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Abstract — In this paper the class of n-ary hypergroups is introduced and several properties are found and
examples are presented. n-ary hypergroups are a generalization of hypergroups in the/sense of Marty. On the
other hand, we can consider n-ary hypergroups as a good generalization of n-ary groups. We define the
fundamental relation 3" on an n-ary hypergroup H as the smallest equivalence relation such that H / G is
the n-ary group, and then some related properties are investigated.
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1. INTRODUCTION

Hypergroup, which is based on the notion of hyperoperation, has been introduced by Marty in [1] and
studied extensively by many mathematicians. For example, the connection between hypergraphs and
hypergroups is studied by Corsini [2]. In [3],/Corsini and Leoreanu described hypergroups associated with
trees and in [4] some applications of hypetstructures in rough sets are given. The hypergroup theory both
extends some well-known group results and introduces new topics, thus leading to a wide variety of
applications, as well as to a broadening of the investigation fields. A comprehensive review of the theory
of hyperstructures appears in [5-8].

The notion of an n-ary group was. introduced by Dornte [9], which is a natural generalization of the
notion of a group. n-ary generalizations of algebraic structures is the most natural way for further
development and deeper understanding of their fundamental properties. Since then many papers
concerning various n-ary algebra’have appeared in the literature, (for example see [10-15]).

In this paper, n-ary hypergroups are defined and considered. Examples of n-ary hypergroups are
given and some of'their properties described. n-ary hypergroups are a generalization of hypergroups in the
sense of Marty. Also, we can consider n-ary hypergroups as a good generalization of n-ary groups. We
define the fundamental relation 3° on an n-ary hypergroup H as the smallest equivalence relation such
that H /3" is the n-ary group, and then some related properties are investigated.

2. BASIC DEFINITIONS AND RESULTS

Let H be a non-empty set and f'be a mapping f : H x H——P" (H), where P* (H) is the set of all non-
empty subsets of H. Then f is called a binary hyperoperation on H. We denote by H" the cartesian
product H x ---x H, where H appears n times. An element of A" will be denoted by (z;,---,, ), where
z; € H for any i with 1<i<n. In general, a mapping f: H" ——P (H) is called an n-ary
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166 B. Davvaz / T. Vougiouklis

hyperoperation and n is called the arity of hyperoperation.
Let f'be an n-ary hyperoperation on H and 4,---, 4, subsets of H. We define

f(Ala"'aA'n,) = U{f(xh:mn) | z; € A1 yi=1L-n }

We shall use the following abbreviated notation: the sequence z;,z;,,,--,; will be denoted by =/ .

For j < i, / is the empty set. In this convention
f(zlv"'vxivyi-%—h"'yjaz‘7'+la"'7zn )
will be written as f({,y/, 1,271 ).
Definition 2. 1. A non-empty set / with an n-ary hyperoperation f : H" ———P" (H) will be called an n-

ary hypergroupoid and will be denoted by (H, f). An n-ary hypergroupoid (H, f) will be called an n-ary
semihypergroup if and only if the following associative axiom holds:

i—1 i—1 2n—1 j—1 +j—1 2n—1
f(l'{ 7f(g;ln+1 )axaf,ii ) = f(l'{ >f<x;l ! )7$n7}#] )

forevery 4,5 € {1,2,---,n} and z;,29, -+, 29,_; € H .

If for all (ay,ay,-+-,a,) € H", the set f(a;,as,---,a,) is singleton, then f is called an n-ary operation
and (H,[) is called an n-ary groupoid (resp. n-ary semigroup).

If m = k(n —1) + 1, then the m-ary hyperoperation g given by

g(af D) = F (o f (S ) ala ) ) a0 s )
k

will be denoted by f,. In certain situations, when‘the arity of g does not play a crucial role, or when it
will differ depending on additional assumptions, we write f.,, to mean f,, for some k£ =12,

Definition 2. 2. An n-ary semihypergroup. (H, /), in which the equation
be f(aii_17xi7a;:»1) (*)

has the solution z; € H for every ay,~--,a;_1,8,41,-",a,,b € H and 1<4i<n, is called an n-ary
hypergroup.
In Definition 2.2, if fis n-ary operation then the equation (*) is as follows:

b= f(aliilaxiaa;il) . (**)

In this case (H, f) is an n-ary group.

