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Abstract – Polygroups are multivalued systems that satisfy group like axioms. In this paper the class of n-ary 
polygroups is introduced. The concepts of n-ary normal subpolygroups and strong homomorphisms of n-ary 
polygroups are adopted. With respect to these concepts the isomorphism theorems for n-ary polygroups are 
stated and proved. Finally, we will consider the fundamental relation *  defined on an n-ary polygroup and 
prove some results in this respect. 
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1. INTRODUCTION 
 

This paper deals with certain algebraic systems called n-ary polygroups. Marty [1] introduced the basic 
concepts of hyperstructures and hypergroups, since then several authors have further studied this subject. 
Applications of hypergroups have mainly appeared in special subclasses. Polygroups, which are certain 
subclasses of hypergroups, are studied in [2] by Ioulidis and are used to study color algebras [3, 4]. A 
detailed discussion on the theory of polygroups can be found in [3-7]. 

The notion of an n-ary group which is a natural generalization of the notion of a group, was 
introduced by Dornte [8] and is the most natural way for further development and deeper understanding of 
their fundamental properties. Since then many papers concerning various n-ary algebras have appeared in 
the literature, for example [9, 10, 11]. 

Davvaz and Vougiouklis in 2006 defined and considered n-ary hypergroups [12]. Some 
generalizations of hyperstructures to n-ary hyperstructures and n-ary Hv- structures may be found in [13, 
14]. 

In this paper, the n-ary polygroups, as a subclass of n-ary hypergroups and as a generalization of 
polygroups are defined and considered. Finally, we consider the fundamental relation *  defined on an n-
ary polygroup and prove some new results. Also, we adopt the concepts of n-ary normal subpolygroups 
and strong homomorphisms of n-ary polygroups. With respect to these concepts, we shall state and prove 
the isomorphism theorems for n-ary polygroups. 

 
2. BASIC DEFINITIONS AND RESULTS 

 
Let P be a non-empty set and  PP*  be the set of all non-empty subsets of P and nP  be the n-times 
Cartesian product of P. In general, a mapping  PPPf n *:   is called an n-ary hyperoperation on P 
and n is called the arity of this hyperoperation. If for all   n

n Pxx ,,1  , the set  nxxf ,,1   is a 
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singleton, then f is called an n-ary operation. For an n-ary hyperoperation f on P and for subsets nAA ,,1   
of P, it is defined: 
 

    
ni

Ax
nn

ii

xxfAAf





1

11 ,,,, . 

 
Also, we shall use the following abbreviated notations: 

The sequence jii xxx ,,, 1   will be denoted by j
ix . For ij  , j

ix  is the empty set. In this 
convention  njjii zzyyxxf ,,,,,,,, 111    will be written as  n

j
j

i
i zyxf 111 ,,  . 

If   11  nkm , then the n-ary hyperoperation g defined by 
 

         
  

 
k

nk
nk

n
n

nnk xxxffffxg 11
211

12
11

11
1 ,,,, 





 

, 

 

will be denoted by  kf . In certain situations, when the arity of g does not play a crucial role, or when it 

will differ (depending on additional assumptions), we write  f , to mean  kf  for some ,2,1k . Also 

 .,1 xaf i  means 












in

i xxaf ,,,1  for Pxaa i ,,,1   and 11  ni . 

According to [4], a polygroup is a multivalued system 1,,,  eP  where,  
 

Pe , PP  :1 ,  PPPP *:   
 

and the following axioms hold for all Pzyx ,,  

(i)    zyxzyx  , (ii) exxxe  , (iii) zyx   implies 1 zxy  and xyz  1 . 

According to [12], an n-ary hypergroup  fP,  is a non-empty set P with an n-ary hyperoperation 

 PPPf n *:   such that, if  nji ,,1,   and Pbaa n  ,,, 121  , then: 

(i)      1211
1

1211
1 ,,,, 





  n

jn
jn

j
jn

in
in

i
i aafafaafaf , (ii) there exists Pxi   such that 

 

                                                                      n
ii

i axafb 1
1

1 ,, 
 .                                                                (1) 
 

In this definition if f is an n-ary operation, then the relation (1) will be  n
ii

i axafb 1
1

1 ,, 
 , and  fP,  is 

an n-ary group. 
 

