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Abstract — The aim of this paper is to introduce and study a new. concept of strong double (A ),-
convergence sequences with respect to an Orlicz function, and some properties of the resulting sequence
spaces were also examined. In addition, we define the (A, ) ~statistical convergence and establish some
connections between the spaces of strong double( A, ), -convergence sequences and the space of double
(A, ), -statistical convergence.

K eywor ds— Orlicz function, invariant means, almost convergence, double statistical convergence

1. INTRODUCTION/AND BACKGROUND

Let o be aone-to-one mapping from the set of natural numbers into itself. A continuous linear functional
@ on / _issaidto beaninvariant mean or a' o —=mean if and only if
(i) @(x) =0 when the sequence x=( X, )issuch that x, > Ofor all k,
(i) @(e)=1 wheree=(1,1,1,...), and
(iii) @(X) = p(X5(k)) foral x e £y, where'/  isthe set of bounded sequences X = (X, ) .
For a certain class of mapping oy every.invariant mean ¢ extends the limit functional on space c, in the
sense that ¢(Xx)=limx for.a@l xecwhere c is the set of convergent sequences X=(X, ), (see
Schaefer [1]).

The space [VG] of strongly ‘@ — convergent sequence was introduced by Mursaleen [2] as follows: A
sequence X = (X, )issaid tobestrongly o -convergent if there exists a number L such that

K
%E‘xai - L‘ S (11)
as k—co uniformlyin m. We will denote [V,,] as the set of all strongly o — convergent sequences. When
(1.1) holds we write [V ]- limx =L. If we let o(m)=m+1, then [V, ]=[¢], which is defined by Maddox
in [3]. Thus strong o — convergence generalizes the concept of strong almost convergence sequence
space.

Recall in [4] that an Orlicz function M: [0,0) — [0,) is a continuous, convex, non-decreasing
function such that M(0 )= 0 and M(X)>0 for x>0, and M(X) — o as x— co.
Subsequently, the Orlicz function was used to define sequence spaces by Parashar and Choudhary

[5].
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If the convexity of Orlicz function M is replaced by M(x+y) < M(x)+M(y) then this function is called
Modulus function, which was presented and discussed by Ruckle [6] and Maddox [7].

Let 8" denote the set of all double sequences of real numbers. Before proceeding further let us recall
afew concepts which we shall use throughout this paper.

Definition 1.1. Let A denote a four dimensional summability method that maps the complex double
sequences X into the double sequence Ax where the mn-th term to Ax is as follows:

00,00

(A = D amnki Xk, -
ki1

By a bounded double sequence we shall mean there exists a positive number K such that ‘ka ‘ < K for dl
(k,I), and denote such bounded by

”X”(OO,Z) = SUPg | ‘XkJ ‘ < 0,

We shall aso denote the set of all bounded double sequences by /” . We also note, in contrast to the case
for a single sequence, a P-convergent double sequence need not be bounded. In 1900, Pringsheim [8]
presented the following definition:

Definition 1. 2. A double sequence X = ( Xy ) has aPringsheim limit L (denoted by P-lim x=L) provided
that given & > Othere exists Ne N such that ‘ka N L‘ < & whenever k| > N. We shall describe such an
x more briefly as"P-convergent.”

In [9] Hardy presented the notion of regularity for two dimensional matrix transformations. The
definition is as follows. a two dimensional matrix transformation is said to be regular if it maps every
convergent sequence into a convergent sequence with the same limit. In addition to the numerous
theorems characterizing regularity; Hardy aso presented the Silverman-Toeplitz characterization of
regularity. Robison, in 1926 presented a four dimensional analog of regularity for double sequences in
which he added an additional assumption of boundedness. This assumption was made because a double
sequence which is P-convergent .is not necessarily bounded. Along these same lines, Robison and
Hamilton presented a Silverman-Toeplitz type multidimensional characterization of regularity in [10] and
[11]. The definition of the regularity for four dimensional matrices will be stated next, followed by the
Robison-Hamilton characterization of the regularity of four dimensional matrices.

