>(¥,,S) be
monomorphisms, then ¢ :(X;,S) = (¥5,S) is a monomorphism.

b. Let X, =Y, ={} and ¢,:(X,,S5)—>(1,,S), ¢,:(X,,S)—(¥,,S) be monomorphisms and
¢, (X5)=Y;, then ¢, :(X;,5) = (¥5,S) is an isomorphism.

Proof:
a. Use a similar method described in Lemma 1.6 (a).
b. Use (a).

Theorem 2. 6. In the following diagram suppose each row be a P-—exact (resp. the first row is

P —exact, Pr —exact, Pr —exact, where T =(4,,4,,4,,4,) (A4, is a nonempty subset of X, for
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i=1,2,3,4) and the second row is P, —exact, P —exact, P —exact, where A=(4,,4,,45,4,)

(43 is a nonempty subset of X ;) sequence:

2 X 5S 3
P Sty (X,,9),

ey

o
(X1, 8)=>(X3,8)

then we have:
a. If w:(X;,5)—> (X;,S) is an epimorphism, such that the following diagram commutes:

#, (X3.8) __ ¢

7 l
(X25S) l// (X49S)

(and w(4;)=4;), then v :(X;,S) > (X3,S) is an isomorphism.
b. R(¢,) =R(¢;), moreover (¢,(X,),S) and (¢4,(X}),S) are isomorph.

Proof: Use Lemma 2.5 and a similar method described in Theorem 1.8.

Theorem 2. 7. For each ieZ, let X, and~¥; be nonempty closed subsets of compact Hausdorff
topological space Z;, such that X; NY, =& and X, UY, =Z,. Consider:

[ P Pusi
(X8 (X, 8)) o (2.7.1)
Hp-1 Hy Hyiy
o 2(Y,,8,)(Y,,8,) o (2.7.2)
and
[y 7 B Ity BRIy
- (Z,.8) - (Z,,,8) —> - (2.7.3)

where § = 5] x'§5 and:

zs, zelX, .
v (VzeZ, NViel,V(s,s,)eS, xS,),

AP i

Z(Slasz):{

then for I'=(4;),., (for ieZ, A, is a nonempty subset of X,), A=(B,),, (for ieZ, B, is a
nonempty subset of ¥;) and ® =(4; U B,),., , we have:

a. (2.7.1) and (2.7.2) are P-—exact, if and only if (2.7.3) is P—exact (if (2.7.1) and (2.7.2) are
P—exact, then (2.7.3) is Py — exact).

b. (2.7.1) is P.—exact and (2.7.2) is P— exact, if and only if (2.7.3) is P, — exact.

c.(2.7.1)is Pr —exact and (2.7.2) is P—exact, if and only if (2.7.3) is Pr —exact.

d. (2.7.1) is Pr —exact and (2.7.2) is Pa —exact, if and only if (2.7.3) is Pe —exact.

Proof: b. Using [5], for each n€ Z, we have P, (Z,,5)=P, (X,.S))VP(,.S,).

n?
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Suppose (2.7.1) is Pp—exact and (2.7.2) is P-exact, so for each neZ, we have
¢, x9, (P, (X,,8) VA, =R(g,,) and u, xpu,(P(Y,,$,) VA, =R(n,,), therefore:
(b, 9 u,)x (P, u,)P,y (Z,,8) VA,
=(4, Y u,)x(@, 9 p,)P, (X,,8)UP{T,.S,) VA,
=(¢, Y ,)x(@, W u,)P, (X,,5)V(P, Uu,)x(@,ou)P,,S$)VA,
=¢,x¢,(P, (X,,S) O p, xu,PY,,S;) VA,
=¢,x¢,(P, (X,,$) U, xu,(P(Y,,S,) VA, UA,
=R(#,.1) YR(1,,1)
=R(¢,,1 Y a1,,1) (since X, NY, =)
thus (2.7.3) is P.—exact.
On the other hand, if (2.7.3) is P.—exact, for each neZ, using a similar method as the above we
have:

R(¢n+1 ) = (R(¢n+1 ) o R(:um-l )) M (Xn+1 x Xn+1 )
=R(@,1 Y M) V(X X X))
= (4, U )% (b, U )P, (Z,. ) U, IO (X % Xy
=(4,x9,(P, (X,,S))pu, xu, PY,,8,)) VA, 2OA, )N(X,,; xX,,)
=¢,x9,(P, (X,.S)) VA,
thus (2.7.1) is P.—exact. And for each n € Z, we have:
R(t,41) =R(P,.) YR, )N (Y xY,0)
=R(¢,. Y, )T, xY,00)
=@, 9 p,)x (@, O, )P,y (Z,,8) VA, ), xY,,)
=(4, x4, (P, (X,, SN s, x 1, PH S, VA,  UAy YO, xY,,)
= p, X u,(P(Y,,8,)) VA,
which leads to the desired result.
For the other items using [5], for-each me Z , we have:
P(Z,,S)=P(X,,S,) VP¥,;S,),
P4, (Z,,8) =P ulX, i)V P,,S,),
E(AnuBn) (Z,,8)= li(Xn , S P()Q, ,8,) (=P(Z,,5)),
P4,08,)(Z,,8) EP 4, (XpuS,) UPs, (1,.5,),
now use a similar method.

