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Abstract — In this paper the general relatively isotropic L -curvature Finsler metrics are studied. It is
shown that on constant relatively Landsberg spaces, the concepts of weakly Landsbergian, Landsbergian
and generalized Landsbergian metrics are equivalent. Some necessary conditions for a relatively
isotropic L -curvature Finsler metric to be a Riemannian metric are also found.
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1. INTRODUCTION

There are several notions of curvature in Finsler geometry. If g, is the fundamental tensor of Finsler
metric F, the vertical derivative of g ;<on tangent space gives rise to the Cartan tensor C, and the
horizontal derivative of C along geodesics.is called the Landsberg tensor L. It is natural to consider
L/C as the relative growth rate of the.Cartan torsion along geodesics. This leads to a study of
general relatively isotropic Landsberg metrics which was first considered by Izumi [1]. There are lots
of Finsler metrics in this ¢lass of metrics, such as the Funk metric on strongly convex domains in R".
Therefore it is natural to study this class of Finsler metrics, especially Randers metrics in this class,
where there are many contributions to this class of Finsler metrics [2-5].

Landseberg metrics belong to this class of Finsler metrics. As a generalization of Landsberg
metrics, Bejancu and Farran introduced the generalized Landsberg metrics [5]. Here we show that on
constant relatively Landsberg spaces, this generalization does not lead to a new class.

Theorem: Let (M ,F) be a constant relative isotropic Landsberg space. Then the following are
equivalent:
1) F is Landsbergian.
2) F is generalized Landsbergian.

Finally, we find some necessary conditions for a relative isotropic L -curvature Finsler metric to
be a Riemannian metric. More precisely we have
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Theorem: Let (M ,F') be a complete Finsler manifold with bounded Cartan torsion.Suppose that F'
is a non-zero constant relative Landsberg manifold, then /' must be Riemannian metric. In particular,
non-zero constant relatively compact Landsberg manifold must be Riemannian.

Throughout this paper, we make use of the Einstein convention, that is, repeated indices with one
upper index and one lower index which denote summation over their range. We also set the Chern
connection on Finsler manifolds.

2. PRELIMINARIES

Let M be an n-dimensional C”* manifold. The tangent space at x € M is denoted by 7 _M , and
the tangent bundle of M by TM =uU__,, T M . Each element of TM-has the form (x,y), where
xeMand y €T M. Let TM ,=TM \ {0}. The natural projection 7 :TM — M is given by
7(x,y)=x . The pull-back tangent bundle 7'TM is a vector bundle over TM , whose fiber

T TM atv €TM isjust T M , where 7(v)=x . Then
7TM ={(x,y,v)|y €T My eT;M}.

A Finsler metric on manifold M is a function F':7M —[0,%0), which has the following
properties:
() FisC”onTM,;
(i) F(x,Ay)=AF(x,y) A>0;
(iii) For any tangent vector y €T M , the vertical Hessian of FTZ given by

20 |
is positive definite.
If g is a Riemannian metric on M , then F =./g(y,y) defines a Finsler metric on M , so
every Riemannian metric can be considered a Finsler metric.
Suppose (M ,F') is-a Finsler manifold. The global vector field G is induced by /' on TM ,
which in a standard coordinate (x ',y ") for TM o 1s given by

(glj (x,0)) =

G =y 726 ()
X

where G’ (x, ) are local functions on TM , satisfying
G (x,Ay)=A"G'(x,y) A>0.

G is called the associated spray to (M ,F'). The projection of an integral curve of G is called a
geodesic in M . In local coordinates, a curve c(¢) is a geodesic if and only if its coordinates (¢’ (¢))
satisfy ¢' +2G'(¢)=0. F is said to be positively complete (resp. negatively complete), if any
geodesic on an open interval (a,b) can be extended to a geodesic on (a,©) (resp. (—0,b)). F' is
said to be complete if it is positively and negatively complete.

