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Abstract — In this paper, the dual area vector of a closed dual spherical curve is kinematically generated
and the dual Steineer vector of a motion are extensively studied by the methods of differential geometry.
Jacobi’s Theorems, known for real curves, are investigated for closed dual curves. The closed trajectory
surfaces generated by an oriented line are fixed in a moving rigid body in IR’ , in which the closed dual
curves from E. Study’s transference principle is studied. The integral invariants of these closed ruled
surfaces are calculated by means of the area vector. Moreover, some theorems, results and examples are
given.
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1. INTRODUCTION

The kinematic geometry of the infinitesimal positions of a rigid body in spatial motions is not only
important, but interesting as well. In a spatial motion, the trajectory of the oriented lines and points
embedded in a moving rigid body are generally ruled surfaces and curves, respectively. Thus the
spatial geometry of ruled surfaces and curves is important in the study of rational design problems in
spatial mechanisms. As an example, some characteristic invariants of ruled surfaces were applied to a
mechanism theory by A. T. Yang etal., [1]. Also, using the geometry of curves and developable ruled
surfaces, some spatial design problems were investigated by H. Pottmann et al., [2], J. A. Schaaf et
al., [3] and Wang et al., [4].

Rather unexpectedly, dual numbers have been applied to study the motion of a line in space; in
IR, they even seem to be the most appropriate apparatus for this purpose. It was first done by
E.Study [5]s and:since his time dual numbers have had an established place in kinematics as a tool to
solve problems dealing with lines in space. Vast literature on the subject can be found in [6-8].

The application of dual numbers to the lines of the Euclidean 3-space is carried out by the
principle of transference which was formulated by E.Study. It allows a complete generalization of the
mathematical expression for the spherical point geometry to the spatial line geometry by means of
dual number extension, i.e. replacing all ordinary quantities by the corresponding dual number
quantities [9].

Jacobi [10] showed that the indicatrix of a tangent vector of any real closed spherical curve
divides the surface area of a unit sphere into two equal parts. In the same paper, he also showed that
the indicatrix of the principal normal vector of any closed space curve also divides the surface area of
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the unit sphere into two equal parts. Then, Fenchel [11] and Avaqumovic [12], using Jacobi
Theorems, showed the unit spherical closed curve is the principal normal indicatrix of a closed space
curve if the closed spherical curve divides the surface area of the unit sphere into two equal parts.
Also, Yapar [13] showed that the spherical indicatrix of each unit vector lying in the osculating plane
of a closed spherical curve which is fixed to the curve divides the surface area of the unit sphere into
two equal parts.

The angle and length of the pitch, which are the integral invariants of a closed ruled surface, are
very important in the study of the geometry of lines from the perspectives of instantaneous space
kinematics and mechanisms. In recent years several authors have used these invariants in their
investigations concerning the generalization of some of the theorems of plane kinematics to spatial
kinematics [7-9, 14-19].

In this study, the integral invariants of closed ruled surfaces. kinematically generated are
calculated and Jacobi’s Theorems are stated by means of the area vector and some relations and
theorems are given.

2. PRELIMINARIES

A dual number has the form a + & a’, where a and a" @re real numbers and ¢ is the dual unit with the
property &® = 0. The set of all dual numbers is a commutative ring over the real numbers field and
denoted by ID, [8]. The set

ID3:{A:(Al,,Az,As):AiGID;1 <i<3)

is a module over the ring ID which is called an ID-module or dual space. We call elements of ID’
dual vectors. A dual vector A may be ‘Written as A=a+ca’, a’=pAa, where a, p and a" are real
vectors in IR’ . The inner product of two dual vectors A and B is defined as

(A;B) = (a,b) +&((a,b*) +(a%,b)),
Where
(a,b) = cose and (a,b*)+(a*b)=—p*sing, 0<p<r.
The cross-product of two dual vectors, A and B, is given by
AAB=anb+(aab*+a*Ab).
Let @ be the dual angle between the unit dual vectors A and B, then
(A,B) =cos® = cosp — ep*sinp

where @ =@+ gp*, 0 <@ <7, @* e IR, is a dual number. Here, the real numbers ¢ and @ * are
the angle and the minimal distance between the two oriented lines A and B, respectively. The
geometric place of the points satisfying the equality ||A||=(1,0), when A# (0,a") is called a unit dual
sphere in ID-module.

