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1. INTRODUCTION 
 

Quite recently, Bor and Ozarslan [1] obtained sufficient conditions for n na λ∑  to be summable 
, , 1.n k
N p k ≥  Unfortunately, they used an incorrect definition of absolute summability (see, e.g. [2]). In 

this paper we obtain the corresponding result for triangular matrix using the correct definition of absolute 
summability. We obtain the correct form of [1] as a corollary. 
Let T be a lower triangular matrix, { }ns  a sequence. Then  
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A series na∑  is said to be summable , 1kT k ≥  if  
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We may associate with T two lower triangular matrices, T and T , defined as follows: 
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and 
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We may write  
 

( nia iλ - , 1n ia + 1iλ + )= , 1 1ni i n i ia aλ λ+ +− - , 1n i ia λ+ + , 1n i ia λ+  
 

= , 1( )ni n i ia a λ+− + , 1 1( )n i i ia λ λ+ +−  
 

= , 1i i ni n i ia aλ λ+∆ + ∆ . 
 

Therefore 
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= 1 2 3n n nT T T+ + , say. 

 
A triangle is a lower triangular matrix with all nonzero main diagonal entries. 

A positive sequence { }nγ  is said to be a quasi β −power increasing sequence if there exists a 
constant ( , ) 1K K β γ= ≥  such that n mKn mβ βγ γ≥  holds for all 1.n m≥ ≥  

It should be noted that every almost increasing sequence is a quasi β −  power increasing sequence 
for any non-negative β , but the converse need not be true as can be seen by taking the example, say 
n n βγ −=  for 0.β >  

 
2. MAIN RESULT 

 
Theorem 1. Let A be a lower triangular matrix with non-negative entries satisfying 
 

(i) 0 1,   n  0,1,...,na = =  
 

                (ii)   1, nvan va − ≥  for n≥ 1,v +  and 
 

                                                                 (iii) (1).nnna O=  
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Let { }nX  be a quasi β −power increasing sequence for some 0< β <1, and let { }nβ  and { }nλ  be 
sequences such that  
 

(iv) ,n nλ β∆ ≤  
 

                                                                        (v) lim 0,nβ =  
 

                  (vi) 
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then the series n na λ∑  is summable , 1kA k ≥ . 
We need the following lemma for the proof of our theorem. 
 
Lemma ([3]). Under the conditions on { }nX , { }nβ  and { }nλ  as taken in the statement of the theorem, 
the following conditions hold when (vi) is satisfied : 
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Proof of Theorem 1. The complete proof is sufficient, by Minkowski’s inequality, to show that  
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From the definition of A  and using (i) and (ii); 
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From (vii), it follows that (1).n Oλ =  Using Hölder’s inequality and (iii) 
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i nia∆ = , , 1n i n ia a +−  
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Thus using (ii), 
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Using (iv), (vii), (viii) and the condition (b) of Lemma. 
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Using Hölder’s inequality, 

 
1 1 1

1 1
2 2 , 1

1 1 1

km m n
k k

n n i i i
n n i

I n T n a s λ
+ + −

− −
+

= = =
= ≤ ∆∑ ∑ ∑  

 
1 1

1
, 1

1 1
     (  )

m n
k k

n i i i
n i
n a s λ

+ −
−

+
= =

≤ ∆∑ ∑  

 
1 1

1
, 1 i

1 1
     (  )

m n
k k

n i i
n i
n a s β

+ −
−

+
= =

≤ ∑ ∑  

www.SID.ir



Arc
hi

ve
 o

f S
ID

A summability factor theorem for… 
 

Summer 2006                                                           Iranian Journal of Science & Technology, Trans. A, Volume 30, Number A2 

227

 
1 1 1

1 k 1
, 1 i , 1 i

1 1 1
     (  ) ( )

m n n
k k

n i i n i
n i i
n a s x aβ β

+ − −
− −

+ +
= = =

≤ ∑ ∑ ∑ . 

 
It is easy to see that  
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as in [4]. 
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From (2)  
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Using (v), (vi) and (viii) 
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again using the conditions of Lemma. 
Using (iii) and (vii), 
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as in the proof of I1. 

 
Corollary 1. Let { }np  be a positive sequence such that 

0

n

n k
k

P p
=

= → ∞∑ , and satisfies (i) ( )n nnp O P= . 
Let { }nX  be a quasi β −power increasing sequence for some 10 << β  and let { }nβ  and { }nλ  be 

sequences such that  
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then the series n na λ∑  is summable , , 1n k

N p k ≥ .  
 
Proof: Conditions (ii), (iii), (iv), (v) and (vi) of Corollary 1 are, respectively, conditions (iv), (v), (vi), (vii) 
and (viii) of Theorem 1. Conditions (i) and (ii) of Theorem 1 are  
automotically satisfied for any weighted mean method. Condition (iii) of Theorem 1 becomes condition (i) 
of Corollary 1. 
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