Theorem 2.8. Consider:

[ b [
(XS HX s S) o (2.8.1)
Hn- Hy Hnp+1
o =(Y,,8,)>(,1,5,) > (2.8.2)
and
B 1My B Xy Bt Xty i1
- (£,,8) > (Z,,,8) —> - (2.8.3)

where Z, = X, xY,, =85, xS, and:

(x, ¥)(s1,8,) =(xs51,¥8,) (V(x,y) e X, xY,,VieZ(s,s,) €S xS5,),
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then for ®=(4;),, (for ieZ, A, is a nonempty subset of Z,), I'=(r,(4;)),, and
A=(7,(4;));ez (Where 7, and 7, are projection maps), we have:

a. (2.8.1) and (2.8.2) are P—exact, if and only if (2.8.3) is P— exact.

b. (2.8.1) is P.—exact and (2.8.2) is PA— exact, if and only if (2.8.3) is PO— exact.

c.(2.8.1)is Pr —exact and (2.8.2) is P —exact, if and only if (2.8.3) is Pe —exact.

Proof: Using [5], for each n e Z, we have:

P(Z,,8)={((x,x,),(y1, .)€ Z, x Z,, | (x;, ) € P(X,,8)),(x,,9,) €P(Y,,S,)}
EA”(ZH’S)_ {((x,x5), (0,020 €2, XZn|(x15yl)GEHI(A”)(XH’S1)>(x2’y2)GEHZ(A (X854,
P4, (Z,,8) ={((x;, %), (1) €Z, X Z,[(x1, 1) €Pry(a)(X,,81),(x5.05) €Pryu(¥,,,S,)},
now use a similar method described in Theorem 2.7.

Theorem 2. 9. Let e be the identity of the semigroup S ; Sps...,S, bessubsemigroups of S,
- [

eeﬂS and S= US If the sequences - —)l(Xn, l)—)(XnH,S )—>l - for i=1,...,m are

P- exact (resp. Pp exact (where I'=(4,),., and for each i€Z, A; is a nonempty subset of X),

P —exact (where A=(B,),,, and for each ‘ieZ, B.eﬂﬁl/l(Xi,Sj)mm(X,.,S))), then

[ j=1
ai1o9) = -+ 1s P—exact (resp. Pg—exact, Pa —exact).

[ b
(X, 8) (X
P 9, Pas1
Proof: Suppose for each ie{l,...,m}, ---—>(X,,S,)—>(X,,,,S;) > - be a P—exact sequence, thus
for each neZ,¢,x¢,(P(X,.S) VA, =R(g,, ). Using [6], for each neZ, we have
P(X,.8) = JP(X,.S)). so:

i=1

6, x3,(P(X,.S)UA, =4, x¢,( JP(X,.5)UA,
i=1

:LmJ¢n X¢n(P(X"’ ’))UAX +1
i=1
= R(¢n+l)

P b Buni
- —=>(X,,8)>(X,,S) > -+ is P—exact (for the rest, use a similar method and note to the fact
that by [6], for eachme Z , we have P, (X,.,S)=|JP, (X,.5,) and Ps,(X,.S)= UPB (X,.5)).

i=1 i=1
3. EXAMPLES
Most of the examples given in this section deal with fort spaces.

X is a fort space with the particular point ¢ if X is considered with the topology
{UcX|teU vcard(X —U)<N,} (where ¢ is a member of X ) [7].

Example 3. 1. For 1—122 let X be an infinite fort space with the particular point #, and
({t} S)—)(XI,S)—>(X2,S)—>(X3,S) —>({t} S) be an exact (resp. P—exact, P.— exact, Pr —exact,
Pr —exact (where I'=({t},4,,4,,4,,{t}) and for i=123, A, is a nonempty subset of X,))

sequence, then @,(¢) =t (for i=1,2) (since ¢, is one to one and ¢, : X, — X, is onto).
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Example 3. 2. In this example, for an arbitrary transformation semigroup like (X, S), we will assume
that X is an infinite fort space with the particular point ¢, and that S is a group such that for each
xe X, wehave xS = {x} if and on¢ly if x=t.

In the sequence (XI,S)—>(X2,S)—>(X3,S) let ;"

a. ¢ x @ (X, xX|)UA, =R(¢,) (e, (XI,S)—>(X2,S)—>(X3,S) is exact).

b. 4 (X)=65" ().