The important question is the solvability of the equation (*). The classical n-ary semigroup is an n-
ary group if and only if the equation (**) is solvable at the place « =1 and 7 = n, or at least one place
1< i< n,(see[12] or [13]). The following theorem shows that it is true for hypergroups.

Theorem 2. 3. Let (H,f) be an n-ary semihypergroup. Then (H,[) is an n-ary hypergroup if and only if
the equation (*) is solvable at the place i = 1 and i = n or at least one place 1 < i < n.

Proof: If (*) is solvable at the place i =1 and ¢ = n, then for every a,--,a,,b € H there exist
Ty,29 € H such that
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N-ary hypergroups 167
b e f(xy,ay) and zy € f(a{"l,zo).
Assume that 1 < j < n be arbitrary. Then
b e f(f(a{“l,zo ),ag ) = f(aljfl,f(a;l*l,zo,ag ),a;-lﬂ ) .

Therefore there exists = € f(a] ', 2,af ) suchthat b € f(a/ ™" z,a},,).
Now, let (*) be solvable at place 1 < ¢ < n. Assume that j < 7, then for every a;,---,a,,b € H there

exists y; € H such that

b S f(a{717y17f(a1:"':a1 7a;i%)aa:7+2)
= 5
n—(i—j+1)

and so

Jj-1 i1 n
b e flai™, f(a; ,yh;zizi_;fi)),a,m)-
Therefore there exists = € f(al ', y,a1,-+,a;) such that b €f(af ", z,a}y,). If we choose i < j, then
similarly we can prove that (*) is solvable.

Definition 2.2 is a generalization of Marty's formulation of axiom-of a hypergroup. Let o be a binary
algebraic hyperoperation on H, then (H,o) is called a hypergroupoid. A hypergroup is a hypergroupoid
(H,o) that satisfies:

) zo(yoz)=(zoy)oz forall z,y,2 € H,
2)roH=Hoz=H forall z € H.

The second condition is frequently used in'the form: Given a,b € H, there exist u,v € H such that
becaouandbecvoa.

Condition 2 can be formulated for n-ary hypergroups as follows:

f(Hi71,$7H717i> —H

forall z € H and i = 1,--- ;..
Let (H,f) be an n-ary hypergroup, a3 ' € H be fixed and let z©y = f(z,a5 ',y). Then the
hypergroupoid (H,®) is a hypergroup and it is called a retract of the n-ary hypergroup (H,f).

Example 2. 4. Let H = {z,y,2} be a set with a 3-ary hyperoperation fas follows:

f(ez,z) =2
f(zay) =y
flz,x,2) =2
f(zy,2) =y

fe,yy) ={z2}
f(zy,2) = {y, 2}
fla,z,x) =2

fla,zy) ={y,2}
f(z,2,2) ={=z,y}

Forevery z; € H (i = 1,---,5), we have

Summer 2006

f(yy,x) = {z,2}
I (vy,y) ={y,2}
fy,y,2)=H
fyzz) =y
f(yzy) = {z,2}
fy,z,2) = {y,2}
fy,z2) = {y,2}
fy,zy)=H
f(y,2,2)=H

f(zzz)=2

f(zzy) =A{y,2}
f(za,2) =A{=zy}
fzyx) ={y,2}

f(zyy)=H
f(zyz)=H
f(zz22) ={zy}
f(zz2y)=H

f(z22) = {yz}.

FOf (o, 20,3 ), 24,05 ) = f (20, f(@0,5,24 ), 25 ) = f (21,0, f(23,74,25))
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i.e., fis associative, and it is easy to see that fis a 3-ary hypergroup.

Let (H,f) be an n-ary hypergroup. If the value of f(x,x,,--+,2,) is independent on the permutation
of elements z,,,, -, x, , then (H,f) is called a commutative n-ary hypergroup.