E. Study established a theorem which states "there is a one to one mapping between the dual
points of a unit dual sphere and the oriented lines in IR*". According to E.Study’s Theorem; a unit
dual vector A=a+ & a" corresponds to only one oriented line in IR’ , where the real part a shows the
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direction of this line and the dual part a* shows the vectorial moment of the unit vector a with respect
to the origin.

Let a moving orthonormal trihedron {el , €5, 63} be made a closed spatial motion along a closed
curve ¢(x)=x(t) in IR’. During a closed spatial motion, an oriented line fixed in IR® generates a
closed trajectory surface.

The parametric equation of a closed trajectory surface formed with e, -axis can be expressed as
follows:

Y(t,u) =x(t)+ue,(¢), Y(t,u)="Y(+27,u) ()

forallt,ue IR.
If we take the moving orthonormal trihedron as

&, (1)

el(t)b ez (t) = ||e (I)” s

e;(t) =¢,(t) Ne,(0) ¢,

then the axes intersect at the striction point of e, -generator-of the closed ruled surface given by
equation (1). In this case, x(f) is the striction point;.e, and e; are called central normal and central
tangent, respectively.
The structural equations of closed spatial motion. described above are
3
de, =Y wle, w/(t)=-wi@), 1<i,j<3, w()=0, 2)

J=1
where the differential forms w, and w ;are the natural curvature and the natural torsion of e;-closed
trajectory surface, respectively. Equation (2) can be written in the following form
de.(t)=wne, (i=123), 3)
where W = W) €, + W] €, is the Darboux vector of the motion. If w # 0, then the Pole vector and

the Steiner vector are given by:

W
Pe Y o fbw )
oy

respectively, where "W” is the instantaneous angular velocity of the motion and integration is taken
along the closed curve c(x) on fixed space in R'.
The length of the pitch (Offnungsctracke) of an e;-closed trajectory surface is defined by:

L, = §du=—§<dx,el>. Q)

The orthogonal trajectory of an e;-closed trajectory surface starting from point Py on the e,-generator
intersects the same generator at point P; which is generally different from Pg. Thus, ¢ o = |P0P1| .
Let us consider a unit vector

m=cosfe, +sinfe,

on the (ez ,€5 ) -plane, such that an m-oriented line generates a developable ruled surface (torse) along
the orthogonal trajectory of an e;-closed trajectory surface during the closed motion. Then the total
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change of @ is called the angle of pitch (Offnungswinkel) of the e;-closed trajectory surface and
given by one of the following forms

A, :=§d9=—§<dez,e3>=—<el,s>. (6)

The length of the pitch and the angle of the pitch are well-known integral invariants of a closed
trajectory surface [7-19].

There is a one-to-one correspondence between spherical curves and space curves. Hence, the
structural equation (2) is also valid for the spherical curves.

Then, the spherical area bounded by a closed spherical curve c(x) is given by

fo=2z(1-v)=(s,x), (7)

where the vector x is the position vector of the point x and v is the rotation number around point x
of the Pole curve c(P), [20-22].
The area vector of a closed space curve c(x) in R’ is defined by

VXZ=§X/\dX, )

where the integration is taken along the closed curve ¢(x). The projection area of a closed space curve
¢(x) in the direction of a unit vector n, which is normal to the projection plane, is given as follows
[201]:

fa =%<vx,n>. ©)

3. THE INTEGRAL INVARIANTS AND THE AREA VECTORS

Let K be a moving dual unit sphere generated by a dual orthonormal trihedron
E,(®)
JE, )

and K' be a fixed dual unit sphere with the same center in /D’ . Then the differential equations of
the dual spherical closed motion, denoted by K /K" are:

E, =E (), E;() = » Es()=E,(OAE, (O, E(O)=(e;,¢%), 1=123, (10)

3
dE. = ZQij , QL) =w/ () +ew* (1), Q/(t) = —Qj.(t), (i=123), Q/@#)=0, (1)

J=1
where the differential forms Q7 (£) = w () + ew*; (¢t) and Q3 (t) = w; (t) + ew*] (¢) are the dual
natural curvature and torsion, respectively. The dual Steiner vector of the closed motion is defined by

S:§W,P=l,wzw+aw*, (12)

[W

where W = QJE, + Q’E, and P are instantaneous Darboux vector and the dual pole vector of the

motion, respectively. As known from the E. Study’s transference principle, the dual equation (11)
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correspond to the real equation (2) of a closed spatial motion in IR’ . In this sense, the differentiable
dual closed curve, E, = E,(t), t € IR, is considered as a closed trajectory surface in IR”.
Let us consider a differentiable unit dual spherical closed curve

o(X)=X(t), X(t+27)=X(), [X| =1t € IR. (13)

We know from E.Study’s transference principle that the dual curve defined by (13), which shows a
unit dual spherical closed curve, corresponds to an x-closed trajectory surface generated by an x-
oriented line fixed in a moving rigid body in IR® . Thus the curve (13) is called the unit dual spherical
image (or indicatrix) of an x-closed trajectory surface. The dual angle of the pitch, A ,, of the closed
ruled surface X=X(t) is equal to the dual projection of the generator on to.the dual Steiner vector of
the motion K /K', that is [16]:

Ay =—(X,S)=27-A4, =4, ¢l , (14)
where 4, =a_+s&a_*, the dual spherical surface area of the dual spherical image of X-closed
trajectory surface.

Let c(X) be the dual spherical indicatrix on K’ of an arbitrary fixed dual point X on K . The
dual spherical area Fx surrounded by the dual closed curve c(X) is

Fy =27(1-v)=(X;S). (15)

Here v is the rotation number of the rotation of the centrode c(P) at the point X, and X denotes the
dual position vector of an arbitrary point of the dual closed curve ¢(X) on K’ [16].
The dual area vector of an X(t)-closed spherical curve can be defined by

V, = §XAdX (16)
as an analogue to the definition‘in [22], where
dX=WarX

is the differential velocity of an X-dual point fixed of the moving sphere K .
From equations (13) and (16), the dual area vector may be developed as

Vi =8-(X,S)X (17)
or
V, =S+A,X (18)

This statement shows that there is a relationship between the dual angle of the pitch of an X-closed
trajectory surface and its dual area vector. On the other hand, if a scalar product is made with the
vector S on both sides of equation (17), then we may write

IS|" = A% = A, [ Vil (19)

where AVX is the dual angle of the pitch of the Vx-trajectory surface generated by the area vector of
c(X)-closed spherical indicatrix of X-closed trajectory surface.
It follows from (18) that
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[Vl =8 - A% (20)

Thus, with the aid of (19) and (20) the dual angle of the pitch of the Vx-unit area vector trajectory

surface is obtained as
2
A, = _1/|s|| - A (21)

So, we may give the following theorem.

Theorem 3. 1. There is the relationship
ISI = A3, +A% 22)

between the dual angle of pitches of 7, and X-closed trajectory surfaces.
By separating equation (22) into real and dual parts, we have

s =22 +22
and

<s,s *> ==, =40,
In the case of the axes of the unit area vector Vx and the Steiner vector S are perpendicular to
each other, we get 4, =0 and ¢, =0. Thus the following result may be given.

Result 3. 2. During the closed spherical motion, the axes of Vx # 0 dual area vector and the dual
Steiner vector S are perpendicularto each other if and only if AVX =0.
Also, from (14) we have A, =0 ifand only if @, =27,and a*, =0. Thus, the following result

can be given.

