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Abstract — We obtain sufficient conditions for the series Z a, N, to be absolutely summable of order k by a
triangular matrix.
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1. INTRODUCTION

Quite recently, Bor and Ozarslan [1] obtained sufficient conditions for Z a,\, to be summable
|N,p,|, .k > 1. Unfortunately, they used an incorrect definition of absolute summability (see, e.g. [2]). In
this paper we obtain the corresponding result for triangular matrix using the correct definition of absolute
summability. We obtain the correct form of [1] as a corollary.

Let T be a lower triangular matrix, {s, } a sequence. Then

n
T = Ztmsi"

v=0

A series Zan is said to be summable ||, ,k > 1 if
0
an71 |Tn - Tnfl |k < 0. (1)
n=1

We may associate with T tworlower triangular matrices, 7 and T , defined as follows:

n
oy = Ztm‘ nv=012,.,
r=1

and

tm.r t_mf't'n—l,m n = 13 27 3a .

We may write

n v n n n
1, = Z Ay § :ai)‘i = E a;A; E Apy = § :amai)‘i'
v=0

=0 =0 v=1 i=0

Thus

n n—1
T, —-1,1= Zflmai)\i - Zan*l,ia’i&‘
i=0 i=0
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n
=~ a‘m')‘isi + ann)‘nsn = Zl a’m')‘isi~1
i=

n—1 n—1
m‘,)‘isi + ann}‘nsn - 'EO an,i+1)‘i+15i

i=1 i=

Il
Q)

= Z (dm)‘z - dn,,i+1 )‘i+l)si+ ann>‘nsn .

We may write

(am )‘i R ES] )‘i+1 ): am'/\i - an,i+1)‘i+1 ' a71,,z'+1)\i + an,i+1)‘i
:(ani - an,i+1))‘i +an,i+l()\i - )‘i+1)
=XNA G + ni 1 AN .

Therefore

n—1 n—1
I, -1T,1= ZAiaﬂi/\isi + 2671,,7?+1A)‘is7? + Ay -
i=1 i=1
:Tnl + Tn? + Tn3 , say.
A triangle is a lower triangular matrix with all nonzero main diagonal entries.
A positive sequence {+v, } is said to be a quasi [ —power increasing sequence if there exists a
constant K = 4&(83,~) > 1-such that Kn’~, > m”y,, holds forall n > m > 1.
It should be noted that every almost increasing sequence is a quasi 3 — power increasing sequence
for any non-negative (3, but the converse need not be true as can be seen by taking the example, say
v, = n " for g >0.

2. MAIN RESULT

Theorem 1. Let A be a lower triangular matrix with non-negative entries satisfying
(1) a_n() = 1’ n = Ovla"'a
(if) ap_1, > ay, forn>ov+1, and

(iii) na,, = OQ1).
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Let {X,} be a quasi 3 —power increasing sequence for some 0<3<I, and let {3,} and {),} be
sequences such that

(iv) |AA”| S /37L7
(v) lim 3, = 0,
(Vl) anAﬁn |Xn < 09, and
n=1
if

m

1 .
(Vlll) Z Elsk |k = O(Xm)v
n=1

then the series Ean)\n is summable |A4|, ,k > 1.
We need the following lemma for the proof of our theorem.

Lemma ([3]). Under the conditions on {X,}, {8, } and {)\,} astaken in the statement of the theorem,
the following conditions hold when (vi) is satisfied :

(a) nB,X, = 0@) and
(b) iﬁan < 0.
n=1
Proof of Theorem 1. The complete proof is sufficient, by Minkowski’s inequality, to show that
ink’l T, |F < oo, forr=1, 2, 3.
n=1

From the definition of A and using (i) and (ii);

Api+1 =  OGpitl — Qp—1i+1
n n—1
= § : Apy — z Ap—1,0
v=i+1 v=i+1

i i
=1- Z Apy — 1+ Za‘n—Lv
v=0 v=0

:Zz:(anfl,v - a’nu) > 0. (2)

v=0

From (vii), it follows that )\, = O(1). Using Holder’s inequality and (iii)

m+1 m+1 n—1
Lo =Y 0" TP < ST e O 1A | IN s )
n=1 n=1 i=1
m+1 n—1 n—1
< Z ”kil(Z|Aidm‘,| [\ |k|37: |k)i”(Z|A7@m |)k71-
n=1 i=1 i=1

Summer 2006 Iranian Journal of Science & Technology, Trans. A, Volume 30, Number A2



226

Aiam' = an,i - a71,,7‘,+1
=Qp; — an,fl,i - an,i+1 + a"nfl,,iJrl

=ap; — Ap—1,i < 0.