Definition 1. 3. The four dimensional matrix A is said to be RH-regular if it maps every bounded P-
convergent sequence into a P-convergent sequence with the same P-limit.

Theorem 1. 1. The four dimensional matrix A is RH-regular if and only if

RH,: P-lim &, =0 foreachkandl;
RH,: P—lim > a . =1
k=11

RH,: P-lim_ i|a‘m,n,k,l| =0; foreachl;
k=1

RH,: P—lim_ i|am’n,k,,| =0; foreachk;
1=1
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RH5: §|am,n,k,l| is P — convergent; and
kJ=11

RH g there exist positive numbers A and B such that Z:|am,n’k’I | <A
kJ|>B

Spaces of strongly summable sequences were discussed by Kuttner [12] and others. Subsequently, the
class of sequences which are strongly Cesaro summable with respect to an Orlicz function was introduced
and studied in [5]. In this paper, we introduce and study the concept of strong double ( A, ), —summable
with respect to an Orlicz function and also some properties of this sequence space are examined. Before
we can state our main results, first we shall present the following definition by combining a four
dimensional matrix transformation A and Orlicz function.

2.MAIN RESULTS

Definition 2. 1. Let M be an Orlicz function, p=(p,, ) be afactorable double sequence of strictly
positive real numbers, and A=(a,,,,, ) be a nonnegative RH=regular. summability matrix method. We
now present the following double sequence spaces:

Pk

AprX g ‘
o™ (p,g)
am,n,k,l M

0(As M, p)\ =1xes":P-limy, > 0
k,120,0

uniformly in(p,q), for some p >0

Pk.1

0,00 AllXUkJ(ﬂq)_>L
W(Ay,M, p) \ =3xes":Palimpy > Amnki | M P
k1=00

=0

uniformly in(p,q), for some p >0, somelL

and
P
- A1¥ okl o ||
Wi (As /M, p) , =<Xes":sup > a M| ————~ <o
0 AJ A mnk| k10,0 m,n,k,| P

where A]_]_: SUPr.s=1and\or 0 {|an —Xmor.n-s |} .
Let us consider afew special cases of the above definitions.
(1) In particular, when o( p,q)=(p+1,9+1), wehave

‘A X ‘ Pr,1

117%k+p,l

NN ”. . L amnkl M ﬁ :O

WO(A,M,p)A ={xes 'P'Ilmm,n Z ,nK, P '
k,1=0,0

uniformly in(p,q), for some p>0

Pr.1
oo o M ‘A11Xk+ pl+q L‘ o
W/(AM, p), =1xes":P-limy, Z m,n,k,| 7 = ,
kl=0,0

uniformly in(p,q), for some p >0, somelL
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and

Px,1
-~ L ‘A11Xk+ p,I+q‘
W, (AM, p)A =1X€S 1 SUPmnk| z Amnk,l M (/0 <o
k,1=0,0

(2) If M(X) = x then we have

Pl
" " H = a A X :0
Wo(Ay, P) o =1XeES P-limy, D "Mkl g) .
ki=00  yniformly in(p,q), for some p>0

Pk
Ve

W'(A,, p)p ={xeSs":P-limy, Z Bkt | A1k ()
k1=00  yniformly in(p,q), for some p >0, someL

and

VVZO(ATl p)A = {X es’: SUPmnk| z Amnk,l

o ‘pk,l
11X k| < 00 p,
Ki=0.0 o (p.a)