Result 3. 3. The dual spherical indicatrix of the unit dual area vector Vx divides the measure of the
spherical surface area into two equal parts if and only if A,,X =0.
A ruled surface W(z,u) = x(t) +uv _(¢) is given by

Vx(O=vx(O)+ & v¥x(t),

where v, is the unit area vector and v¥*,=x A v, is the vectorial area vector of v, with respect to the
origin point. Since the spherical image of v,(t) is the unit area vector, the dual area vector Vx(t) also
has unit magnitude. Thus, the ruled surface can be represented by a dual curve on the surface of a unit
dual sphere. The dual arc-length of the ruled surface Vx(t) is given by

¥ =|

(1+&d),

VX

. L x
(7%

where d = >

- is the distribution parameter (drall) of this ruled surface.
VX
According to E. Study's transference principle, the following theorem can be given.
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Theorem 3. 4. In the lines space, the trajectory surface of the closed spherical indicatrix generated by
the unit dual area vector Vx, formed along a unit dual closed curve in a closed spherical motion, is a
developable ruled surface.

On the other hand, the oriented dual projection area of a planar region which occured by taking
orthogonal projection onto a plane in the direction of a fixed unit vector N of the curve ¢(X) is given
by

2F,, =(N,Vy).
The position vector of the point X fixed in the moving sphere K, in terms of the dual
orthonormal vectors E;, E, and E; can be written as
X =XE,0)+X,E,(t)+X;E;(®1), (23)
where X, X, and X3 are constant coordinates of X.

Let ¢(E1), c(E,) and c(E;) be the closed dual spherical indicatrix of the dual orthonormal vectors
E,, E; and E;, respectively. Thus, we can give the following result.

Result 3. 5. The dual area vector of the closed dual curve ¢(X) drawn on a fixed unit sphere K', by a
fixed point X of moving dual unit sphere K ; during the closed spherical motion is

Vy = ivaEi o8 2ZXl.XkVEik ,
i=1 oy ’

where

Ve, = $E(0) A E () df and Vi, = %§(E OVNE () +E () NE,(0))dt

Since the motion is closed, we get
§Ei (t)dt =0.
Thus we have

Result 3. 6. The dual Steiner vector S of the motion in terms of the dual area vectors Vi, , Vi, and

Vi, is

The relation between the orthogonal projection area and the parallel projection area can be given
by the following proposition.

Proposition 3. 7. Let I . be the oriented dual projection area of the planar region formed by taking
the orthogonal projection of closed dual spherical curve ¢(X) onto the plane, and F » be the oriented
dual projection area of the planar region formed by parallel projecting of the closed dual spherical
curve c¢(X) onto the same planar region in the direction of a unit dual vector P. Then
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F = cos@FXp ,

o
where © is the dual angle between two image planes [19].

Thus we can give the following theorem.

Theorem 3. 8. The oriented dual projection area, F \»» Of the planar region formed by parallel

projection of the dual closed curve ¢(X) drawn by a fixed point X, of the moving sphere K, is
3 5 3
F, = Z} X[F,, + 22 X X\F,, .
= ik

Example 3. 9. Let us consider the dual point X = X(t) = (cos®(t), sin®(t), 0), Where d(r) = 6(¢) + £0 *(¢) -
Now, Let’s calculate the oriented dual projection area of the dual closed spherical curve c(X) formed
during the closed spherical motion. Since

X = X(t) = (cosd(t), sind(t), 0) = (cos O(¢) — 6 * (¢) sin O(1),sin (¢) + £0 * (¢) cos 6(1),0),

we have

i sind(t) + 0 *(t) cos O(t))cos B(t) + &(

dX = (— sinf(t) - s(di

do*
d t

7 cos@(t)— 0 *(¢)sin 0(1)),0+ €0 *j
and
XAdXZ(O, 0,1+8@j.
dt
Thus the dual area vector of closed spherical curve c(X) is

Vi = j X(t) A X(t) dt = (0,0,27).

Using equations (15) and{(16), the oriented dual projection area of the closed dual spherical
curve c(X), we get

2F,, =(N,Vy)=((0,0,1),(0,0,27)) =27, N=n=e;.

Thus the oriented dual projection area is obtained as

F ., =r.

