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Abstract – We study the exponential decay of global solution for an n-dimensional thermo-elasticity system 
in a bounded domain of .nℜ  By using the multiplier technique and constructing an energy functional well 
adapted to the system, the exponential decay is proved. 
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1. INTRODUCTION AND STATEMENT OF THE MAIN RESULT 
 
For ,1≥n  let Ω  be a domain in nℜ  of a finite measure with a smooth boundary .Ω∂=Γ  Let 0x be any 
point of nℜ and define the following partition of boundary :Γ  

 
}0)()(;{0 >⋅Γ∈=Γ xxmx ν  

 
}0)()(;{\ 01 ≤⋅Γ∈=ΓΓ=Γ xxmx ν  

 
where ,)( 0xxxm −=  )(xν  denotes the unit outward normal vector to Ω  at Γ∈x . On this domain with 
time ,+ℜ∈t  we consider the system 

 
                                                          0=∇+∆− vuutt µ     in    ,+ℜ×Ω                                                 (1) 

 
                                                         0=∇+∆− tt uvv µ     in    ,+ℜ×Ω                                                 (2) 

 
( 0≠µ  is a real number) with initial and boundary conditions 

 
                                                                     0=u      on    ,1

+ℜ×Γ                                                           (3) 
 

                                                                     0=v      on    ,+ℜ×Γ                                                            (4) 
 

                                                  )()()(( tuhxxmu ν
ν

⋅−=
∂
∂

     on     +ℜ×Γ0                                             (5) 

 
                                          ),()0,( 0 xuxu =    ),()0,( 1 xuxut =    )()0,( 0 xvxv =                                      (6) 

 
which can be viewed as an n-dimensional thermo-elasticity system with displacement u  and v  the 
temperature deviation from the reference temperature. The considered model has several sources of 
dissipation. It is not only the thermal dissipation, but also the frictional damping acting in the boundary. It 
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is known that the model, without any frictional dissipation in the boundary of the domain, enjoys 
exponential decay of energy. 

In this paper we shall prove an exponential decay of energy for a thermo-elasticity system. Motivated 
by this problem, we are interested here in the decay property of the couple ),( vu  which is the solution of 
(1)-(6) with )(sf  such that  

 
                                                      ,)(lim)(lim +∞<<<∞−

+∞→−∞→
sfsf

ss
                                                    (7) 

 
if f  satisfies at most (1.7), the dissipative effect by )( tuf is as weak as || tu  is large, and for 
convenience we call such a term weak dissipation. 

Hereafter, we consider the most typical example 
21

)(
s

ssf
+

=  
 

                                                          |||)(|||
2

1 ssfs ≤≤     if    ,1|| ≤s                                                   (8) 

 

                                                             |||)(|
2

1 ssf ≤≤     if    ,1|| >s                                                     (9) 

 
which is increasing, globally Lipshitz continuous, satisfies 

 
                                                         0)( ≥ssf      and     .1)(lim ±=

±∞→
sf

s
                                               (10) 

 
Before we present our main result, let us dwell a moment on some previous interesting articles. 
Since the pioneering work of Dafermos [1] on linear thermo-elasticity, significant progress has been 

made on the mathematical aspect of thermo-elasticity, see [1-12] among others. More precisely, Dafermos 
[1] has shown that if  
 

,),,( 221
010 LLHvuu ××∈  

 
then the energy function of the one-dimensional homogenous thermo-elasticity bar defined as 
 

2
2

2
2

2
2 ||||||||||||)( vuutE tx ++=  

 
converges to zero as time goes to infinity. However, no decay rate was given. It is well known that |||| ⋅  
denotes the 2L  norm and 1H  is the usual Sobolev space when u and v  satisfy the Dirichlet and 
Neumann boundary conditions, respectively (or vice versa). Hansen [2] in 1992 succeeded establishing an 
energy estimate of the form 

 
                                                           teMEtE α−≤ )0()(  for all ,0>t                                                    (11) 

 
where M and α  are positive constants. He used the Fourier series expansion method and decoupling 
technique. We refer to Gibson et. al [3] for another approach that is a combination of the semi-group 
theory and the energy method. 

