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Abstract – Time-dependent Schrödinger equation for a 1-D model of hydrogen molecular ion H2

+ in intense 
laser field linearly polarized along the molecular axis is solved. Ionization rates are calculated for different 
initial states. The evolution of electronic wavefunction at fixed inter-nuclear separations are simulated and 
analyzed. The results obtained for the ground state of this 1-D model of H2

+ show appreciable qualitative 
agreement with the results obtained previously in the 2-D and 3-D studies. The Ponderomotive energy effect 
on the beginning of ionization in different initial states is observed. The above threshold ionization has a large 
contribution in the ionization of electrons, except for the ground state and at equilibrium inter-nuclear 
separation. The ionization rates show that at some inter-nuclear separations larger than 4.0 au, resonance 
enhancement ionization by some higher excited states occur. At inter-nuclear separations shorter than 4.0 au, 
the ground state does not show any resonance with higher excited states. 
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1. INTRODUCTION 
 
In the past two decades, a number of interesting phenomena related to the interaction of atoms and 
molecules with short laser pulses have been observed and studied [1]. In the simple case, these phenomena 
arise from the interaction of the electrons of an atom with a strong laser field. This interaction may result 
in the ionization of an electron and its acceleration, and possibly recombination with the parent atom or 
molecule to generate a high energy XUV photon (high harmonic generation) [2, 3]. Recollision of the 
(free) ionized electron with the parent molecule has an important role in the pattern of fragmentation and 
its further ionization steps. For example, the ionized electron from the H2

+ molecule is driven back by the 
laser field to collide with the H2

+ ion, which may result in the second ionization or excitation of the H2
+ 

ion. The excited H2
+ ion can then be dissociated directly, or ionized by the laser field [4-7]. 

Theoretical studies in this field are based on the dipole approximation for laser-atom interactions. 
Such an approximation is valid for laser intensities that are not high enough to accelerate the electrons to 
relativistic velocities. 

In the intense laser field, photoelectron spectra show many peaks corresponding to the absorption of 
more photons than the minimum number necessary for ionization. The phenomena in which an electron is 
ionized by a number of photons more than needed to increase electron energy up to ionization potential is 
called above-threshold ionization or simply ATI [8]. The energies of dissociating molecular fragments 
also show absorption or emission of additional photons beyond the minimum order process. This 
phenomena is called above-threshold dissociation and acronymed ATD [9]. In intense laser field, these 
two phenomena compete. 
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When the laser intensity is above ~1014 W/cm2 (corresponding to a peak electric field of ≈1 V/Å via 
2
002

1
EcI  ), the light induced shift in the energies of molecular states becomes quite large, often larger 

than the photon energy ћω. Ordinary perturbation theory is not very useful for calculating absorption rates 

in this intensity regime, as many of the photons may be absorbed during a single dissociation or ionization 

process. 

The extra energy induced by the laser field on a weakly bound electron is comparable to a classical 
quantity known as the ponderomotive potential. This potential, which is the cycle-averaged kinetic energy 
of a free electron wiggling in an oscillating electromagnetic field, is given by [10]: 

 

                                                                      2

2
0

2

4 m

Ee
U P                                                                  (1) 

 
in which m is the mass of electron at rest, e is its charge, E0 is the peak electric field and ω is the frequency 
of the laser pulse. The ponderomotive energy increases quadratically with wavelength, and is linear in 
intensity (intensity quadratically depends on the peak electric field). For example, for the intensity of 1013 
W/cm2 and λ=1.06 μm, UP is about 1 eV. The light-induced shifts in the levels of a molecule can be 
comparable to UP, and therefore should be directly observable in photoelectron spectra. Although the 
source of this energy is kinetic, it acts like an effective potential energy. A charged particle in an 
inhomogeneous region of intensity, such as that in a laser focus, experiences a time-averaged force equal 
to the negative gradient of this ponderomotive potential. In the weakly bound Rydberg states, the 
ponderomotive contribution dominates, while in the ground state, ponderomotive motion and bound state 
couplings tend to cancel [11]. 

