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Abstract — In this paper, we investigate some problems which can be reduced to the Goursat problem for a
fourth order eguation. Some results and theorems are given concerning the existence and unigence for the
solution of the suggested problem.

K eywor ds— Fourth order of partial differential equations, Goursat problem

1. INTRODUCTION
Inthedomain D = {(x, V), Xo < X< X, Yo<Y<L yl} we consider the equation
L(U) = Uygyy + 85U, + AUy, + Aty Ayl + AUy, + Ayl +

. 1
+agU, +aeu=0; a,eC"(D), ( i=0L2 j=012) @

where the class C**! means the existence and conti nuity for all derivatives
9" /9z"0y* € C(D) (r =0,..k; S= O,...,I).
We will call the solution of theclass
o't foriay’ € (D) (=042  j=01)

as regular. The equation (1) is the generdization of the Bussineska-Lyava equation that describes
longitudinal waves in athin elastic shaft with allowance for the effects of the crosswise inertia. The
Goursat problem for (1) consists of finding asolutionin D on conditions defined for the characteristics:

u(xo, Y)=(y) (%0, ¥)=1(y). ye p,
@,01.€ C%(p); u(x Vo) = w(x),uy (%, Vo) =v1(x) x€q, v,y € C(a), )

ye p=[Yo. V1), xea=[x0,%].

Here, we consider the conditions of function coincidence from (2) on the boundary of their
definitions (co-ordination conditions) as satisfied:
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§0’(y0) = Wl(xo )1 §0(y0) = W(Xo )1 l/”(xo) = (Pl(yo)- ©)

The solution of the mentioned (Goursat) problem is obtained in [1] and its uniqueness is shown. In
this paper, we investigate characteristic problems for the equation (1), in which at least one of the Goursat
conditions is changed by the value of the next normal derivative. As a result, each time a characteristic
that is a carrier of boundary conditions is obtained, the highest order given by a normal derivative is
increased by a unit. In this case, we use the results from the work [2]. Here, the problems that are obtained
from the eguation (1) and the conditions (2), by replacing conditions in Eq. (2), following conditions are
concluded:

Uy (Z0,Y) = ©2(Y), 9, e C¥(p), 4
Uyy(%yo):%(ﬂ?), yZECZ(Q). (5)

In fact, in this paper we investigate the question of clarification of conditions for coefficients of the
equation that provide a definite level of the intentionality of these problems and, naturally, about the
acquisition of the decision itself. In this paper the methods of works([2] and [3]) are developed. For more
details see ([4], [5] and [6]).

We have decided to indicate only a class of the desired unknown function U in formulations of all
problems suggested below, taking into account that coefficients of the equation (1) are also chosen from
the same class.

2. MAIN RESULTS

Problem 1. To find the function
ueC*?(D)nC**(Du p)C**(Du),

which is a solution to the equation (1).in D, that satisfies all the conditions (2), except the first condition
from (2), which is replaced by the condition (4).

This problem may be reduced to the Goursat problem with the help of a certain integral equation. For
this purpose, we integrate’ equation (1) twice with respect to y in the bound from vy, toy; (V.,y €P),
then, in the obtained relation we direct Y. to y, and X. to X, .

Taking into account the boundary conditions we obtain

3, (%0, Y)0(y) + [ [(y =mA@) +B(m)] plpdn =r(y), (6)
Where
A(Y) = gy (X5, Y) = 81y (%o, Y) + 80 (X0, ),
B(y) = _Zaozy (X01 y) + a01(X01 Y),
And
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rly) = f{ (Y =)@z, (X0, 1)@, (17) — &1, (Xo, 7)1 (17) — 240 (X0, 7)1 (17) +

Yo

+ 8y, (X0, 1) @1(17) — 80 (X0, 1)@, ()] = 851 (X0, 1), (1) —
— o ()22, (X5, 7) + &y, (X, M)]d7} — 0, () + ¥ " (X,) +
+(Y = Yoy (%) + a5 (Xo, Yo)w " (Xo) + @, (%o, Yo Jw1 (Xo) — @
=83,y (X1 Yo) @1 (Vo) + 811 (%o, Yo) @1 (Vo) + 86, (%o, Yo )w (%) —
- a‘02y(X0’ Y)W (%) + 84, (%o, Vo) (Xo)] —a, (X, ), (Y) +
+ 83, (X0, Yo) 21 (Vo) + 85 (X0, Yo )w (%)

Here, ¢(Y) is the function from the first condition of (2). For itsmembership in the class C*(P) it
is sufficient, in addition to the already available conditions of coefficient smoothness, to assume that

Ay, Q€ C0+2(DU P), ay, ay4a,e€ CO+1(DU P).