The notion of Riemann curvature for Riemann metrics can be extended to Finsler metrics. For a
vector y €T M, the Riemann curvature R, :T M —T M is defined by
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; v O
Ry(u)sz(y)u ax_l
where
oG’ 0°G' ; . 0°G’ o0G' oG’
R, (y)=2 P O
ox*  ox’oy oy’ oy oy’ Oy

Suppose P T M (flag) is an arbitrary plane and y € P (flag pole) is a non-zero vector. The
flag curvature K (P,y) is defined by

g, (R, (v)v)
g, (v,y)g,vv)-g,0,y)gs(v,y)

K(P,y)=

where v is an arbitrary vector in P such that P =span(y,v).
A Finsler metric F is said to be of scalar curvature if for any non-zero vector y €7 M and any
flag PcT M ,x eM ,with y e P, K(P,y)=A(y) is independent of P , or equivalently,

R, =AF’O) -g, (v, )y}, yeluM, xeM

where [ :T M —T M denotes the identity map and g, (v,.)= %[Fz]y‘ dx' . F is also said to be
of constant curvature A if the above identity holds for the constant A .

Let {e,}_, be a local orthonormal (with respect.to g ) frame field for vector bundle 7TM and
{&'}"_, be its dual co-frame field. The Chern'connection is a linear connection on 7TM , which is
defined by the following.

Theorem: ([6]) There is a unique set'of local 1-forms {a)j } on M , such that
do' =0’ A,

dg,; = gk/a) +gka) +2C. 0"

ijk
k ik
=dy" +y’w;.
where C; = +lF : ]y‘.y It (). We obtain a symmetric tensor C defined by
CUYV W)=C,,(0)UV'W*,

where U =U"' 8 2V =y - and W =W ' -2 We call C the Cartan tensor. It was E. Cartan
who first gave a geometric 1nterpretat10n of this quantlty. The Cartan tensor characterizes Riemannian

metrics among Finlser metrics.

Theorem: C=0 if and only if F' is Riemannian.

Put
_ GCUk ) . .
= 8xl CuG C]jkN C,sz -C,N,,
where C;, =1[F? ]y iy (¥). Itis easy to show that,
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Lijkyi :Lijkyj :Lijky “=0
From the above argument we obtain the symmetric tensor L on 7°TM defined by
LUV WwW)=L, YWV w ",

where U =U' 2V =V ' 2 and W =W ' =% . We call L the Landsberg tensor. The Landsberg

Ox o' e
tensor plays an important role in Finsler geometry. A Finsler metric is called a Landsberg metric if

L=0.
Let ¢(t) be an arbitrary geodesic in(M , F') . Take arbitrary parallel vector fields U (¢), V (¢),
and W (¢) along c . Then by definition of the Landsberg tensor

Ly U@V @)W (@)= j—t[c o U@V ()W ()]

Thus the Landsberg curvature measures the rate of .changes of the Cartan torsion along
geodesics.

Now we introduce two important non-Riemannian curvatures for Finsler spaces. Let {b,}/_, be
an arbitrary basis for 7 M . We define the mean of L (resp. C )by

J, W)=Y g" @)LyGnb, b)),
i,j=1

n

(resp. 1, @)= 202" (v)C, (,b;,b,))

ij=1

where g, (y)=g,(b,;,0;). The family J ={J } .,

(resp. 1 =11}, ., ) is called the mean
Landsberg curvature (resp. mean' Cartan curvature ). A Finsler metric is called a weak Landsberg

metric if J =0. In dimension two, J completely determines L .
Theorem: ([6]) / =0 ifand only if F' is Riemannian.

Definition: (C-reducible)
A Finsler metric is said to be C-reducible if the Cartan tensor of /' is in the following form

J

1
Ciik :m{hﬁlk +h'k1i +hki]j}’
where hl.j =g, — !, is the angular metric tensor [7, 8].

Definition: (Douglas tensor)
Let F be a Finsler metric, and G be its associated spray. In a standard coordinate (x',y") for
TM ,, we define

i

k= ayjaykay_l o Ey =B,

Now the Douglas tensor is given by
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i

i _ pi 2 51’ 5[ 5[ 6E‘jk i
Djkl_Bjkl_m{Ejk I+Ejl y TEy ot £y v

Definition: (Isotropic mean Berwald metric)
A Finsler manifold (M , F") is said to be isotropic mean Berwald metric if

E. = cF

) 2 yiyl®

where ¢ =c(x) is a scalar function on M .

Definition: (Generalized Landsberg metrics)
We say that a Finsler metric F' is a generalized Landsberg metric if the h -curvature of the Berwald
and Chern connections coincide [5].

Remark 1. Every Landsberg manifold is a generalized Landsberg manifold, but the opposite is not
true.