X"

From the Blaschke area formula and equation (7), the following theorem can be given.

Theorem 3. 10. Let c(X) be the dual spherical indicatrix of a fixed point X, and also c(E;), c(E,) and
c(E3) be the closed dual spherical indicatrixies of the dual orthonormal vectors E,, E, and E; during
the closed spherical motion, respectively. Then the dual spherical area bounded by the closed
spherical curve ¢(X) in terms of the dual spherical areas F; , F;; and Fj bounded by the closed
spherical indicatrixies ¢(E,) , ¢(E,) and c(E3) is '
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3 3
F, =2x(l- v){1 -> X, } +Y X.F, .
i=1 i=1

where v 1is the rotation number of motion.

4. THE JACOBI THEOREMS

Let us have a closed dual curve ¢(X) of class C* on a unit dual sphere K’ in ID’. At the initial time,
assume that the unit dual sphere K corresponding with K’ to be K=K', where K' is a fixed
sphere and K is a moving sphere with respect to K'. The curve ¢(X) describes a closed dual
spherical motion. Let us consider the dual moving frame E,, E, and E; be firmly linked to any point
X(t) of the curve c(X). Here, E;, E, and E; are tangent, principal normal and binormal unit dual
vectors, respectively. While drawing the closed dual spherical curve ¢(X) during the dual closed
spherical motion, the end points of vectors E;, E, and E; on K also draw closed spherical curves
c(E)), c(E,) and ¢(E;) on K', respectively. Now let us carry these vectors to the origin point of the
unit dual sphere K. Thus, from equations (10), (11), and (16) we have the following theorem.

Theorem 4. 1. Let c(E;), c(E;) and c(E;) be the spherical indicatrixies of the unit dual vectors E,, E,
and E; during the closed dual spherical motion, respectively. The dual area vectors of these closed
spherical indicatrixies are

Vi, =S-(S;E)E,,
Vi, =8, (24)
Vi =(S.E,)E,,

where S = §W is the dual Steinervector of motion K /K'.
If the expression (24) is separated into its real and dual parts, we have the following equalities:

* * *

V., =s+ed,, v, =s +ed, —el,
* *

Ve, =8 , Ve, =5 (25)
* _ *

Ve, ——elxlgl , v, ——elxlel Jrelﬁe1

* * * .
where Ve s Ve, » V and Ve s Ve,» Ve, are real and dual area vectors, respectively. From theorem

€% “e; e e

(4.1) we can give the following results.

Result 4. 2. The dual area vector Vy is equal to the sum of the dual area vectors Vi and Vi, ie.

Vi, = Vg, + Vi,

Result 4. 3. The unit dual vector E; is perpendicular to the dual area vectors Vi, and Vi, .
As a special case of equation (21) we have

AVEI Z_V"S"z _AzEl :

Thus, we can give the following theorem.
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Theorem 4. 4. There is the relationship
2 2
O

between the dual angle of the pitches of VEl and E;-closed trajectory surfaces, where S is the dual
Steiner vector of the motion.
Also, from equations (14) and (24) we have

Ay = (26)

and

Ay, =Ag 27)

3
on the other hand, since
VEZ = VEl + VES J

from equations (10), (24), (26) and (27) we have

Ny =1 (28)
ISy, Clslav,

and
Az,,E3 4 AZVEl _ (29)
IsI” 18I’

Thus we can give the following theorem.

Theorem 4. 5. There are the relations (28) and (29) between the dual angle of pitches of VE1 , VE2
and VE; -closed trajectory surfaces.

On the other hand; the dual angles of pitch of ruled surfaces corresponding to the closed dual
spherical curves.c(E,), ¢(E,) and c(E;), respectively, are:

Ay =~ Ve, ) =4, —¢l,,

Ay, ==(E,.V,, ) =0, (30)
Ay, =B,V )= 4, el

3 ]

Now, let us consider the spherical indicatrix ¢(E,) of the unit dual vector E, formed during the
closed motion. If the area of the region surrounded by the curve c¢(E;) denoted by F, £ then from
equations (14) and (25),

Fp, =2z(1-v)+4, ¢, . (31)

Since the above area should be F; =27 according to the Jacobi Theorem, we obtain
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-2zv+ 4, —¢t, =0, (32)

where 0 is a dual number.
From equation (31), according to the equality of two dual numbers we have

/181 =2zv, £, =0. (33)
Thus we can give the following theorem.