The element « € H is called a scalar if

|f(vaaaxin+2) | =1

for all @y, -, z;,2;,9,,2, € H .
Element e of an n-ary hypergroup (H, f) is called a neutral (identity) element if

includes x, forall z € H andall 1 <i < n.

Lemma 2. 5. Let (H,f) be a commutative n-ary hypergroup and o € H aScalar element such that
f(a,e,---e) = a forsome e € H. Then e is a neutral element.

Proof: We have
f(f(x7a76a”‘ae 6,"‘,6) = f(.T,f(G/,@,"',C,@,"',@) = f(x7a/767"’76)'

n—2 n—1 n—1 n—2 n—2

Since every element of H is representable in the form f(z,a;e,---,e) and f'is commutative, this means that

e 1s a neutral element.

It is to be noted that in Lemma 2.4, the condition f(a,z,---,z) = a can be replaced by the condition
f(z,--+,z,a,z,---,x) = a, where a appears at one fixed place i = 1,---,n.

Proposition 2. 6. If the set of all scalar neutral elements of a given commutative n-ary hypergroup is non-
empty, then it is an n-ary group:

Proof: To prove that the set N of all scalar neutral elements is closed under the hyperoperation f, let
a = f(ef'), where e, ,e, € Ny. Then

f(a,“-,a,:[:,a,---,a) = f(f(eln)7"'7f(6{1’)7I7f(e{b)7"'7f(6{l ))

i—1 n—i i—1 n—i
= f(elv"'velvf(e%"'a@7f("'af(en—la"'aen—17f(ena"'aen ax)))))
n—1 n—1 n—1 n—1
= f(elv"'vel7f(627"'7627f(”'7f(671717"'7en,71ax)“')))
n—1 n—1 n—1

= f(el>'”7elam) =z,
n—1

which proves that an element o = f(ef') is neutral. Therefore, Ny is closed under f. Also, for all
€, en,e € Ny, the equation e = f(z,e5 ) has the solution

T = f(.»)(even""yen 3€n—1y"""9€p—1,""",€3,""", €3 7627"'762)
n—2 n—2 n—2 n—2

which is contained in Ny .

Definition 2. 7. Let (H, f) be an n-ary hypergroup and B be a non-empty subset of H. Then B is an n-ary
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subhypergroup of H if the following conditions hold:

1) B is closed under the m-ary hyperoperation f, ie., for every (z,---,z,)€ B" implies that
flay,--z,) C B.

2) Equation b€ f(bj ' z;,b",) has the solution z; € B for every by, --,b;_y,b:1,+,b,,b € B and
1<i<n.

Definition 2. 8. Let (4,f) and (B,g) be two n-ary hypergroups. A homomorphism from 4 to B is a
mapping ¢ : A—— B such that

Qo(f(a’la"'aan)) = g(@(al)a”'a@(an))

holds for all a;,---,a, € A.
If @ is injective, then it is called an embedding. The map ¢ is an isomorphism if @ is injective and
onto. We say that 4 is isomorphic to B, denoted by A =~ B, if there is an isomorphism from 4 to B.

Theorem 2. 9. Let (A, f) and (B,g) be two n-ary hypergroups and.p : A—— B a homomorphism.
Then

1) If S is an n-ary subhypergroup of A, then p(S) is an n-ary subhypergroup of B,

2) If K is an n-ary subhypergroup of B such that o' (K ) = ¢, then'o ' (K) is an n-ary subhypergroup
of A.

Proof: 1) Suppose that y,---,y, € ¢(S). Then there exist z;,---z, € S such that ¢(z;)=y; for all
1<i<n. We have o(f(z,1,))Ce(S)and so  g(e(m), - e(r,)) Ce(S) or
gy, yn) € ©(8). Therefore the first condition of Definition 2.7 is satisfied. For the second condition
of Definition 2.7, we consider the equation'b € g(b *,2;,0/y, ) forall by,--,b;_1,b;41,,b,,0 € 0 (S).

Then there exist a;,---,a;_1,a;11,"**,a,,a € § such that o> =0 and ¢(a;) = b;. Since S is an n-ary
subhypergroup of 4, the equation

a € f(ai™"y;alts)

has a solution y; € S.wFrom the equation a€ f(af ' y;,aly;) we obtain the equation
pcar € o(f(ai ™y, aly)) or b€ g(bi ', ¢(y;),b%, ). Therefore the equation b € g (b, z,,b/y, ) has the
solution ¢ (y;).