3)If p, =1, forall (k) we have

AnX ki (v q)‘
" " . H = am,n,k,l M - :0
Wo(As, M), =1xes":P-limy, P ,
k,|=0,0

uniformly in(p,q), for some p >0

AggX i —L‘
" ” . H & am,n,k,l M z (p’q) :0
W(A; M)\ ={Xxes":P=limy, ) ,
k,1=0,0

uniformly in(p,q), for some p >0, somelL

and

" ” & llXo_k,| (p,q)
W, (Ao- M )A =1Xe S SUPmnk| Z Amnk,l M <.
k,1=0,0

(4) If wetake M(x) = xand p,, =1, for al (1), then we have

2 A nk|Anx =0
W5 (A,) \ =1xe S :P-limy, Y mv”v"*" 1 a"*'<p,q)‘ :
kI1=0,0  uniformly in(p,q), for some p >0

= a ~L|=0
W'(A,) \ =1Xe S P-limp, Y T (p.a) ‘ ,

k!1=00  uniformly in(p,q), for some p >0, somelL

Aq1X
1% kil

and
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W (Az) o ={X€ S":SUPmaky D, Bmnkl AuX Kkl pa 00}-
k1=0,0 '
(5) If wetake A= (C,1,1) we have

Pi.i
0 1 ™an-1 M ‘Allxgk'l(p'q)‘ -0
w M, =<xes":P-lim_ — '
( I p)A mh N o P
uniformly in (p,q), for some p >0
Pi.i
1 m-1,n-1| M Allx"k'l(pvQ) _L
(W, M, p)A =sxes":P-lim_, —

=0
© MmN 50 P

uniformly in(p,q), for some o> 0, some L
and

Px.1
. © Y 1 m-1,n-1f
(W(7 ) M ) p)A Xes 'supm,n,k,l

<00,
k.1=0,0 P

(6) Let us consider the following notations and definition. The double sequence 6, = {(k,,1,)} is called
double lacunary if there exist two increasing integers sequences such that

k,=0h =k —k ., »> o asr —» o,

l, =0,h, =k, —K,;, > 0 ass— oo,
andlet h, s =h.hg, 6, isdeterminedby I, = 1{(i,]) k1 <i <k and lgg < j <Ig}.
If wetake

1

_ if (kl)el,q;
hr s hs
& skl =
0 otherwise.
we have
Pi.1
A11X kil
' (pa) _
(Wg,H,M,p)gz XGS"IP-”erSi > M P =0 :
hr,s (kely o
uniformly in(p,q), for some p >0
Pi.i
(Wcr’e’M’ p)A =

BX i g ™ L‘
A 1 (] R | )
xes":P-lim — > P
hr,s (k,el

rs

uniformly in(p,q), forsome p >0, some L
Autumn 2007
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and

Pi.1

" 0 ”. 1 AllXUK'I(PxQ)
(W, 0.M, p) =1 XeES":SUp, ¢y =— > M —— <o,
hr,s (el g P

(7) Asafind illustration, let

Xilj if kel [i—%+1i] and lel;=[j—%; +1,j]
& k) = '
0 otherwise.
we have
P
0 1 M Allxgk,l(pyq) :0
W, 4,M, p) = XES"ZP-”mH?k;I P :
1,] Keljlel;
uniformly in«(p, g), for some p >0
Pi.1
0 1 [ Allxdk,l(p’q)_l" 0
(W;,/i,M,p)A: XES":P_“mi’kaZ‘l P
1] Keljlel;
uniformly in(p,q), for some p >0, somelL
and
Px.i
A, X
" [ee} ". . 1 u Uk"(PvQ)
(WJ,/l,M,p)A: XES.P-|Imi)j7kz M| —— <oy
i,j keljlel; P

The following inequalities will be used throughout the paper. Let p = ( Pk, | ) be a double sequence of
positive real numbers with 0< py | < sup P = H and let C= max{1,2" '}, Then for the factorable
sequences { ay }-and { by } in the complex plane, we have

‘ak,| +bk’|‘l3k,l Sc(‘ak,l‘pk,l +‘bk,|‘|0k,| ).

The following theorem can be proved by using the techniques similar to those used in Theorem 1.1. of
[13].