Definition: (Funk metrics)
The Funk metric on a strongly convex domain {2 — R"‘is a nonnegative function on T Q=QxR",
which satisfies the following

F, =FF} e
Then for every Funk metric we have
Fiwt =F,

and the geodesic coefficients G' of F are given by
i 1 i
GO)=ZFOW

Definition: (Randers metrics)

Let o =la;(x )y %/ be a Riemannian metric, and B =b,(x)y' be a I-form on M with
b :=ja’hb, <1.The Finsler metric F =+ f3 is called a Randers metric. This class of Finsler
metrics is very important in Finlser geometry, and can be seen in many areas such as mathematics,
physics and biology [9]. Randers metrics were first studied by physicist G. Randers in 1941, from the
standard point of general relativity [9, 10]. Since then, many Finslerists have made efforts to

investigate the geometric properties of Randers metrics.

Theorem A: The Finlser metric F", (n >3) is C -reducible if and only if the metric is a Randers
metric [7, 8].
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3. GENERAL RELATIVE ISOTROPIC L -CURVATURE METRICS

Definition A: A Finlser metric F is said to be General Relative Isotropic Landsberg Metric if
L = AC , for some scalar function A on TM , and to be brief we call it G.R.I Landsberg metric. In
the case A =cF for some scalar function ¢ on M , it is also said to be Relatively Isotropic
Landsberg metric or briefly R.I Landsberg metric.

Remark 2. It is proved that in this case the scalar A(x,y ) is given by [1]

/I:J"I. .
1.1’

J

Definition B: A Finlser metric F' is said to be General RelativeIsotropic J-curvature Metric if
J = Al , for some scalar function A on TM , and to brief we call it G.R.LJ-curvature metric. In the
case A =cF for some scalar function ¢ on M , it is also said.to be Relatively Isotropic J-curvature
Metric or briefly R.I J-curvature metric.

Remark 3. Every R.I Landsberg metric is a G.R.I Landsberg metric, every R.I J-curvature metric is a
G.R.I J-curvature metric, every G.R.I Landsberg metricis a G.R.I J-curvature metric and every R.I
Landsberg metric is a R.I J-curvature metric.

Theorem B: Let F", (n >3) be a C-reducible G.R.I Landsberg metric and #n > 3. Then F isaR.]
Landsberg metric [1, 3].

Lemma 1. Every C-reducible G.R.I J-curvature metric /' is a G.R.I Landsberg metric.

Proof: Since F' is C-reducible, then

1
Cijk :m{hijlk +hik1j +hjk[i}'

By taking the horizontal covariant derivation of the above identity with respect to the Chern

connection we get

1
Cijk\s :m{h[jlk\s +h, 1 +hjk1i\s}'

Jls
By contracting the last identity with (*) and using / risY * =J, we have
L, = -AC .

This means that /' is G.R.I Landsberg metric.

Corollary 1. Let F'" be a C-reducible G.R.I J-curvature metric and n >3. Then F is a R.I J-
curvature metric.

Proof: By Theorem B and remark 3 the result is obtained.

Theorem C: Let F", (n >3) be a C-reducible G.R.I Landsberg metric and n >3. Then F is a
Douglas metric [3].
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Corollary 2. Let F", (n >3) be a C-reducible G.R.I J-curvature metric. Then F is a Douglas
metric.

Proof: By lemma 1 and Theorem C, we have the above corollary.

Corollary 3. Let F'", (n >3) be a C-reducible R.I J-curvature Finsler metric. Then F is a Douglas
metric.

Proof: It is a consequence of Remark 3 and corollary 3.

Corollary 4. Let ", (n > 3) be a Randers metric which is R.I J-curvature Finsler metric. Then F'
is a Douglas metric.

Proof: Theorem A and corollary 4 lead to the result.

Definition E: A R. I Landsberg metric is said to be a constant relatively Landsberg metric if ¢ =c,
where ¢, is a constant. In this case we write L =c¢ .

Example 1. Let ' be the Funk metric on a strongly convex domain € in R". Then we have

JLY
2

ijk ijk ®

so Funk metric is a constant relatively isotropi¢ Landsberg metric with ¢, =3 .