2) The proof of this part.is similar to (1).

3. QUOTIENT N-ARY HYPERGROUPS

Let (H,f) be an n-ary hypergroup. An equivalence relation 8 on H is called compatible if a,0b,,---,a,0b, ,
then for all a € f(ay,---,a, ) there exists b € f(b,---,b,) such that adb . An equivalence relation fis called
strongly compatible if a,0b,,---,a,0b, implies that a6b forall a € f(ay,---,a,) and b € f(b,--,b,).

Theorem 3. 1. Let (H,f) be an n-ary hypergroup and 6 a compatible relation on H. Then (H /0, f |5) is
an n-ary hypergroup where

f ‘0 (6(0’1)7'“70(0%)) = {6(0’) ‘ a € f(CLl,'“,CL")}.

Proof: We shall use the following abbreviated notation: the sequence 6(a;),0(a;.1),+,0(a;) will be
denoted by 6, . Since #is a compatible relation, then we conclude that f |, is well-defined. We show that
[ lo 1s associative. We have
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170 B. Davvaz / T. Vougiouklis
Flo (627, F 1o (030 ),000 ) = UL £ o (050().004) [y € f(at 7))

= { 0ca> | a € f(a{717yaa7%1;1)7y € f(a’z"”#iil) }
= { Oca>|ac flai ' fla ), a0 ) }
= { Ocar|ac flaf " f(al™ )00 ") }

f

b (6 F o (a770), 0 )-
Therefore f |y is associative. Now, we consider the equation

0(b) € flo (0a,0(x;),00,) (*)
for every aj,--,a; y,a;41,-+,a,,b € H. Since H is an n-ary hypergroup, the equation b € f(ai ', 2;,a}",)
has the solution z; € H, and so 6(z; ) is a solution for (*).

The natural map = : H—— H /0, where wcz> = 62> isan ontohomomorphism.

Definition 3. 2. Let (A f) and (B,g) be two n-ary hypergroups and let o: A—— B be a
homomorphism. Then the kernel @, written kery, is defined by

kerp = { (a,b) € A% [pcan = () }.

It is easy to see that kery is a compatible relation.

Theorem 3. 3. Let (A, f) and (B,g) |[be two n-ary hypergroups and let o: A——B be a
homomorphism. Then there exists a compatible relation 6 on A and a monomorphism ) : A/ —— B
such that om = .

Proof: We consider 6 = kerp . Now, let .ca> € A/6 and define ¢ (6ca>) = pca>.

Theorem 3. 4. Let p and @'be compatible relations on an n-ary hypergroup (H,f) such that p C 0. Then
there exists a compatible relation gron (H [ p,f |,) such that (H ] p)/ p is isomorphic to H /9.

Proof: We consider themap ¢ : H/p——H /60 by ¢(pcx>) =60cz>. Since p C 0, ¢ is well-defined.
Clearly ¢ is a homomeorphism. Now, by Theorem 3.3, there exists a compatible relation 4 and a
monomorphism @ (H /p)/p——— H /6 such that ) o # = ¢, and so is an isomorphism.

The diagonal relation A on H is the set { (a,a)|a € H } and the full relation H? is denoted by V.
The set of all equivalence relations on a set H, with  as the partial ordering, is a complete lattice. Let 6,
and 6, be two equivalence relations on H. It is clear that 6, A 6, = 6, N 6,. Also, we have

0,VO, =0,U(0 o0, U6 06,00 )J(B, 00,06 06,)U---.
We suppose that analogous results on other products of hyperstructures can be obtained [7], [16].
Definition 3. 5. Let (A4,f) and (4, %) be two n-ary hypergroups. Define the direct hyperproduct

(A x A, fi X f,) to be the n-ary hypergroup whose universe is the set 4, x A, and such that for a; € 4;,
al €A, 1<i<n,
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N-ary hypergroups 171
(fi X f2)((alvall)7"'7(anva7/L)) = { (a’aa/) | a e fi(alv"'van ),(1/ € f2(a1/7"'7a7lz) }