Theorem 2.1. Let p=(py,) bebounded. Then wi(A,, M, p)s, W/(A, .M, p),, W (As,M, p)p are
linear spaces over the set of complex numbers C.

Definition 2. 2. An Orlicz function M is said to satisfy A,-condition for all values of u if there exists a

constant K>0 such that M(2u) <KM(u) for al u= 0. The A,-condition is equivalent to the satisfaction of
the following inequality M(lu) <K.IM(u) for all values of u and for | > 1.
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Theorem 2. 3. Let A be a nonnegative RH-regular summability matrix method and M be a Orlicz function
which satisfies the Ap-condition. Then wj(A,, p)y < Wo(A, .M, p)a» W(A,, P)a cW(A,,M,p), and
Weo (Az: P)a ©Woo(Ar M, D)y -

Proof: Let Xxe W'(A,, pP)a, then
PK,
‘ ' o (2.1)

00,00
Sr%ﬁ = z Amn,k,I ‘Allxck’l (pa) )
k,1=0,0 |

as m,n — oo uniformly in (p,q) in the Pringsheim sense. Let & > 0 and choose & with 0< 6 <1 such

that M (t) <g for 0<t<¢.Write AllkaJ

= |Aq1X — L{-and consider
(pa) |1k (p,q) ‘

ogio M (A Pk, _ 0,50 ( Pk,
am,n,k,l[ 1Y k|l )} - am,n,k,l[M A11Y ki )}
k,=0,0 o () KI=00A0Y i <5 o (pa)
00,00 pk,l
+ > Amyn k| [M (An1Y ki (p.) )] :
k'IZO'O;AllyO_kJ (p’q)>b
Since M is continuous we obtain
H 00,00
0,00 pk,l <
Amnkil [M Ay ki w )} s¢ Z am,n,k,|
kI=0.0:A1Y i, (o) <8 ' k,1=0,0
and for AllkaJ(pq) > 0 we have the fact that
A A
A 1Yk (p.q) 11Y 54 (p,g)
11Y ki <——— <+ —FF
o (p.a) S S

where [t] denotes the integer part of t, and since M is nondecreasing and convex we have

A 2A
1Y k| M@ 1, { 1Y K () ]

14 (p,a)
o

M(A11Y ki (p’q)) <M > > 5

Since M satisfiesthe A, -condition, there exists K> 1 such that

A1y ki KAL1Y ki A11Y ki
M (AY s (p g < K5~ PF (p’q)M(2)+—2" D m (2) = kK —ZLLD 1 (2),
! ¥ P P
Hence

Pk,
amn,k,| ['V' (A11y0k,| (p’q))}

k,|=0,0; >8
Yoki (p.a)

H
KM(2) %, Pk,
<max{ L S } > am,n,k,I[M (A11Y k| (p’q))} :

k,1=0,0; Y k| (p q)>§
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Thus (2.1) and RH-regularity of A grants us W'(A,,p)p, < W'(A,,M, p),. Following similar
arguments we can prove the following: Wy(A,, pP)x € Wo(A,,M,p), and W, (As.P)a

W, (AssM, P4 -

Theorem 2. 4. (1) If O<inf py < py; <1,then W'(A,,M, p), < W'(A,, M),
2 If 1< Pk, SSUp Pk <o, then V\/’(AO_, M)A (e V\/’(AO., M, p)A .

The proof of the Theorem is similar to that of Theorem 1.1. of [14].

The following corollary follows immediately from the above theorem.

Coroallary 2.1. Let A=(C,1,1) double Cesaro matrix and let M be an Orlicz function.

(1) If py | =1forall (k) and M satisfiesthe A, - condition, then

(W5)R < (W, MR, (W5, < (W5 M), and (W))3 < (W, M),
(2) If O<inf Pl < Pk, <1, then (WS-,M,p)A - (\N’&’M)A

(3) If 1< py; <suppy, <o, then (W5, M), = (W5, M, p),.

