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Abstract — In this paper, we extend some famous maximal inequalities and obtain strong laws of large
numbers for arbitrary random variables by use of these inequalities and'martingale techniques.

Keywords — Kolmogorove's inequality, Hajek-Renyi inequality, Strong law of large numbers, Martingale

1. INTRODUCTION

Let {X,,n>\} be a sequence of random variables defined on the probability space (Q,F,P). The
convergence problem with probability one (w.p.I) for the sequence {— (ZX E(ZX ))} has been
studied by many authors for the sequence of independent random Varlables The strong laws of large
numbers and complete convergence for ND random variables were studied by Amini and Bozorgnia [1],
[2]. In [3] we obtained some maximal ‘inequalities under condition E[X, | F,_;]=0 where
F =0(X,X,,...X,) forall nn>\. In this paper, we extend some famous maximal inequalities by
martingale techniques, and then‘by using these inequalities, we obtain strong laws of large numbers and
some strong limit theorems for arbitrary random variables. To prove our main results we need the

following lemma.

Lemma 1. ([4]) Let {X ,F
nondecreasing real numbers, then for every & >,

| X, |

n=\} be a submartingale and {b ,n>\} be a sequence of positive
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Remark 1. Under the assumption of Lemma 1 for every 1 <m < n, we have,

X,
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2. MAXIMAL INEQUALITIES

Hajek and Renyi [5] proved the following important inequality. Let {Xn,nzl} be a sequence of
independent random variables with E(X,)=0,E(X})<w,n>1and {b,,n>1, is a positive nondecreasing
sequence of real numbers, then for every m<n and >0,

|5 |

1
S
msksn b, ] 82(

n O': m U,f
S+ )
k=m+1 b/( k=1 b

m

where 52 = yar(x,).

This inequality has been studied by many authors. The latest literature is given by Liu, et.al. [6] for
negative association random variables and Christofides [7] and [8]. We extend this inequality for arbitrary
random variables.

Theorem 1. Let {X ,n>1} be a sequence of random variables with E(X,)=0, EX’, <o0,n>1, and
{b,,n =1} be a sequence of positive nondercreasing real numbers, then for every ¢ > 0,

i) |S kZ,\ 9
> ( ).

.o m m kl
if) Plmax 21> %z +23 % £y Cooy 2

<k<
msksn ,,, k=2 ' k=m+1 k k=m+1

where o, =/Var(X,)

Proof: Set S, =ZZ:1X,: and S, =) X,. Since E[S, |F,]=S,,, . w.p.l. and
E[S,, | F,,12S,,,, -w.p.-1. Hence the sequences {S,,F,,n>1} and {S, F,,n21} are
submartingales, where F, =o(X|,...,X,) for.all n>1. In addition, if his any real convex and
nondecreasing function, then {A(S,,), F,sn 21} and {h(S,,),F,,n =1} are also submartingales. Thus
for every & > 0, Lemma 1 implies that

n?’
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and similarly we have

P[maxsi>g]< Z +2z Z )
k=2

1<k<n
Now, by | S, [<S,, +S,,, we obtain
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ii) By Remark 1 and part i for 1 <m <n,
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. . 0
Hence, the proof is complete. In the following we assume Zizl o, =0 and Sy = Sy =0.

Corollary 1. Under the assumptions of Theorem 1 we have

) P[max‘S >g]< (Z 272":‘0[ ).

2
I<k<n bn e bk

0 P[“szTMS*(Z SRR +2Z z}, 3 2%

n I m k=1 b:
Remark 2. We have the following inequalities

. k-1 k-1
) ES: —ES}_, =E(X}) +2E(X; Y. X})<0l+20, 5.0,
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the inequality holds by Cauchy- Schwartz' inequality. Similarly
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iii) If > ° Z, 1% converges, then series 3 9 and 3 akZ, 19 are converged.
k=1

Ale b2

365

The followmg corollary is an extension of Kolmogorov s mequahty for arbitrary random variables.

Corollary 2.  Let {X LN 1} be ...a sequence of random
E(X,)=0,EX? <oo,n>1and b, =1, k=1.Then for every:>o,

P[max|S I>S]<7(zak +2i‘7ki‘7 )-)-

3. SOME STRONG LIMIT THEOREMS

variables

with

In this section, we use the results of section 2 to prove some strong limit theorems for arbitrary random

variables.

Theorem 2. Let {X LR 1} be a sequence of random variables and {b,,n > 1} be a sequence of positive

N
nondecreasing real numbers. If 2:1 b;l <oo. then for every 0< f<2,
s ; S,
S, | <oo,and i) if b, — 0, as n - «, then ——>0 , w.p.L.
n b n

where § =3" (X, -E(X,))., o, =Var(X,) and o, = Var(X,), nz1.
Proof: i) Note

S 0
E(sup(%)ﬁ)<oo<:>.[ [sup, ( >t"’]dt<oo

By Theorem 1, we get
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J Prsup !> ‘>tf’]dt<Ajr DR Z 02Ty =3 O ey e Z

where 0 < C < 0. The second inequality holds by Remark 2.
ii) For every & > 0, Theorem 1 implies that

k- 1

Plsup el > 5 z 2Zk +z"k+zz Z )

k=m K k=m-+1 k k=m+1

=0. Hence

k
Therefore z O-"zillo-< w0, and Kronecker’s Lemma yield lim, . P[sup,., |LZ" |
k= >

b} k
Proposition 5.6 in [9] completes the proof.

Corollary 3. Under the assumptions of Theorem 2, if sup, (O'nzzzlo'k)<°°’ then for every 0!>§,
g>andm2>)\.
[S, | 16 2a
_X—

i Plsup——> ¢]<
) [sz ] &’ 2a-1

n
2 sup(o, D10y).
n k=1

zz) w0, w.p.l.as n -, and forevery 0< <2, Esup, (| "‘)/f«,o

bﬂ
Theorem 3. Let {X n>1} be a sequence of random variables, if Zk 1O-kz o, <o and
E(X,)=0.Then z X, converges w.p.1.

Proof: By Corollary 2 for every ¢ > 0,

Plsup|S,,, =S, > £]= lim P[max|S,, -5, [> €]<7( Z ol +2 Z o—kZo— ).
k21 b k=n+1 k=l il
Since by Remark 2 the left hand'side of the above inequality tends to zero when n — oo, Lemma 7.1 in

[9] implies that Z::\ X, converges w.p.1.

Example If {X n> 1} is'a sequence of i.i.d. random variables with distribution U[0,1], taking

—HXk and o, =4/Var(Y,) ,we have o, <( )" ZEY < oo, and
k=1

n=l1

0 00

Z;O—k f:\o-i < \/?\—\'(Z:‘ﬂ_r _;‘”J{)<oo.

k=

Hence these and Theorem 3 prove that ZH X, , converges w.p.l.
n=l k=1
The following Corollary, which is an extension of Kolmogorov's Theorem, provides strong law of large

numbers for arbitrary random variables.

Corollary 4. Let {X n2 1} be a sequence of random variables with E(X,)= u, and Var(X,) = o,
for all nZl.Ifzkzlki«;o then —Z(X -1,)—=>0. wp.l
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