In time-dependent quantum mechanics, the wavefunction Ψ( r


, t) at time t is obtained by solving the 
time-dependent Schrödinger equation (TDSE). This is accomplished numerically in what is called the grid 
method, by representing the initial state of the system by Ψ( r


, 0) on a discrete grid in coordinate space, 

and following its evolution by slicing time into small intervals [1-3, 8]. The nature of the laser field 
requires the use of a time-dependent vector potential scheme for the laser-atom and laser-molecule 
interactions in the Hamiltonian of the system [1-3]. 

Over the past decade, powerful computational hardware and software facilities have allowed the 
numerical solution of the 1-D and 2-D TDSE, and attempts towards the solution of the full dimensional 
H2

+, including electronic and nuclear dynamics, has been in order in this field of physics. Results of these 
studies effectively describe the phenomena of the interaction of short pulse lasers with atoms and 
molecules [12-15]. In spite of limitations in the description of the 3-D actual system, the unrealistic 1-D 
model is a useful starting point for the study of different phenomena and preliminary evaluation of new 
approaches and numerical methods proposed for the study of 3-D systems in a reasonable amount of time. 
Results of the 1-D model can thus be used for a qualitative description of the system behavior. Application 
of the 1-D model for the atom-laser interaction was examined first by Geltman [16, 17]. In a 1-D simple 
model, some selections of parameters, such as magnetic field and circular polarization (of the laser field) 
are essentially neglected. Since one-dimensional calculation is fast, the effects of a variety of parameters 
such as pulse length and large spatial grids can be investigated. A 1-D model is adopted in order to see 
how the picture of the physical details of the system is distorted and what part of the phenomena are 
expressed correctly (at least qualitatively) when reducing the dimensionality of the system. The results 
obtained from the 1-D model studies are important in that they can serve as a guide in the future studies on 
the 2-D and 3-D atom-laser or molecule-laser interactions. Success and feasibility of the application of 
new methods, and the study with new laser field intensities and/or under different system conditions can 
be tested on the 1-D model prior to the calculations on the actual system.  
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In this work, TDSE describing the interaction of the 1-D model of the H2
+molecule in different initial 

states with an intense linearly polarized laser field is solved numerically using available efficient 
numerical methods [18-21]. A real space-time evolution approach based on Suzuki's fractal decomposition 
with the Cayley form [22] has been used. Orthonormality and overall norm (i.e. sum of the ionized and the 
remained parts of the norm of the wavepacket) of the system are preserved during all steps of the 
calculations. An adaptive grid [12-15] is used for the discretization of the only coordinate of the 1-D 
space. Ionization rates of this 1-D model molecular system from different initial states are then calculated 
for different inter-nuclear separations.  
 

2. COMPUTATIONAL MODEL 
 
There is a range of laser parameters (frequency and intensity) at which the velocity of the electron is small 
enough to permit the assumption that the electron dynamics is described by the Schrödinger equation and 
large enough to include the first-order relativistic corrections. In this region, TDSE with scalar potential, 
V( r


), and time-dependent vector potential,  trA ,


, has the following form in atomic units (e=1, me=1, 
ћ=1, c=137): 
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                                     (2) 

 
For the linear molecule H2

+, the soft-core scalar Coulomb potential in the x direction is: 
 

                                       2/122/12 ))2/((

1

))2/((

1
)(

aRxaRx
xV





                                   (3) 

 
in which a is a parameter that allows avoiding singularities at the origins and is chosen to be a=1.52 in our 
calculations to produce the energy eigenvalue of our interest in the absence of the laser field. Increasing 
the value of a results in a flatter potential and a higher energy for the 1-D model of H2

+, and consequently, 
in a more spread out initial wavepacket. The spatial adaptive (non-uniform) grid used in these calculations 
has 570 points. In this grid, and for the chosen value of a, the ground state of the 1-D model molecule has 
an energy of Eg = −0.59, as determined by the standard imaginary-time propagation method. The excited 
states of the H2