In recent years, the existence, uniqueness and asymptotic behavior of solutions of the system of 
thermo-elasticity has been analyzed intensively ([4, 5, 6] and the references cited there in). However, as 
far as we know, very little is known about the energy estimate of the form (1.11) for thermo-elasticity 
systems. The object of this paper is to prove that (1.11) holds for solutions of (1)-(6) which is assumed to 
exist in the class 

 
                               )),(,())(,())()(,( 221112 ΩℜΩℜΩΩℜ∈ +++ LCHCHHCu ∩∩∩                    (12) 
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                                             )).(,())()(,( 211
0

2 ΩℜΩΩℜ∈ ++ LCHHCv ∩∩                                       (13) 
 

The function spaces we use are all familiar and we omit their definitions. Our main tool is an integral 
inequality combined with a multiplier technique. 

We define the energy of the solution by the formula 
 

                                                          .)||(
2
1)( 222 dxvuutE t +∇+= ∫

Ω

                                                    (14) 

 
If ),( vu is a strong solution, then from (1.10) and by simple combination 

 

                                          ,0})()(||{)(
0

2 ≤Γ⋅+∇−= ∫∫
ΓΩ

dufumdxutE
dt
d

ttν                                      (15) 

 
and for all +∞<<≤ 210 tt  

 

                                       .)()(||)()(
2

1

2

1

2
21 dtdufumdxdtvtEtE t

t

t
t

t

t

Γ⋅+∇=− ∫ ∫∫ ∫
ΩΩ

ν                                (16) 

 
Hence, the energy is non-increasing and our result is the following: 
 
Theorem: There exist two positive constants M  and β  such that  

 
                                                        )exp()0()( tMEtE β−≤  for all 0>t                                              (17) 

 
for all initial data ).()()(),,( 221

010 Ω×Ω×Ω∈ LLHvuu  
For the proof of the THEOREM, we need the following useful lemma.  

 
Lemma: ([7]) Let ++ ℜ→ℜ:E  be a non-increasing function and assume that there exists a constant 

0>T  such that 
 

                                                     ∫
+∞

≤
t

tTEdE )()( ττ      for all     .+ℜ∈t                                               (18) 

 
Then 

 

                                                ),1exp()0()(
T
tEtE −≤       for all     .Tt ≥                                            (19) 

 
2. PROOF OF THE THEOREM 

 
Multiplying the equation (1) by ,u  we have 

 

dtduudxuudxdtuu
T

T
tt

T

Γ
∂
∂

+−=−∇ ∫ ∫∫∫ ∫
ΩΩΩ 0

0
2

0

2 ][)|(|
ν

 

 

.
0
∫ ∫
Ω

∇+=
T

vdxdtuµ  
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Whence 
 

dxdtvuvudxdtvuu
T

t

T

t )2()||( 2

0

222

0

2 ∇−+=+∇+ ∫ ∫∫ ∫
ΩΩ

µ  

 

.][
0

0

01

dtduudxuu
T

T
t Γ

∂
∂

+− ∫ ∫∫
ΓΓΩ ∪ ν

 

 
That is 
 

∫ ∫ ∫
Ω

∇−++=
T T

t dxdtvuvudttE
0 0

22 )2()(2 µ  

 

                                                          .][
0

0

01

dtduudxuu
T

T
t Γ

∂
∂

+− ∫ ∫∫
ΓΓΩ ∪ ν

                                                    (20) 

 
Next, multiplying the equation (1) by ,)(2 uxm ∇⋅ we obtain 
 

dxdtuxmvuxmu
T

T
t ))((2]))((2[

0
0 ∇⋅∇+∇⋅ ∫ ∫∫

ΩΩ

µ  

 

                                               ∫ ∫
Ω

∇⋅∆+∇⋅=
T

tt dxdtuxmuuxmu
0

.)))((2))((2(                                       (21) 

 
Here, we formally see 
 

∫
Ω

∇⋅∆+∇⋅ dxuxmuuxmu tt )))((2))((2(  

 

∫ ∫
Ω ΓΓ

Γ
∂
∂

⋅+∇−∇⋅=
01

222 ||)()||))()(((
∪

dumdxunuxm t ν
ν  

 

                                         .)||)(()||(
01

2222 ∫∫
ΓΓΩ

Γ
∂
∂

+⋅+∇+−=
∪

duumdxuun tt ν
ν                                   (22) 

 
Thus, we have from equations (21) and (22) that 
 

∫ ∫∫
ΩΩ

∇⋅∇+∇⋅
T

T
t dxdtuxmv

n
dxuxmu

n 0
0 ))((4]))((4[ µ

 

 

                                 .)||)((2)||(2
0

22

0

22

01

∫ ∫∫ ∫
ΓΓΩ

Γ
∂
∂

+⋅+∇+−=
T

t

T

t dtduum
n

dxdtuu
∪ ν

ν                            (23) 