¢ h(X)cd' ).

d. ¢ x (X, xX)UAy CR(4,).

e. ¢ xP (X, xX))UAy DR(4).

We have “(a) = (b)”, “(b)=(c)”, and “(c)= (d)”.

Thus (a), (b) A (e), (c) A (e), and (d) A (e) are equivalent.

Proof:

“(@=(b)™ Let xeX,, then (¢ (x),0)=(4(x),¢ 1) eR(P,), so ¢,¢ (x)=¢,(1)=t, and
#(x)eg,' (t). On the other hand, if yegd;, (t), then ¢,(y)=t=¢,(/) and

(y,t)eR(¢2)=¢|><¢1(X1><X1)UAX2, so  yeg (X)) or y=t=¢()ed(X;), which
completes this part of proof.

* “(©=(d)™ Let x,y e X,, by the assumption ¢, (4,(x)) ==, (¢ (»)), s0 (4,(x),4,(»)) €R(9,).

Example 3. 3. Suppose X = {% |ne N}u {0} withthe induced topology of R.
e Let £: X — X be such that:

n+l

{L x=LAneN-2N
xé = "

0 otherwise

4 s ¢ 3
S={&"|neNU{0}},then ---—>(X,S)>(X,S)—>(X,S)— - is an exact sequence.
e For p>22 and me{l,...,p=1},let.£: X - X be such that:

|5 x=LAneN-pN
xg = .
0 otherwise

m m m m

S={&" |neNuU{0}}, then ---—(X,S)>(X,S)—>(X,S)—--- is an exact sequence if and only if p
is even and m =% since §m(X):X—LmJ{%|nepN+t}, (f”l)il(O)zX—U{ﬂnepNth} and
RE™) = (" {0y x (") (0)) U A, (moreover for each n> p, & =0).

‘Iileing a samgwl method, if {m,;},, is a sequence in {l,...,p—1}, then
o (X,8)—>(X,S) > -+ is an exact sequence if and only if for each ieZ, we have

p=m; +m,, (so for each ieZ, m,, =m, and m,;,, = p—m, and we can name the above exact

i+1

sequence, exact sequence related to m,, ).

Example 3. 4. Let X = {(x,sin 1) | x € (0,1]}U ({0} x[-1,1]) (with the induced topology of R?). Let S
be the set of all homeomorphisms of X, then for each se.S, there exists u in the set of all
homeomorphisms of [-11] and v in the set of all homeomorphisms of (0,1], such that
(0,x)s =(0,u(x)) (xe[-L1]) and (x,sin1)s=(v(x),sin-
components of X ). Moreover, in the transformation semigroup (X,S), we have:

)) (x€(0,1]) (use the linear connected

v(x
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b. Forall (x,y)e X, we have:

((0~1), (0,1)} x=0,y=—1l
oo x=0,ye(-L1)
(x.2)5 = {zsin )| ze O} xe(.)) '
{(1,sin1)} x=1
So:
(0~1),(0)} x=0,y=—11
o5 [T x=0peth

X x € (0,1)
{(1,sin1)} x=1

b. {(0,—1},(0,1),(1,sin1)} is the set of all almost periodic points of X".

.Let (7,9) —77>(X, S) i>(Z, §) , be an arbitrary sequence named (3.4.1), and u(l,sinl)=¢.

o 7n(Y)=X:(3.4.1)isexactifand only if u(X)={t}.

o n(Y)={(0,-1),(0,1),(L,sin1)}: (3.4.1) is exact if and only if w(0,-1)=x(0,1)=¢ and
| x—0.-1)0.0,sinyy 18 ONE to one.

o n(Y)={(0,-1),(0,)} : (3.4.1) is exact if and only if £(0,~1) = x(0,1) and |y (1) (.1 1S ONE to
one.

o n(Y)={(,sinl)}: (3.4.1) is exact if and only.if x 1s one to one (the other cases has been omitted).

o

Note 3. ¢5 The co¢nsideration of Example 3.4;-leads us to the following fact that in the sequence
(X,,9) —)(X 2,98) —)(X 5,9), the following statements are equivalent:

. (X,,S)—)(XZ,S)—>(X3,S) is an exact sequence.

o Forall ae X, ¢,¢,(X7)={4,(a)} and ¢, |y _, ,) s one to one.

o There exists a € X,, such that ¢,¢,(X,) ={¢,(a)} and ¢, |y _, ,) is one to one.

o P xp(X;xX))UAy cR(g,) and @, [y _, () 1s one to one.

So if for i=1,2,3, X, is an ingmite fort gpace with the particular point » such that xS ={x} if and
only if x=b, then (XI,S)—]>(X2,S)—.>(X3,S) is exact if and only if ¢1(X1):¢2’1(b) and

$1 | x,-4(x, 18 o0netoone (see also Example 3.2).
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