The mapping m; : A x A4 —— 4;, 1 = 1,2, defined by 7, ((a1,a2)) = a;, is called the projection map on
the ith coordinate of A x 4,. For i = 1,2, the mapping =, : 4 x 4 —— 4; is an onto homomorphism.
Furthermore, we have

1) kerm Nkermy = A,

ii) kerm and ker m, permute,

iii) kerm A kerm =V,

where

kerm; = {((alvaZ)a(bth)) \ i (ar,a0) = m; (by,by) }7 1 =12.
Note that
((ar,02),(b, b)) € kermy & 7 ((a,00)) = m ((b,0y)) & a4 = ;.

Thus ker m; N kerm = A. Also, if (a;,a, ), (b,by) are any twoelements of A, x A4, , then

(ay,09 ) kerm (ap,by),

(a1,by) kermy (by, 5 ),

s0 V = kerm o kerm,.But, then kerm; and kerm, permute, and their joining is V.

Definition 3. 6. Let (H,f) be an n-ary hypergroup. A compatible relation & on H is a factor compatible
relation if there is a compatible relation §° on H such that 6N 6" = A, 9 A9 = V and @ permutes with

*

0.
The pair 6, 0" is called a pair of factor compatible relations on H.

Theorem 3. 7. If 0, 0" is a pair of factor compatible relations on H, then
H>~H/0xH/O

under the map ¥ ca> = (0¢a>,60" ().

Proof: If a,b € H and #ca> = ¢ (b), then Oca> = 0(b) and 6 ca> = 6" (b), so (a,b) € N O"; hence
a = b . This means that .y is injective. Next, given a,b € H , there is ¢ € H such that afc and ¢0'b , hence
e = (6(c>,9*(c)) = (H(a)ﬂ* (b)), so is onto. Finally, for a;,---,a, € H, we show that

w(f(alv"'van)) = (f |¢9 Xf |9*>(1/1(a1)7"'71/1(an))-

We have
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Ve a€ fla,a,)}

(0ca>,0"ca>)|ae f(al,m,an)}

(0ca>,0”(5)) | a € flar,+,a,),b € flay,a,) }
lp (0Car),,0(a,)) % f |y (0" (ar), .0 (a,))
Flo xF 1y )((0€a1),0% (@), (0(a, ), 0" (a,)))
Floxflp )W (ar), 4 (ay))

-
(

and so ¢ (f(a,~,a,)) S (f o xS |y )(¥ (@), 4 (a, ).

Conversely, suppose that (025,06 (9)) € (flp xf |y ) (W (), (ay)), then
(0c>,0" (1)) €{(0car,0"(B)) [0car € flp (0(ar),,0(a,)), 07 (b) € fly (0¢ar), .07 (a,)) }. Now
there exists ¢ € H such that z6c and 0"y, and so (6<x>,0(y)) = (02,0 cc>) where ¢ € f(ay,+,a,).
Therefore (0cx>,0(y)) € v(f(a;,---,a,)).

4. FUNDAMENTAL N-ARY GROUPS

If (H,f) is an n-ary hypergroup, then 3 denotes the transitive closure of the relation 3 = U B3, , where
k>1
6, is the diagonal relation, i.e., 3 = { (z,z) |z € H } and for every integer k£ > 1, (3, is the relation

defined as follows:
'T/Bky ifand Only lf {'r)y} g f(.-> )

where f., means that f;, for some & = 1,2/--. When z@y (i.e., + = y) then we write {z,y} C f,,, we
define §° as the smallest equivalence relation such that the quotient (H /6%, f/ ﬁ*) is an n-ary group,
where H /3" is the set of all equivalence classes. The (" is called fundamental equivalence relation. The
equivalence relation §° was first 4ntroduced on hypergroups by Koskas [17] and studied mainly by
Corsini [6] concerning hypergroups, Vougiouklis [16] and Davvaz [7] concerning H,-structures.

Theorem 4. 1. The fundamental relation (3" is the transitive closure of the relation B i.e., (3 = 3).