Let FF" =a+ f be a Randers metric with<n >3, which is also a G.R.I Landsberg metric. S.
Bacso and I. Papp say that if £ is"Douglas space, then ' must be a Riemannain metric [2]. But
example 1 shows this claim is not correct. Here, in some way, by theorem 1.2 of [11], remark 3 and

corollary 2, we state the correct version of the above claim.

Example 2. Let F'" =+ f be a Randers metric with n >3 which is also a G. R. I Landsberg
metric. Suppose F has constant flag curvature K =4, then 4 =—’<0. F is ecither locally
Minkowskian (A =-—c* = 0)"or in the following form after a scaling (4 < 0):

2 2 2 2
Ao Ply Po<xoy >  <xy >, <ay>
¢ 1-|x [ I-|x P l+<ax >

y eT R"

where a € R" is a constant vector with |a [<1, and <> is the Euclidean inner product on R".

Remark: Let FF=a+f be a Randers metric on a manifold M . There is a pair (h,W)
corresponding to F' by Zermelo’s navigation problem [12], where /4 is a Riemannian metric and W
is a vector field on M with h(W W ) <1. Suppose F is Douglas, i.e. S is closed, then it is proved
that F' is G.R.I Landsberg curvature metric if and only if W is a homotetic vector filed with respect
to & . Moreover, L =cFC if and only if £, (h)=—4ch, where £, is the Lie derivation with
respect to W . On the other hand, it has recently been proven that on Douglas spaces, relatively
isotropic Landsberg metrics and isotropic mean Berwald metrics are the same [13].

Theorem 5. Let (M ,F) be a constant relative isotropic Landsberg space. Then the following are
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equivalent:
1) F' is Landsbergian.
2) F' is generalized Landsbergian.

Proof: Let /' be a Finsler metric. By remark 1, it is sufficient to prove that every generalized
Landsberg metric is Landsberg metric. The relation between h-curvatures of Berwald and Chern
connections is given by

R;k/ :R;kl +[Li _Lj'k|l +Liij‘1 _Lile'k]

Jllk

where R and R are h-curvatures of Berwald and Chern connections, respectively [14]. By definition
of generalized Landsberg metric we have

Ly =Ly + Ly Ly =LyLy =0
Since L, =cFC , then the above result becomes the following

cFACy —Cly ¢ F2CLC; =CC) y=0

By contracting with y *, we have

This means that F' is a Landsberg metric.
By using the above theorem and remark 2, we have the following

Corollary 6. Let (M ,F) be a constant relative isotropic Landsberg space. Then the following are
equivalent:

1) I is weakly Landsbergian.

2) F' is Landsbergian.

3) F is generalized Landsbergian.

Proposition ([4]): Let F* be a Finsler metric of scalar curvature on an n-dimensional manifold with
L =c, then

=3z
K == +o(x)e,

where o(x ) is a scalar function on M , and 7 is a scalar function on TM , .
With the above notations and conditions, we have the following

Corollary 7. If (n >3) and o #0 then F is a Randers metric.

Proof: By [3], since K +c’ = O'e% #0 then F is C-reducible, so by theorem A the result is
obtained.

4. REDUCTION TO A RIEMANNIAN METRIC

Theorem: Let /' be a Finsler space of scalar curvature K =% (x,y ) [15] then
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. -1
L.y :?{k,ihjk +k,jhik +k,khij +3kc"f’f }-

ijk |s
Corollary 8. Every R -flat and non-zero constant relative Landsberg manifold is a Riemannian
manifold.

Theorem 9. Let (M ,F') be a complete non-zero constant relative Landsberg manifold with bounded
Cartan torsion. Then (M , F’) is a Riemannian manifold.

Proof: Let p be an arbitrary point of M , and y,u,v,w €T ,M .Let ¢ :(—0,0) > M is the unit
speed geodesic passing from p and < (0)=y . If U(¢),V (t) and W (¢) are the parallel vector
fields along ¢ with U (0) =u,V (0)=v and W (0)=w , we put C()=C U ),V (¢),W (t)) and
C@t)=CU @),V (t)W (t)). By definition, we have the following ODE,

C@t)=2C ).

With a general solution of
C(t)=C(0)e™.

Using ||C ||< o0, and letting ¢ — +00 or t — —%, we have C(0)=Cu,v,w)=0,s0 C =0
i.e. (M ,F) is a Riemannian manifold.

Corollary 1. Every non-zero constant relative isotropic.compact Landsberg metric is a Riemannian
metric.
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