Theorem 4. 6. Let c(X) be a closed dual spherical curve on the unit dual sphere. Let A be the ruled
surface corresponding to the spherical indicatrix of the tangent vector E; of the closed dual curve
¢(X). Let the real angle of the pitch and length of the pitch of the closed ruled surface A be ﬂel and
(. respectively, then we have

*

A, = —<el,vez> =2zv, L = <e1,vez>+<e;,vez > =0.
From theorem (4.6), since £ = <e1 , V:Z > + <ez »Ve, > = 0, we have the following result.

* -1 * .
Result 4. 7. The oriented lines E, = (e;;¢,) and V' =V, HVE2 H =(v,,;V,,) are intersected.
From equation (14) we obtain the integral invariants of the closed ruled surface corresponding to the
spherical indicatrix c(E;) of the unit dual vector E,;in the lines space, as the following

A, =0, £, =0. (34)

e

If the area of the region surrounded by the ‘curve c(E,), denoted by F £ then from equations (14) and
(25) we obtain

Fy =272(1-v) (35)

Since the above area should be F; = 27 according to the Jacobi Theorem, we obtain
v = 0. Thus we can give the following theorem.

Theorem 4. 8. In the Euclidean 3-space IR’ , the closed ruled surface corresponding to the spherical
indicatrix of the principal normal vector E, of the closed dual curve ¢(X) is a cone, that is:

A, =0, £, =0.
Let C be the closed ruled surface corresponding to the spherical indicatrix of the binormal vector E;
of the closed dual curve c(X). The area of the spherical region surrounded by c(E;) is

Fp =2z(1-v)+4, —¢l, . (36)

In addition, the length of the pitch is ¢ o = <e3,v* >+<e§,v > Thus we can give the following

€ €

theorem.
Theorem 4. 9. In the lines space, the spherical indicatrix of a binormal vector of any closed dual

spherical curve c(X), on the unit dual sphere, corresponds to a closed ruled surface. The length of the
pitch of this ruled surface only depends on the curve ¢(X), and
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e, =<e3,vez>+<e3,vez>.

Now, let us consider all the unit dual vectors firmly attached to the curve which lies in the
osculating plane of the closed spherical curve ¢(X). Let U be one of these vectors and ® = 6 + g6 *

be the angle between the unit dual vector U and the unit dual tangent vector E;. Thus the vector U can
be written as follows:

U =cos®E, +sinBE, . (37)

If the unit dual vector U is separated into its real and dual parts, then we obtain

u=cosfe, +sinfe,, u =cosfe, +sinfe, —O*sin@e + O*cosfe,. (38)

In the lines space, let U be the ruled surface corresponding to the unit dual spherical indicatrix of

the unit dual vector U. The dual angle of pitch of this ruled surface, from equations (33), (37) and
(38), is obtained as follows:

Ay =—(U,S) =4, cosO— &k, O*sin@ = 1, cos©.

Thus, the real angle of the pitch and the length of the pitch of the ruled surface U corresponds to
closed spherical curve c(U) drawn by the unit dual vector U during the motion, in the lines space, are

A, =4, cos6, L, =1,0%sinb. (39)

On the other hand, from equations/(14), (15) and (37), the area of the spherical region
surrounded by the closed spherical curvec(U) is obtained as

Fyp=2x(1-v)+ 4, cos®.

Since this area should be 27, [13], we have

A, €080 =2nv, A,0%sm0=0.
By taking 0<9<% and 6% = 0 we get

A, =0.