+ molecule are determined numerically using imaginary time Gram-Schmitt 
orthogonalization method. Polarization and the wave vector of the laser pulse are assumed to be along the 
x and y axes, respectively. The space dependence of the field has been neglected and dipole approximation 
is assumed. Therefore, the monochromatic electric field applied on the H2

+ molecular ion takes the form: 
 

                                                              )cos()()( 0 ttfEtE xx                                                         (4) 
 

in which xE0 is the maximum strength of the electric field of the laser pulse, ω is angular frequency, f(t) is 
an envelope function with a ramp-on from 0 to 1 during 1tt 0  , then becoming constant, 1, from t1 to 
t2 and then ramped-off to 0 during 32 t t t  ; t3 is thus the overall duration of the pulse. We have used 
the following form for the envelope of the laser field: 
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In our study, 1t , 2t  and 3t are chosen to be four, fourteen and eighteen periods of the laser pulse, 

respectively. 
The vector potential  trA ,


 in Eq. (2), denoted simply by  tAx  in the 1-D space within the long 

wavelength approximation, is defined by 
 

                                                                 
t

xx tdtEctA
 

0 
                                                        (6) 

 
in which Ex(t΄) is given by Eq. (4) and c is the speed of light. 

One serious problem in time-dependent quantum mechanical calculations is that, as time progresses, 
the wave packet (WP) reaches the grid edges and undergoes spurious reflections or wraps around, 
depending on the type of method used in evaluating the action of the kinetic energy operator on Ψ( r


,t). 

One way to avoid this problem is to use a very large grid which would delay the WP reaching the 
boundaries. This would mean a tremendous increase in the allocated computer memory and the calculation 
time which is not feasible in many practical applications. Thus, to avoid these difficulties a negative 
imaginary potential (NIP) is used. When the NIPs are added to the Hamiltonian, WP is absorbed near the 
boundaries. For the one-dimensional system of our interest, in the presence of the laser field and NIP, the 
TDSE now takes the form: 
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in which V(x) and  tAx  are given respectively by Eqs. (3) and (6). The NIP set on the borders of the grid 
box acts as an absorbing wall [23]. We have chosen the following form for VI(x). 
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Here, x1 and x2 define the range in which the NIP is operative. In our calculation, Vo and α parameters 

adjusting the NIP variation are set to 5.0 and 4.0, respectively.  
In the split operator (SO) method used in the present study, the wave function at time t+∆t is 

calculated from the wave function at the previous time step t using: 
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which is evaluated using Crank-Nicholson finite-difference scheme. The SO scheme, even in the presence 
of NIP, is unconditionally stable. It conserves norm but does not conserve energy.  

The ionization rate Γ is related to the initial and instantaneous norm of the system, |Ψ(0)|2 and |Ψ(t)|2, 
via 

 

                                           tttN  exp0
22

   ,   
  

dt

tNd ln
                              (10) 

 
Such an exponential decay of the norm under the influence of the laser field is an approximation 

which is valid for the cases with constant ionization rate Γ. This equation, which is used routinely by 
researchers of the field, can thus be regarded as a definition for the ionization rate Γ.  

The laser parameters used in our study are set to E0x= 0.10676, ω=0.057, which are equivalent to 
2.8×1014 W/cm2 intensity and λ=800 nm wavelength. The time step is set to ∆t=0.02 au. The rising time 
(ramp-on) and the ramp-off of the laser pulse are both selected to be 4 cycles. Duration of the full scale 
intensity is set to 10 cycles, thus the overall pulse duration is 18 cycles of the laser pulse. 
 

3. RESULTS AND DISCUSSION 
 
Variation of the probability density of the electron, |Ψ(t)�|2, with time for the ground state (n=1, 2Σ) of H2

+ 
at several inter-nuclear distances (R) are calculated and demonstrated in Fig. 1. This figure shows that 
|Ψ(t)�|2 follows an exponential decay. This exponential variation is associated with relatively large 
background oscillations (the periodic appearance of the time durations over which the norm is relatively 
constant), i.e. with a steplike pattern caused by the oscillation of the laser field. In these time periods 
which happen around the maxima and minima of the electric field oscillations (and thus, the number of 
steps is equal to the number of oscillations of the laser field envelope), the ionization rate is nearly 
negligible and thus the wavefunction does not decay as rapidly as during the other time periods of the laser 
pulse.  