3. DOUBLE A-STATISTICAL

Natural density was generalized by Freedman and Sember in [15] by replacing C; with a nonnegative
regular summability matrix A= (an i) . Thus, if K is a subset of N then the A —density of K is given by
5A(K):”mnzk€Kan,k if the limit exists. Thus, notation was used by Kolk in [16] to extend
statistical convergence. In this section we define the double (A, A) -statistical convergence and establish
some connections between the spaces of strong-double (A, ), — convergence sequences and the space of
double(A,,A) -statistical convergence. Let K < NxN be a two-dimensional set to positive integers and
let K(m,n) be the numbers of (i,j) in K such thatI <nand j <m The two-dimensional analogues of

natural density can be defined as follows: The lower asymptotic density of aset K < NXN isdefined as
. K(m,n)
&K = ImmfmnT.

In the case of the double sequence m
has a double natural density as mn

having a limit in the Pringsheim sense, then we say that K

K(m,n)

P —limyy, = 52(K).

Let K < NXN beatwo-dimensional set of positive integers, then the A-density of K is given by

5%\('() =P—limy, zam,n,k,l
(k1)K

provided that the limit exists. The notion of double asymptotic density for double sequence was presented
by Mursaleen and Edely in[17].

Definition 3.1. A double real numbers sequence x is said to be (A, ,A) -statistically convergent to L if for
every positive &

52\({(k,|) : ‘AHXGKJ (00~ L‘ > g}j -0
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uniformly in (p,q) .
In this case we write X | — L(S"(A,,A)) or s"(A,,A)-limx=L and

S"(A,,A) = {x:3L e IRS"(A,,A)-limx=L}.

If A=(C,1,1), then (S"(A,,A)) reduces to s (A) which is defined as follows: A double real numbers
sequence X is said to be (o, A) -statistically convergent to L, if for every positive & > O the set

. 1 )
P _“mm'”m_,n|{k <m and I <n |ApX o, —L|2e}[=0,
uniformly in (p,q) .
In this case we write S; (A) -limx =L. If we take

1

hy S

if (k) el g
a skl =

0 otherwise.

where the double sequence 6, s = {(kr ,IS)} and ﬁr’ s are defined above. Our definition reduces to the
following: A double real numbers sequence x is said to be lacunary (J,A)—statistically convergent to L, if
for every positive ¢ > 0 the set

Ay —L|28}|=0,

1
P—Ilmrvsﬁ—|{(k,l)elrvs: X g1 (o)

r,s

uniformly in (p,q).
Finaly, if we write

if kel =[i & +1i] and lelj=[j—x;+1,]

>

TS
0 otherwise.

where /T,J by Ajuj.Let 2=(4) and u=(u;)be defined above. A double real numbers sequence x
issaidtobe (4,o,A)-datistically convergent to L, if for every positive ¢ > Othe set

=0,

P—Iimi’j %er |i | e Ij :‘Allxo.kJ (p.q) - L‘ZE}
1, ] '

uniformly in (p,q).

Theorem 3.1. If M is an Orlicz function and O<h<infy p; < py; <supy; Py =H <oo, then
W (A, .M, p)a < S (AA).

Proof: If xe W'(A,,M, p) then there exists p >0 such that
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Pk,
00,00 A11X kil -L
P-limpn Y, amnki|M o (P9 =0, uniformly in(p,q).
k,1=0,0 P

Thengiven ¢ >0 andlet g1 = i, we obtain the following for each (p,q),
Yol

Px.I
00,00 ALX Kl (g -
M o (p,a)
Y. amnk,|
k,/=0,0 P
r Py,
_ 00,00 A:I_:I.Xo_k,| (p.q) Q LJ
- z 8mnk,| M P
k,l :0,0;‘A11X0_k’| (p.0) —L|>¢
r 7Pk,
00,00 11X k| - L‘
J o™ (p.a)
+ Z 8mnk,l M P
k,l =0’0;‘A11Xa_k,| (p’q)—L <&
7Pk,
S 00,00 Allxo_k,| (p,9) - L‘
= am,n,k,l M D
k| =0'0;‘A11X0k,| (pvq)—L‘Z&'
00,00 H
X > amnki M ()]
k’IZO'O;‘AllXO,kJ (pyq)—L‘Zé‘
h H 00,00
2(m|n{[M (&)™, [M(7) }) D Amnk,
k’IZO'O;‘AllXUkJ (p'q)—L 2

