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Abstract — Scott and Szewczyk in Technometrics, 2001, have introduced a similarity measure for two
densities f; and f , by

' B < fi.h >
szm(fl;fZ) - \/< fLh>< f2af2 >

where
<ok >= [ K@) 0)d

sim(fi, f») has some appropriate properties that ¢an be suitable measures for the similarity of f and f;.
However, due to some restrictions on the value of parameters and the kind of densities, discrete or continuous,
it cannot be used in general.

The purpose of this article is to give some other measures, based on modified Scott's measure, and
Kullback information, which may be better than sim(f;, ;) in some cases. The properties of these new
measures are studied and some examples are provided.
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1. INTRODUCTION

Scott and Szewezyk [1] have introduced a similarity measure for two densities, which is defined and
denoted by

. _ < fi,fph >
sim(fi ) = e (1)

where < f,f >= f o fi(z,0)f(z,6y)dz, if fi and f; are continuous densities, and

< fi,/h >= Zfl(;r, 6)f(z,0,), if fi and f, are discrete densities.

Their métivation for giving this measure was to reduce the number of components in a finite mixture
that you find, for example, in McLachlan and Peel [2]. This similarity measure by itself can be used for
different aspects of statistical inference.

It is easy to show that sim(f;, ;) has the following appropriate properties:

a) (Symmetry) sim(f;, )= sim(fs, fy)
b) (By Cauchy-Schwartz) 0 < sim(fi, ) <1
c) sim(fi,5)=11ifand only if fi=4
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When sim(fi, ;) is close to one, we can assume that f; = f,.

It is shown in [1] that when fiandjf, are normal densities, sim(f;,f,) has a closed—form
expression. However, we found that when f andf, are Bin(n,6;) and Bin(n,6,), or Poiss(6;) and
Poiss(6y), sim(fi,,) cannot be computed easily. On the other hand, when i andjf, are
Beta(6,,1) and Beta(6,,1), we have

(26, —1)(26, — 1)
0 +0, -1 ’

sim(fi, ) = 0, > 0.5,0, > 0.5 )

Thus, we should have some restriction on the parameters. The above examples show that sim(f, f»),

due to the nature of the densities, cannot be used in general. In this article, we introduce two new
measures, which have more general scopes and have the same properties as measure sim(.,.). In Section 2
a modified and new version of sim(f;,f;) is introduced. Section 3 is devoted to the Kullback similarity

measure based on the known Kullback information. In Section 4 we study these similarity measures in
general, for an exponential family. Finally these similarity measures are .compared with each other by
some numerical examples.

2. A MODIFIED VERSION OF sini(f,, )

We define and denote a modified and new version of sim(f;, f,) , for densities f; and f, , by

simm(f, ) = [< 2 S g, 2 )
b h
simm(f;, ;) has the same properties as sim(f;, ), 1.€.,
a) simm(fi, /)= simm(f, fi)
b) 0 <simm(fi, ) <1
c) simm(fi, h)=1if fi = f

The properties (a) and (c) are obvious and.(b) is concluded from

2
[fl(z)] dr = Ez[fl(X)]Z > {EZ[E(X)]}Q — 1’

h(@) A(X) h(X)

where F;[.] means expectation of‘a random variable with respect to f; .

By some numerical examples in Section 5, it is conjectured that simm(f;, ) < sim(f;, /), but it is
not easy to investigate this conjecture. However, the following examples show that the computation of
simm(f;, f,)1s ‘quicker than the computation of sim(f, ;) for many densities.

Example 1. If f ‘and f, are Poiss(6,) and Poiss(6,), then

(0 + 6,) (6, — 6,)°
0,0,

B

simm(f;, fp) = exp[—
while sim(f;, f;) is too complicated.

Example 2. If f; and f, are Bin(n,6,)and Bin(n,6,), then

0, — 0)F (0, — 0 (0, — 0)*
a6 T aa=6) " Be1 08

simm(fi, ) =1+ ™.
For 6, = 0, we havesimm(f,, ) =1,1.e, fi = f.
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Example 3. If f and f, are two components of the following mixture
m 1 7(‘T;“1)

= pime U Iz > q),

Longe " lwzo)

then

_(28 = 526 = B>)
515,

(BL = Bo) (e — )
B8

simm (fi, /o) )-

exp(—

3. KULLBACK SIMILARITY MEASURE
This measure, which is based on Kullback information, is defined and denoted by

simk(fi, £) = [L+ D(h /] )+ D(k /| I “)

where

D(fi/]B) = f Ak dm—El{ln[ ik

is non-negative and zero if fi = f, (see Zeevi and Meir [3]and Schervish [4] ). simk(f, ;) has the same
properties as sim(fi, ) and simm(f, f), 1.

a) simk(f, ) = simk(fy, )

b) 0 < simk(fi, o) <1

c) simk(fi, h)=11f fi = f
The proof of (b) is obtained from the fact that Inz >1 — = for z > 0 and as a result

DU/ b= B f;g;}} > Bl - 22— 0

Theorem: we have

simm(fi, ) < simk(fi, /) - (6]

Proof:

~—

1} < ln{El[fl(X)]} (By Jensen’s inequality)

D(f ) = By (S h(X)

h(X)

and similarly we have

h(X)