When a, (X, Y) # 0, ¢(y) isuniquely defined from (6) through the resolution of thisintegral equation.
We can easily see the two possibilities to obtain the exact solutions(6) that are provided correspondingly
by the identities:

Aly)=0,  B(y)-yAly)=0. )]

In this case of the first identity

rly) a1 TB(n)r(n)exj BE) 474, ©)

P oY) Bl )1 a0 o (0 7)

while in the case of the second

My & 1 A exj] Ar)r

dz]dn. (10)
A (X0, Y) 85 (X5, Y) 5, 862 (X0, 7) Y 802 (X0, 7)

o(y) =

Now, let ay,(X,,Y) =0. Here, we a'so have the two possibilities of the explicit solution (6). When

and

we find

Where

Spring 2007

8y (%, Y) %0

a01,a11,a21eC0+2(DuP); aZO’aiI.O’aOO ECOH-(DUP);
a126C0+3(DuP); ¢1!§02€C3(P)-

oly) = (') = [TOomr (mlexp [ T(x,7)drldn}, (12)

1
ay (%, Y)
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_aow(xo’y)"'aoo(xo’y).

6o )= a0 (%, Y)

If &y (Xy,Y) =0, and when ay(X,,y) =0, while

a, a21€C0+3(D UP);  ay,3,,ay, ECO+2(D v P);
a12€C0+4(DUP); @1’§026C4(P)’

we have

p(y) = r"(Y)[ag (X, V)] (12)

Thus, the following take place

Theorem 1. Problem (1) is uniquely solved when the inequality a,,(X,.Y) # 0.is satisfied. The cases of
the explicit reduction to the Goursat problem are provided by any of the two of sets of the following
conditions:

1) a,(X,y) 20
and at least one of theidentities A(y) =0, B(Yy) - YA(y) =0 issatisfied;
2) g (X, ¥) =0, a5 (X, y) +a%(%, y) # 0.
Problem 2. Its formulation from the previous one isin away that (4) is changed for the second condition,
not the first onein (2). Here the solution is found in the class as in problem (1).
In this case the relation (6) should be written with a provision for (7), like the equation for defining

@,(Y) . Since the formulation of the Goursat problem presupposes the realization of the coordination (3),
the right part of the equation will be completely known.

y

2z (X0, Y )+ JLLY —mA (1) + B.(1)] ex(m)d 7y = ni(y), (13)

Yo

Where

n(y) = J.{(y - 77)[3-21r; (X0, 1)@2(17) — 330 (X0, 17) 02 (17)] — @1 (X0, 77) 05 (77) —

oAy —n)+ Bt —p.(y) + " (Xo) +

+(Y = Yolwi(Xo) +@u(Xo, Yo)w " (Xo) + a2 (Xo, Yo)wi(Xe) —

— &y (X0, Y0)@(Yo) + a1 (X0, Yo)@(Yo) + 8 (Xo, Yo)wi(Xo) —

— gy (X0, Yo)w (Xo) + 85 (Xo:Yo)¥ (Xo)] —an(Xe,Yo)o (Y) +
+83, (X0, Yo)91(Xo) + 85 (X0, Yo)w (Xo)

and

A (y) = arayy (0,y) — a11y(20,y) + a10(70,¥),
By(y) = —2a,2,(70,y) + a1 (z0,y)-

The role of the inequality a,,(X,,Y) # 0, is played hereby a,,(X,,y) # 0. It aso provides, for the

record, ¢,(Yy) through the resolution of the equation. Here, we should apply the conditions on the
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coefficientslike in the similar case in problem (1). The analogs of the identities (8) are
A(Y)=0,  Bi(y)-YA(Y)=0. (14)
When A (y) =0, then

r.(y) _ 1 yBl(U)rl(U)[eX]Z B.(7) dz]dn,

) oy () ) B (xert) L A (x.)

while in the case of the second identity (14)

ny) oy tAmu®m)
A, (%, Y)  ap(Xy, ) v G2 (%, 7)

o(y) = 7 _drdy.
o

A
[expiaﬂ )

X0

If alZ(XO7 y) = 01 aj_l(x()1 y) #0 and
VR a-21€C0+2(D UP);  ay,a,,8, eC*(DUP);
a, €C**(DUP);, ¢, 0,eC3(P).
then

o.(y) = m{ (y) - j T, O Ml exp j T.(%, 7)de]dr},

where

T(%,Y) = _aﬂy(x;’ fi* ";‘;O(XO’ )

If a,,(X,y,Y) =0, andwhen a,,(Xg,Y) %0, while
851, 81 €CTHDUP); 8y, 8y, 8, €C**(DUP);
a,cC™(DUP);  ¢,0,eC(P),

we have

o (y) = 1), (X, Y1

As aresult of the conduced considerations the following theorem can be written:

Theorem 2. The problem (2) is uniquely solved when the inequality a,,(X,.y) # O is satisfied. The
explicit solvability takes place when any of the two conditions requirement group is realized satisfied:
1) a,(%.y) #0
and at least one of theidentities A (y)=0, B,(y)— YA(Y) =0 issatisfied;
2) a,(%,Y) =0, a121(X01 y) + a:LZO(XO’ y) # 0.

Since in the equation (1) variables x and y occur equally independent, problems on the change of the
third and fourth Goursat conditions (2) for (5) are symmetrical to the previous two. Then, we will be
limited by writing conditions for the coefficients only.