So, we can give the following theorems:
Theorem 4. 10. The ruled surface corresponding to the spherical indicatrix of the tangent vector E; of

closed dual curve ¢(X) is a cone, that is:

Thus we have

(40)
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Theorem 4. 11. Let E; and E, be the tangent and the principal normal vectors of the closed curve
c(X), respectively. The unit dual vector E, is perpendicular to the area vector VE2 .
Substituting equalities in the theorem (4.10) into equation (39), we can give the following theorem:

Theorem 4. 12. Let U be the unit dual vector which lies in the osculating plane of closed unit dual
curve ¢(X). Then the ruled surface corresponding to the spherical dual curve c(U) is a cone, that is

A,=0, £, =0.
Example 4. 13. Let us consider a unit closed spherical curve c(x) is given by

c(x)=x(t) = (cos 0 cos(tsecd),cosfsin(tsec),sin 49), 0+ 2k + 1)%, kelR.

The differential equations of this curve in matrix form can be written as

¢, () 0 secd 0 e @)
e,(t)|=|—-secd 0 Ofe,()|
e, (1) 0 0 O0fes®

Thus, we get
s=(0,0,tsecd).
Using equation (8), the unit area vector of the unit closed curve c(x) is obtained as
v, = —(sin 0 cos(t secd), sin Osin(zsec &), — cos 9)
Let the direction vy of a line Lu.be given by
Vg = —(sin O cos(tsecd),sin dsin(¢sec 8),— cos 67).
Then we have the parametric.equation of the ruled surface generated by L:
Y(t,u)=x(t)+uv (t)

= ((cos @ —=usin @) cos(tsecB),(cos @ —usin B) sin(¢ sec 8),sin & + u cos 6’), uelR

The unit dual area vector function representing W (z.u) is given by

X=V,(t)= V. o+e(XAV,)=V, +eév,
= —(sin 0 cos(tsecd),sin dsin(tsec d),— cos 6’) + g(sin(t secH),— cos(tsech), 0),
where V: =x AV is the area vectorial moment of the unit area vector vy.

The differential equations of the unit dual closed spherical curve c(Vx)= Vx(t) in matrix form are
obtained as

E,(7) 0 cscd OfE, ()
E,({)|=|-csc& 0 O|E,(@)|, 0#2kr, kelR,
E,(7) 0 0 0| E,@)
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where 7 =7tan@ is the dual arc-length of the dual closed curve c()N( ).
Thus, we get

S=(0,0,tcsch).
From equation (14) the dual angle of the pitch of a Vx -closed trajectory surface is obtained as
Ay, =—t.

Vx

From equations (14) and (24), the dual angles of the pitch of ruled surfaces corresponding to the
closed dual spherical curves c(E;), c(E,) and c(E;), respectively, are obtained as

Ay =—E,, Vg, ) =0,
AE2 = _<Ezav}32 > =0,

Ay = —<E3,VE2>= —t csco.

Also, from theorem (4.4) and the equations (26) and (27) the dual angles of the pitch of VEI,
Vi, and V; -area vectors trajectory surfaces are found as

2 2
Ay, =-t csct o,
2 2
e 0,
Ay=0,

respectively. If the distribution parameter of the ¢closed ruled surface W (¢,u) is denoted by d, then
the distribution parameter d is obtained.as

X2 "X

X, V.,V
o2
A

X

Hence, the closed ruled surface W (z,u) is developable. (see Fig. 1)

Fig.1. A developable ruled surface
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5. CONCLUSIONS

1. The starting points of this paper are the definitions of the area vector of a given closed space
curve, and the projection area of this curve in the direction of a unit vector given in [17].
2. Using the area vector of a closed dual spherical curve, the integral invariants of the ruled surfaces
in the lines space corresponding to the closed spherical curve with the E. Study transference principle
are investigated and Jacobi’s Theorems are given with a different method. These closed curves and
ruled surfaces are an important and effective tool in studying spatial kinematics.

It is hoped that this study will bring a different interpretation to the studies in this field and will
contribute to the study of rational design problems of space mechanisms.

Acknowledgements- The authors would like to thank the anonymous referees for their valuable
comments on this paper.
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