Proof: First we show. that the quotient set H /3 is an n-ary semigroup. The n-ary operation f/3 in H /3
is defined in the usual manner:

F18(B ), B() ={B) |y € (Ba),B(z)) }

for all x,---,z, € H . Suppose a; € B(z), -, a, € B(z,). Then we have
Ullﬁl’l ifthere eXiSt .’L'117"‘7.’L'1m1+1 Wlth Ty = ap, x1m1+1 = I Such that

{$1117$1¢1+1}§ﬁk1) (0<i <my)
a, Bz, if there exist L1y y T, 41 With 2,1 = a,,, 2, 41 = z, such that
{ L, a$7z,i,,+l} c ﬁk”) (0< b < m, )

Therefore, we obtain
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F{ @251 w20 ) € f) 1<y <my,
F (@i 1, { @20, 20,01 0% ) € finyy 1 <4 < my,
f(zclmlHxﬂmptlv"'7{1'71%7zcm'ﬂ +1}) c ﬁk7l) 1< Z'n < my, .

So, every element 2z € f(x1,291,",%n1) = f(a1,a9,-+-,a,) 1S equivalent to every element

(S f('Tlml+1a$2m2+17”'7~rnm7,,+1) = f(mlaIZa"’an ) . Therefore
F1B(B(1), B (x,))

is singleton. So we can write f/B(B(xl),m,B(:pn ) = 3(y) forall y € f(B(xl),~--,B(gc" )).

Moreover, since f'is associative, it is obvious that f /3 is associative, and consequently, H /3 is an
n-ary semigroup.

Now, let 8 be an equivalence relation on H such that H /6 is.an n-ary semigroup. Denote 6ca> the
class of a. Then for all z;,---z, € H, f |y (0(z1),--,0(z,)) =0(y) for all y € f(O(z,),--,0(z,)). But
also, for every z;,---z, € H and A, C 0(z;) (¢ = 1,---,n) we have

f |9 (Q(xl)vva(zn)) = e(f(zlv"'vxn)) = e(f(Alvan))

Therefore 6cz> = 0(f;,) for all k>0 and for all z € f;,. So for every a € H, z € Bca> implies
z € 0ca> . But @is transitively closed, so we obtain z/€3ay implies z € 0 ca> . Hence, the relation 3 is
the smallest equivalence relation on H such that H /8 is an n-ary semigroup, i.e., 8 = §".

Theorem 4. 2. " is a strongly compatible relation.
Proof: If a,3'b,,-+,a,8'b,, then 3" (a;) =8 (b),+,8 (a,)= 5 (b,). For every a € f(a,-,a,) and
b€ f(b,--,b,) we have
8 cav=B"(f(as,.a,))

=f/8 (8 (), .8 (a,))

=[/B (B (b), B (b))

=B (f(b,-b,))

=B (b).

Theorem 4. 3. Let (A, f) and (B,g) be two n-ary hypergroups and let (3, B and B..; be fundamental
equivalence relations on A, B and A x B respectively. Then

AXB/Buxp = A/Ba x B/ Bg.
Proof: First we define the relation 3 on A4 x B as follows:

(a1,b)B(ag,by) &  aBya; and bBgh, .

(3 is an equivalence relation. We define 2 on A x B/ 3 as follows:
h(B(alubl)7"'75(anubn)) = B(avb)
for all a € f(,BZ(al)7~~~7,82(a,,)), b e g(ﬁg(bl),---ﬁ;(bn)). Since f g are associative, we see that % is
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associative, and consequently, A x B/ (3 is an n-ary semigroup. Now let & be an equivalence relation on
A x B such that A x B/ is an n-ary group. Similar to the proof of Theorem 4.1, we get

(a1,b) B (ag,by) = (a1,0)0(a3,b) -

Therefore the relation 3 is the smallest equivalence relation on A x B such that Ax B/ is an n-ary
group, i.e., § = B4, . Now we consider the map ¢ : A/ 3, x B/ 35 —— A x B/ B3 by

o(B1ca>,Bp (b)) = Baxp (ab).

It is easy to see that ¢ is an isomorphism.
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