Thus using (ii),

n—1 n—1
ZlAzaml = Z(an,flj - an,i) =1-1+ay = ay.
=0 i=0

Using (iv), (vii), (viii) and the condition (b) of Lemma.

m+1

:=0(1) Z (nay, )~ 1Z|A i | I sl

m+1 n—1

1=0(1) D7 (nay,) Y 1A | AN TN s
n=1 i=1

m+1

:O(l) Z |A1| |S1',|k Z (na/ﬂn)k llAaml
i=1

n=1+1
:=0(1) Z EIREY
i=1

m

i-1k
_O(l) Zl)‘zl Z|87| Ay — leTl am‘)
r=1

m i k m—1 j k
:O(l) ZlAzl lerl Qpp — Z|)‘j+l| lerl Qryr
i=1 r=1 j=0 r=1
m=1 k m k
_O(l) ZAl)\zl Elsrl Q- +|/\m| lerl Gy
i=1
m—1
r=0(1) | > Al Z—I& I+ A Z—IS I
i=1
m—1
_O(l) \ZﬁzX +| lem}
i=1
:=0(1).
Using Holder’s inequality,
m+1 m+1 n—1
an llTn2| < an ! Za’nz+15A)‘1

m+1 n—1

S il AN
n=1 i=1

IA

m+1 —

< Z Z nt+1|5t| /61
n=1 i=1
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n—1

m+1 —
Z’ﬂ Z an z+1|3 | Za711+1/81
n=1

=

IN

It is easy to see that

n—1
Zan,i+lﬁi SMan,n (4)
i=1
as in [4].
Using (iii)
m+1 n—1
I = O(l) Z nann Ea7ll+1|8| B;
n=1 i=0
m m+1
:O(l) Zﬁ? |S1; |k Z (nann,)kildn,wrl
i=1 n=1+1
m m+1
=0() Y25 IsilF D> anitae
1=1 n=1+1
From (2)
m+1 i 4 m4l
E (Z(anfl,v - Z Z Ap—10 — nv
v=0n=i+1

n=i+1 v=0

Z - m+1v

<Y a 5)

Using (v), (vi) and (viii)

I Zﬁzlstlk = Z’Lﬁt—lsllk

—o) 3" 5" s
00)2361537, -
r=1 r=1
s, [F & L s, |*
=0(1) Zlﬁzz - E ]+1)ﬂj+1z -
Jj=1 r=1
= Ll " s |
=0(1) | S Aa8) B+ oyms,, S EL
i=1 = T i=1 v
m—1
i=1

m—1 m—1

:O(l) Z ZlA(ﬁz)lXt + O(l)z Bi+1Xi+1 + O(l)mﬁme
i=1 i=1

=0(1),
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again using the conditions of Lemma.
Using (iii) and (vii),

m+1 m+1

k-1 k k-1 k
Z n |Tn3 | < Z n |a7m)‘nsn |
n=1 n=1

m

:O(l) E (naﬂﬂ )k71a71r7l |A7’t |k |Sl’l |k

n=1

m

:O(l) Z [ |)‘n |k_1 |/\n | |Sn |k
n=1

=0(1),

as in the proof of /;,

n

Corollary 1. Let {p, } be a positive sequence such that P, = Z pr — oo, and satisfies (i) np, = O(F,).
Let {X, } be a quasi § — power increasing sequence for §othe 0 < <1 and let {3,} and {\,} be
sequences such that

() [AN, | < 6,
(iii) lim#B, =0,

(iv) > n|AB,|X, < oo, and
n=1

W) M1 X, = 0@).

If

m

. 1 .
(Vl) Zglsk |A/ = O(Xm)7
n=1

then the series ) " a,), is summable |N,p, | .k > 1.

.
Proof: Conditions (ii), (iii), (iv), (v) and (vi) of Corollary 1 are, respectively, conditions (iv), (v), (vi), (vii)
and (viii) of Theorem.1. Conditions (i) and (ii) of Theorem 1 are

automotically satisfied for any weighted mean method. Condition (iii) of Theorem 1 becomes condition (i)
of Corollary 1.
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