As shown in Fig. 1, the time at which exponential decay in the norm of the wavefunction (and thus 
ionization) begins is different for different inter-nuclear separations. This behavior arises from the initial 
WP energy and the coulomb potential energy associated with each inter-nuclear distance. It can be seen 
from Fig. 1 that at some points of the laser pulse, the curves for different inter-nuclear separations larger 
than R=4.0 au intersect, showing that the slopes of the curves are different and change with time. This 
means that at these intersection points (times), the initial condition of the WP does not play a critical role 
in the determination of the ionization rate. The time-dependent behavior of the norm is sensitive to the 
initial state, and as the initial states are totally different, different behaviors for the norm and the 
corresponding instantaneous ionization rates are expected. This can be seen clearly, especially at the initial 
periods of the laser field. In other words, the results presented in Fig. 1 show that it is not possible to 
extrapolate the comparative ionization behavior of the WP’s corresponding to different inter-nuclear 
distance R from the initial points of their interactions with the field.  
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Fig. 1. Variation of the probability density or norm, |Ψ(t)|2, of the H2
+ 1-D model electron with time at 

different inter-nuclear distances obtained under the influence of a laser pulse of I=2.8×1014 W/cm2  
and λ=800 nm with the pulse shape given in Eq. (5). Curves are expanded in (b) and (c) for  

better resolution. The time axis atop the plots are given in terms  
of the cycles of the laser field 

Figure 2 shows a comparison of the changes in the probability density of the electron with time for 
five different initial states of H2

+ at two inter-nuclear distances 2.0 and 9.0 au (the corresponding semi-log 
plots are presented in Fig. 3). For the smaller inter-nuclear distance R = 2.0 au, the excited states show 
distinctly different behaviors from that of the ground state. Ponderomotive energy can account for this 
behavior, which is important in the higher excited states. The ponderomotive force is, at least partly, 
responsible for the decay of the norm at the longer times for the excited states. Similar to what was found 
for the time dependent norms of the ground state at different values of R (Fig. 1), here in Fig. 2, the curves 
for different initial states intersect. It can thus be said that the comparative ionization behavior of the WP’s 
of different states evolve with time and cannot be extrapolated from the initial points of the interaction 
period. It is clear that at the inter-nuclear separation R = 2.0 au, the ground state and other excited states 
have different behaviors in the overall interaction time period. At the inter-nuclear separation R=9.0 au, 
the ground state and higher excited states have very similar behavior during the course of the laser field 
pulse. 
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Fig. 2. Variations of the norm, |Ψ(t)|2, of the H2
+ 1-D model electron in the laser field of I = 2.8×1014 W/cm2 and 

λ = 800 nm with the pulse shape given in Eq. (5) at different inter-nuclear  
distances (a) R=2 au and (b) R = 9 au 
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Fig. 3. Semi-log illustration of the time variations of the norm, |Ψ(t)|2,  
of the 1-D H2

+ system presented in Fig. 2 
 

The correspondence between the variation of the probability density, |Ψ(t)�|2, of the ground state 1-D 
model of H2

+ and the oscillations of the electric field of the laser pulse for inter-nuclear distance R = 9.0 
au is illustrated in Fig. 4. It is clear from this figure that the rate of decay in the norm of the WP is small at 
the peaks and large in the rising or lowering regions of the laser field oscillations. This means that the 
ionization rate is larger in a short time period between each consecutive pair of maximum and minimum 
of the laser pulse electric field. 
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Fig. 4. Correlation between the variation of the norm of the 1-D model of the H2

+ system at R=9.0 au and the 
oscillation of the electric field of the laser pulse during the time period from t=2 to t=5 cycles 