DU /1 5) < (Bl

I}

. 1 .
Therefore, usinglnz > 1 — =, we obtain

1 DU/ )+ DU /1 ) < 1+ B B

h(X)
[simm(f, £)]7* < 1+ In[simk(f,, £)]"
simm(fi, k) < simk(fi, ) -

Inequality (5) may say that simm(f, f,) better shows the similarity of fi and j, rather than simk(f, f5) .
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Example 4. If /i and f, are Poiss(f,) and Poiss(6), then

simb(f, ) =[1+ (6 — ) (D]

2

Example 5. If f and f, are N(1y,0?) and N(u,03), we have

(0f —03)° + (0f +03) (i — Nz)Z]fl .

imk(fi, f)=[1 —
simk(f, ) =[1 + s

Example 6. If f; and f, are Bin(n,6,)and Bin(n,6,), then

0,(1 - 61)

simk(fin o) =l + nllh = 6) IngTa—p

174

We observe that in the above examples, as the parameters disperse, the similarity measures go to
Zero.

4. SIMILARITY MEASURES FOR AN EXPONENTIAL FAMILY

Definition: A family of distributions on the real (line with probability mass function or density
f(z/0),6 € © (6 may be a vector) is said to be an exponential family of distributions, if f(z/6) is of the
following form:

k
f/0) = c@h(z)exp[}_ m(0)t:(x)], (6)

i=1

where

k

()= {3 hx)exp[> m O ()]},

i=1
in the discrete case and
k

e(0) = { [ h(x)expl} m (O ()},

v i=1

in the absolutely continuous case (see Ferguson [5] and Lehmann [6]).
The following table gives the values of similarity measures for two densities, f; and f,, from an
exponential family.

Table 1. Similarity measures for an exponential family

Measure Value

c1(6,,0,)

JC1,,6,)C1(9,,6,)

C2(6,,6)C2(6,61)
C(6,)C(6,)

sim(fi, f2)

simm(fi, f)

[
simk(fi, fo) {1+ Z:l [m:(61) — mi(6)][E (t:(2)) — By, (£(x))]}

The notations in Table 1 are defined as follows:

Iranian Journal of Science & Technology, Trans. A, Volume 30, Number A2 Summer 2006



Similarity measure for two densities 161

k
C1(601,0,) = fh2 Yexp(Y [mi(6h) + ()]t () de
i=1

k
C26h,6) = { [ h (x)exp(} >~ [2mi(6) + (0] t(2)do) ™!
1 k
C3(61,00) = { [ h (@) exp(G 3 [ma(6h) + m(@)]t(w)da}

i3

By [t6(X)] = —%mln[cwj)]; j =12

5. SOME NUMERICAL EXAMPLES

If fi and f, are Poiss(6;) and Poiss(6,), we obtain

iof (9192)1 exp[—(&l + 02 )]

) = zlz!
siml(fis ) = ——= _ .
Z 92m exp(_Qel) Z 62z eXp(_QQZ)
fr ! zlad — 2 zlx!

(0 +65)(6 — 6,)°

B

simm(fi, ) = exp[=

0,0,
simk(fy A= +16; — )]
If f and f, are N(6,,1)and N(6y,1), wé have
s, ) = exp(~ B

4
simm(f;, fy)= exp[—2(6; _92)2}-

1

simk(fi, k) = 1-|-(91——92)2

For different values of 6, and 6, we obtain the following tables by using Maple. These tables give
the different values of measures for numerically comparing them and determining the approximate
equality of £ andf, . For example, for #,=0.50 and 6,=0.45 in Table 2, we have simk(f, f,)=0.99476.
This shows that f and f, are close to each other.
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Table 2. Similarity measures for two Poisson Densities

6, = 0.50
)
0.40 0.45 0.50 0.55 0.60
Measures
sim(fi, f) 0.99585 | 0.99898 | 1.00000 | 0.99902 | 0.99616
simm(fi, ) | 0.95599 | 0.98950 | 1.00000 | 0.99050 | 0.96400
simk(fi, ) | 0.97817 | 0.99476 1.00000 0.99526 | 0.98209

Table 3. Similarity measures for two Poisson Densities

6, = 1.00
0y
0.80 0.85 0.90 0.95 1.00
Measures
sim(fi,f) | 0.98881 | 0.99384 | 0:99732 | 0.99934 | 1.00000
simm(f,, £) | 0.91393 | 0.95221 | 0.97917 | 0.99488 | 1.00000
simk(fi, ) | 0.95728 | 0.97620 [10:98957 | 0.99744 | 1.00000

Table 4. Similarity measures for two Normal Densities

6,=0.50
b
0.50 0.80 1.10 1.40 2.00
Measures
sim(fish) 1.0000 | 0.9778 | 0.9139 | 0.8167 | 0.5698
simm(fisfa) | 1.0000 | 0.8353 | 0.4868 | 0.1979 | 0.0111
simk(fiy ;) | 1.0000 | 0.9174 | 0.7353 | 0.5525 | 0.3077

Table 5. Similarity measures for two Normal Densities

6, = 1.00

6,
0.80 0.85 0.90 0.95 1.00

Measures
sim(fi, f) 0.9900 | 0.9944 | 0.99861 | 0.9975 | 1.00000
simm(fi, ) | 0.9231 | 0.9560 | 0.97778 | 0.9802 | 1.00000
simk(fi, /) | 0.9615 | 0.9780 | 0.98901 | 0.9901 | 1.00000
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