> (min[M (e )", [M (e )] })5/2A({(k") :‘Allxa"" (pa) "

> g}j

Hence X € s (A A).
The above proof can easily be modified to prove the following theorem.

Theorem 3.2. If M is bounded an Orlicz function and O<h<infy px | < pk| < supk | Pk =H
<o, then s;(AA) € W (A5, M, p)a.-
If welet A= (C,1,1), M(X) = xand py; =1 for each (k,l) we have the following corollary:

Corollary 3.1. (i) If x| — L(W ), then X, | — L(s5 (A)).
(i) If xe £, (A) and x| = L(S}(A)) then X, | — L(W,), .
(i) S5 (A) N 0%, (A)= (W) o N7 (A) where 27, (A) = {x: Ay € 01 |

Iranian Journal of Science & Technology, Trans. A, Volume 31, Number A4 Autumn 2007



10.
11.
12.
13.

14.

15.

16.
17.

(As) A -Double sequence spaces via Orlicz... 367

REFERENCES

Schaefer, P. (1972). Infinite matrices and invariant means. Proc. Amer. Math. Soc., 36, 104-110.

Mursaleen, M. (1983). Matrix transformations between some new sequence spaces. Houston J. Math. 9(4), 505-
509.

Maddox, 1. J. (1967). Spaces of strongly summable sequences. Quart. J. Math. Oxford Ser. 18(2), 345-355.
Krasnoselskii, M. A. & Rutisky, Y. B. (1961). Convex function and Orlicz spaces. Netherlands: Groningen
Parashar, S. D. & Choudhary, B. (1994). Sequence spaces defined by Orlicz functions. Indian J. Pure appl.
Math., 25(4), 419-428.

Ruckle, W. H. (1973). FK Spaces in which the sequence of coordinate vectors in bounded, Cand, J. Math. 25,
973-978.

Maddox, 1. J. (1986). Sequence spaces defined by a modulus. Math. Proc. Camb. Philes. Soc., 100, 161-166.
Pringsheim, A. (1900). Zur theorie der zweifach unendlichen Zahlenfolgen. Mathematische Annalen, 53, 289-
321

Hardy, G. H. (1949). Divergent Series. London, Oxford Univ. Press:

Robison, G. M. (1926). Divergent Double Sequences and Series/ Amer..Math. Soc. Trans. 28, 50-73.

Hamilton, H. J. (1936). Transformations of Multiple Sequences. Duke Math. Jour ., 2, 29-60.

Kuttner, B. (1946). Note on strong summability. J. London Math. Soc.;:21, 118-122.

Savas, E. (2008). (A, ) -double sequence spaces defined by Orlicz function and double statistical convergence,
Computers & Mathematics with Applications, 33(6), 1293-1300.

Savas, E. & Patterson, R. F. (2007). Double sequence spaces defined by Orlicz function. Iranian Journal of
Science and Technology, 31(A2), 183-188.

Freedman, A. R. & Sember, J. J. (1981). Densities and summability, Pacific J. Math. 95(2), 293-305.

Kolk, E. (1993). Matrix summability of statistically convergent sequences, Analysis, 13(1-2), 77-83.

Mursaleen, M. & Edely, O. H. (2004). Generalized statistical convergence. Inform. Sci. 162(3-4), 287-294.

Autumn 2007 Iranian Journal of Science & Technology, Trans. A, Volume 31, Number A4