 
Ionization rates of the 1-D H2

+ in intense laser field as a function of inter-nuclear distance for five 
different initial states are calculated and shown in Fig. 5. The results obtained in this work for the ground 
state (n = 1, 2Σ) of the 1-D model of H2

+ are very similar to that obtained in the previous studies for the 2-
D and 3-D models [12, 13]. At small inter-nuclear distances (R ≤ 3.5 au), ionization rates for the first 
(n = 2, 2Σ) to the fourth (n = 5, 2Π) excited states of the H2

+ ion, projected onto a 1-D space, are larger than 
those of the ground state. The first peak of the ionization rate curve of the ground state (n = 1, 2Σ) appears 
at R = 4.5 au. Ionization rates of the second (n = 3, 2Σ) and the fourth (n = 5, 2Π) excited states also show a 
peak in this inter-nuclear separation. The ionization rates for different initial states show resonance 
enhancement at some inter-nuclear distances, which is in qualitative agreement with that obtained by a 
three-dimensional study on a two-state model, but with different sets of laser field parameters [24-26]. The 
results obtained for all five states show similar functional forms with inter-nuclear separations. The 
ionization behavior of the 1-D model of the H2

+ system in each initial state at different inter-nuclear 
separations is different. 
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Inter-nuclear distance R (au) 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
Fig. 5. Ionization rate, Г, of the 1-D model of H2

+ in intense laser field of I = 2.8×1014 W/cm2 and  
λ = 800 nm as a function of inter-nuclear distance, R, calculated for five different initial states 

 
The evolving electronic wavepacket can be represented in terms of a complete set of the H2

+ field-
free electronic states wavefunctions. For practical purposes, a limited number of basis functions is usually 
used. Figures 6-11 show the contributions from the five lowest field-free electronic wavefunctions (Фn ; 
n=1-5), to the time-dependent electronic wavepacket Ψ(t) of the H2

+ system calculated for three different 
cases starting from three different initial field-free electronic states at two different inter-nuclear 
separations, R = 2.5 and 9.0. Figs. 6-11 show clearly that at the smaller inter-nuclear separation R=2.5 
(which is about the H2

+ equilibrium distance), the time-dependent population pattern obtained for the 
Ψ(0)=Ф1 case (i.e. starting with the ground state wavefunction) is different from those obtained for other 
cases; with Ψ(0) = Фn, n = 2-5. This is while at the larger inter-nuclear separation R = 9.0, the time-
dependent population patterns obtained for different cases are similar. At R=2.5, if starting from Ψ(0)=Ф1 
initial WP, variations of the populations of different states have almost fixed comparative phase shifts over 
the first two and the last two cycles of the laser pulse, while, if starting from Ψ(0) = Фn≠1 initial WPs, these 
variations have a relatively fixed phase shift only over the first two cycles of the laser pulse. At R = 9.0, 
no phase shift correlation could be established between the variations of different populations, regardless 
of the type of initial WP. Populations obtained for all cases at both inter-nuclear separations have a chaotic 
behavior, except for the Ψ(0) = Ф1 case at R = 2.5 which have well-behaved periodic patterns. This 
behavior is due to the fact that all of the H2

+ field-free electronic states are non-bound except for the 
ground state at R = 2.5.  
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Fig. 6. Calculated contributions of the five lowest field-free electronic wavefunctions (Фn ; n=1-5), to the time-
dependent electronic wavepacket Ψ(t) of the 1-D model H2

+ system at R = 2.5 au over the  
18-cycle linearly polarized laser pulse with ω = 0.057, E0 = 0.1067 (corresponding to  

I = 2.8×1014 W/cm2 and λ = 800 nm) starting from the Ψ(0) = Ф1  
(ground state) as the initial WP 

 
 
 
 
 
 
 
 
 
 

 
 
 
 
 

 
 
 
 
 
 
 
 
 