Problem 3. It will be obtained by the change of the third Goursat condition (2) for (5). We will be
Spring 2007 Iranian Journal of Science & Technology, Trans. A, Volume 31, Number A2
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searching for the solution in the class
ueC*?(D)nC*°(Du p)~C**(Duq),

During the investigation of this problem, we do like we did in the problem (1), only we integrate (1)
twice, not by y, but by x. For (X) the analog of equations (4) and (5) is obtained:

X

80 (%, Yo )y () + [[(x=m)K () + M () ()d = 1 (), (15)
Xo
where
K(X) = a20xx(x1 yo) - a10x(xa yo) + aoo(x ) yo)a
M (X) = _23-20x (X 1y0) + aiO(X 1yo)1
and

() = [{(X=m)@, (2, Yo )2 (1) = Ban,,, (7, Yo)wrs (7) =8y (7, Yo )2 () +

Xo

+ 84, (77, Yo) w1 (1) = 8o (17, Yo )W (17)] = 805 (17, Yo )y (17) =

- l//1(77)[_2a21q (17, Yo) + (1Y) 1}y —yw, (X) + 0" (Y,) +

+(X=%)[@1(Yo) + 12 (X, YI@" (X0) + 851 (X0, Yo) 91 (Vo) —

= 8y, (%o Yo )1 (Xo) +5(Xo, Yo)w1 (Vo) + @z (Xo, Yo) @1 (%) —

— 80, (X0, Y0) @ (Vo) +816(Xgs Yo)@ (Yo)l— @z (X, Yoy, (X) +
+ 85 (Xg, Yo )¥a (Xo) + 8y (%o Yo ) o(Yo)-

With the help of which, we come to the following results

Theorem 3. The problem (3) is.uniquely reduced to the Goursat problem when any set of conditions is
satisfied:

1) a(xY,) # 0 and 8, ,8,, € C*°(DUQ); &y,,8, ,8,€C**(DUQ);

2) ay(x.Y,) #0 and a8, € C*°(DUQ); ay,a, 8, C*°(DUQ);

any of the following identitiesis satisfied K(x) =0, M (x)—-yK(x)=0
3) a,(XY,) =0, 8,0(xY,) #0,and a,,,8,, ,8,€ C**(DUQ);

a,eC**(DUQ); ay,,8y,8,eC(DUA) Y, , ¥, €C*(q).

4) a,(XY,) =0, a,(xY,) =0, a4h(XY,) #0,and &, ,a,¢€ C*(Duq);

a,eC*(DuQ); a,,ay 8, C*°(DUQ); v, ¥, €C* Q).

Here, the realization of the first group of conditions leads to the fact that /(X) will be written in
resolution terms, while the realization of the groups (2), (3), (4) and (5) will provide for writing it in the
explicit form with the help of the formulas of (9)-(12) types correspondingly.
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Problem 4. The fourth condition (2) is changed for (5). The solution classis the same asin problem (3).
Inthis case, for y, (X) , the analog of the equation (13) is obtained:

X

8, (%, Yo )wy (9 + [[(x= 1)K, () + M, (i) b, () = 1,(%),

X

where

00 = [{O<=m)8uz, (7, Yo )w2 () = 8, (2, Yo )2 ()] = @ (7, Yo ) () —

—y (MIK)(x=1)+ M ()]}dn =y, (X) + 9" (¥,) +
+(X=X)[@1(Yo) + 3w (X0, Yo) 2" (Yo) + 8x1 (X0, Yo) o1 (Vo) —
= 3, (X0, Yo )W (Xo) + a1 (%o, Yo )1 (Xo) + @z (Xg3 Yo )1 (Vo) —
— 8,0, (X0, Yo)® (Vo) + 40 (Xo, Yo)w (Xo)] — @ (X, Vo) (X) +

+ 8, (X0, Yo w1 (Xo) + 8 (%o Yo ¥ (Xg)s

and

Kl(x) = Q1 (%, yo) - a:l.lx(x1 yo) + 301()( ) yo)a
M, (X) = —2a,,4(X, Yg) @, (X, Yo)-

With the help of which, we come to the following results:

Theorem 4. The problem (4) is uniquely reduced to the Goursat problem when any of the following sets
of conditionsis satisfied:

1) a,(XY,) =0 and ay, ,a, € CZ°(Duag); A, ,3€ C*(Dua);

2) ay(XY,) =0 and a, 4a,€ Cz°(Dua); Q.8 , A € C*(Duaq);
when at least one of the following additional identitiesis satisfied
K (¥) =0, M (x)—xK,(X) =0,

3) a,(xY,)=0,a,(xy,)#0,and a,,a, ,a,¢€ C*°(Dua);

8, C*(DUQ); 8.8y .80 C*(DUQ) Yy, ¥, €C*(q).
4) 3, (XY) =0, a,(XY,) =0, a5,(%Y,) #0,and ay,a, € C&O(D v Q);
8, C*(DUQ); 8,8y 8 C*(DUA); ¥, €CH0).

Here, the realization of the first group of conditions leads to the fact that y , (Xx) will be written in
resolution terms, while the realization of the groups (2), (3), (4) and (5) will provide for writing it in the
explicit form with the help of the formulas of (9)-(12) types correspondingly.
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