 
Combining equations (20), (2.4) and using boundary conditions (4)-(6) we have 
 

∫
T

dttE
0

)(2  
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∫ ∫∫
ΩΩ

∇−+∇⋅+≤
T

Ttt dxdtvuvdxuxmu
n

uu
0

20 )(])))((4([ µ  

 

∫ ∫∫ ∫
ΓΩ

Γ+⋅+∇⋅∇−
T

tt

T

dtdufum
n

dxdtuxmv
n 0

22

0 0

))()((2))((4 νµ
 

 

                                                                ∫ ∫
Γ

Γ⋅−
T

t dtduufm
0

.)()(
0

ν                                                            (24) 

 
First, we derive a bound for the last boundary integral on the right-hand side of (24). Using (20) we get 
 

|)()(|
0 0

∫ ∫
Γ

Γ⋅−
T

t dtduufm ν  

 

                                                  .)2(][
0

22
0 ∫ ∫∫

ΩΩ

∇−++≤
T

t
T

t dxdtvuvudxuu µ                                           (25) 

 
We deduce from (24) and (25) that 
 

∫
T

dttE
0

)(2  

 

∫ ∫ ∫
Ω Ω

∇−++∇⋅+≤
T

tTtt dxdtvuvudxuxmu
n

uu
0

220 )(2])))((42([ µ  

 

                                 .))((4))()((2

00

22

0

∫ ∫∫ ∫
ΩΓ

∇⋅∇−Γ+⋅+
TT

tt dxdtuxmv
n

dtdufum
n

µν                           (26) 

 
Next, by using Holder and Poincare inequalities we majorize the right-hand side of inequality (26). Then 
we obtain 
 

∫
Ω

∇⋅+ |)))((42(| dxuxmu
n

uu tt  

 

∫∫
ΩΩ

∇+Ω++≤
∞∞

dxum
n

Cdxum LtL
22 ||)||||2)(()||||21( ε

εε
 

 

∫
Ω

+∇+≤ dxvuut )||( 222
1α  

 
                                                                             ),0(2 1Eα≤                                                                    (27) 

 
with  
 

}1,||||2)(,||||21max{1 ∞∞
+Ω+= LL m

n
Cm ε

εε
α  and 
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∫
Ω

∇−+ dxvvut )(2 22 µ  

 

∫∫∫
ΩΩΩ

∇+∇Ω++≤ }||
2
1||)(

2
{2)(2 2222 dxudxuCdxvut ε
εµ  

 

                                                         ,)()(()(
0

1 ∫
Γ

Γ⋅+≤ dufumtE ttν
ε
µγ                                                 (28) 

 
with )}.(,2max{1 Ω= Cµεγ  Hence, from (15) we get 

 

                                             ),0()()(2
00

1
22 EdttEdxdtvuvu

TT

t ∫∫ ∫ +≤∇−+
Ω ε

µγµ                                   (29) 

 
and  
 

|))((4|
0
∫ ∫
Ω

∇⋅∇−
T

dxdtuxmv
n
µ

 

 

dtdxvdxum
n

T

L )||1||(||||2 2

0

2 ∫∫ ∫
ΩΩ

∇+∇≤
∞ ε

εµ
 

 

                                                         ),0(||||2)(
0

2 Em
n

dttE L

T

∞
+≤ ∫ ε

µγ                                                   (30) 

 
with }.||||2,1max{2 ∞

= Lm
n
εµγ  We deduce from (27)-(30) that 

 

                                               .)(2)0()()2(
0

2

0 0

∫ ∫∫
Γ

Γ⋅+≤−
T

t

T

dtdum
n

EdttE ναγ                                       (31) 

 
If ,1|| ≤tu  then we obtain from (8) and (31) 

 

∫−
T

dttE
0

)()2( γ  

 

∫ ∫
Γ

Γ⋅+≤
T

tt dtdufum
n

E
0 0

)()(22)0( να  

 

).0()22( E
n

+≤ α  

 
Choosing ,2<γ  we obtain the desired result by applying Lemma. 

If ,1|| >tu  then we obtain from the trace theorem )()()(1 Γ⊂Ω⊂Ω ∞LCH  and (9) 
 

∫−
T

dttE
0

)()2( γ  
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∫ ∫
Γ

Γ⋅+≤
∞

T

ttLt dtdufumuE
0 0

)()(||||)0( να  

 
),0()||||( Eu Lt ∞

+≤ α  
 

and hence, the choice 2<γ  with Lemma yield the desired decay estimate. 
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