 
Fig. 7. The same as Fig. 6 at R = 2.5 au, but starting from  
Ψ(0) = Ф3 (the second excited state) as the initial WP 
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Fig. 8. The same as Fig. 6, at R = 2.5 au, but starting from  
Ψ(0) = Ф5 (the fourth excited state) as the initial WP 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. 9. The same as Fig. 6, but at R=9.0 au and starting from 
Ψ(0) = Ф1 (the ground state) as the initial WP 
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Fig. 10. The same as Fig. 9, at R = 9.0 au, but starting from  
Ψ(0) = Ф3 (the second excited state) as the initial WP 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 

 
Fig. 11. The same as Fig. 9, at R = 9.0 au, but starting from  

Ψ(0) = Ф5 (the fourth excited state) as the initial WP 
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Fig. 12. Snapshots of the evolution of the 1-D H2

+ molecular ion starting electron wavepacket from three different 
initial states in an 18-cycle linearly polarized laser pulse with ω = 0.057, E0 = 0.1067 (corresponding  

to I = 2.8×1014 W/cm2 and λ = 800 nm) for (a) R = 2.5 au and (b) R = 9.0 au 
 

For large values of R, the selected initial wavefunctions are so unstable that they immediately evolve 
(either via ionization or via the build-up in the other states) from unity to small values after the first few 
steps of calculations. This short period of time over which the norm takes distance from unity cannot be 
resolved in Figs. 9-11. For small values of R, however, the selected initial wavefunctions are relatively 
more stable and their norms survive longer to be observable in the time windows of Figs. 6-8. 

Figure 12 shows slices of the animations illustrating the evolution process of the electron WP at two 
different inter-nuclear separations from three different initial states (Animations can be obtained from the 
authors). Animation of the WP evolution for R=2.5 au, Fig. 12(a), shows that in this inter-nuclear 
separation, the ground state (n=1, 2Σ) has a different behavior compared to the other two excited states 
(n=3, 2Σ) and (n=5, 2Π), although the behavior of the two excited states are similar. The animation of the 
WP evolution for R=9.0 au, Fig. 12(b), shows that the ground state and the other two excited states behave 
similarly. These animations show that most displacements of the WP correspond to the zero values of the 
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electric field oscillations. For the 1-D model used in this study, correlation of the time-dependent norm 
and the laser field oscillations is independent of the gauge; however, oscillation of the amplitude of the 
vector potential is shifted in the phase from the oscillations of the electric field by π/2. 

For the 2-D and 3-D calculations, we would need to specify symmetry of the excited Σ states which 
can be viewed as the linear combinations of the p-orbitals or π-orbitals based on the treatments of the VB 
and MO theories, respectively. However, because of the projection of the wavefunctions onto the 1-D 
space, only σh symmetry survives, and all non-σh symmetries collapse and disappear. Therefore, the +/− 
symmetry of these excited Σ states does not contribute to the 1-D calculations. Therefore, the +/− label is 
omitted from these Σ states in this report. 
 

4. CONCLUSION 
 
We have studied and simulated the interaction picture of the linearly polarized laser pulse with a 1-D 
model of the H2

+ molecular ion. The results obtained from this 1-D model are in qualitative agreement 
with the results reported previously for the 2-D or 3-D models. The ionization rates from different initial 
states showed that the behavior of the system in the ground state at small inter-nuclear separations (about 
equilibrium distance) is significantly different from those in the higher excited states. In the inter-nuclear 
separations larger than equilibrium distance, the ionization behaviors of all other initial states become 
similar. The ionization rates for different initial states show resonance enhancement at some inter-nuclear 
distances. Oscillations of the ionization rate curves with inter-nuclear separation at large values of R are 
significantly decreased and the curves are smoother. 

Results of the present study showed that although the dimensionality of the model quantitatively 
affects the results considerably, it does not distort the qualitative picture of the ionization process of the 
H2

+ system in the intense laser field ionization process. Therefore, it is worth trying to simulate the 
fragmentation process of the same model system in an intense laser field by releasing the nuclei and 
including the nuclear terms in the time-dependent Hamiltonian. Results of such a general 1-D model 
would then act as a benchmark for future test calculations on the H2

+ 1-D model for a new laser field and 
system conditions. 
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