Definition 2.1. An n-ary polygroup is a multivalued system 1,,,  efPM , where Pe , 1  is an 

unitary operation on P, f is an n-ary hyperoperation on P and the following axioms hold for all 

 nji ,,1,  , Pxxx n  ,,, 121  : 

(i)      1211
1

1211
1 ,,,, 





  n

jn
jn

j
jn

in
in

i
i xxfxfxxfxf , 

(ii) e is an unique element such that xeexeef
ini













 ,,,,,,

1

, and ee 1 , 

(iii)  nxfx 1  implies  1
1

11
1

1
1 ,,,,,, 




 inii xxxxxfx  . 

It is clear that any 2-ary polygroup is a polygroup. 
 
Example 2.2. Let  yxeP ,,  be a set with 3-ary hyperoperation f as follows: 
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                                                      ,ee,e,ef   

      ,xx,e,efe,x,efe,e,xf   

      ,yy,e,efe,y,efe,e,yf   

             ,y,ex,x,efx,e,xfe,x,xf   

             ,x,ey,y,efy,e,yfe,y,yf   

                                      yxxeyfexyfeyxfyexfxyefyxef ,,,,,,,,,,,,,   

                                                           ,y,xy,y,yfx,x,xf   

                                 .Px,y,yfy,x,yfy,y,xfx,x,yfx,y,xfy,x,xf   
 

It is easy to verify that for  5,,1 iPxi , we have 
 

        543215432154321 ,,,,,,,,,,,, xxxfxxfxxxxfxfxxxxxff  , 
 

this implies that f is associative. Suppose PPI  :1  is the identity function on P, then xx 1 , 
yy 1 , ee 1 . Also, 

 
 321 ,, xxxft  implies  1

2
1

31 ,,  xxtfx ,  1
3

1
12 ,,  xtxfx ,  txxfx ,, 1

1
1

23
 . 

 
Therefore, IefP ,,,  is a 3-ary polygroup. 
 
Lemma 2.3. The following elementary facts about n-ary polygroups follow easily from the axioms, 

(i) 




















jni

eexeexeefe ,,,,,,,,,, 1

1

, where  nji ,,2,1,  , ji  , 

(ii)   xx  11 , 

(iii)   









  .,,,,,., 1

11 exeexfexf i

k

ii

 , ink 0 , 

(iv)    1
1

11

1 ,,   xxfxf n
n  , where  AaaA   |11 . 

 
Proof: (iv) 
 

    eexxxxffeexxfe ,,,,,,,,,, 1
1

1
221

1
11    , by (i) 

  

                             .,,,, 1
1

1
1 exxfxff n
n   . 

So ,                                                  1

1

1

1
1

1
1 .,,,

  nn
n xfexffxxf  .                                              (2) 

 
On the other hand, 

    .,,,, 1
1

1
1 exxfxffe n
n    implies        11

1
111

1
1

1 ,,,,,,,
  xxfxxfeefxf nn

n  . 
Then, 

 

                                               1
1

111
1

11

1 ,,,,   xxfxxfxf nn
n  , by (ii).                                      (3) 

 
Therefore, by (2) and (3)    1

1
11

1 ,,   xxfxf n
n  .  

 
Definition 2.4. A non-empty subset K of an n-ary polygroup P is said to be an n-ary subpolygroup of P if, 
with the hyperoperation of P, K itself forms an n-ary polygroup. 
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Lemma 2.5. A non-empty subset K of the polygroup 1,,, efP  is an n-ary subpolygroup if and only if, 
(i) Ke , (ii) Kaa n ,,1   implies   Kaaaf n

ii
i 


1

11
1 ,, . 

 
Proof: It is obtained exactly from definition 2.1.  
 
Lemma 2.6. Let K be an n-ary subpolygroup of P and Kaa n ,,2  , then   KaKf n 2, . 
 
Proof: It is clear that   KaKf n 2, . Suppose Kk   so 
 

    .,,,., 2
1

22 eaakfekfk 
 

   .,,,,, 23
1

3
1

23 eaaaakf   

  

  .e,a,a,,a,kf n
n 2

11
2


 

 
  n

n a,a,,a,kff 2
11

2
   

                                                                 .a,Kf n
2  

 
Therefore,  naKfK 2, .  
 
Theorem 2.7. Let nKK ,,1   be n-ary subpolgroups of P such that for every nS ,

      n
n KfKKf 11 ,,    . Then  nKf 1  is an n-ary subpolygroup of P. 

 
Proof: It is clear that    nKfeefe 1,,   . If  n

n Kftt 11 ,,  , then for some jij Kx   and 
nji  ,1  we have    n

nn
n xftxft 1111 ,,   . Thus 

 

                                n
n

nn xfxfftf 1111 ,,  

                                       nn KfKff 11 ,,  

      nnn KKKfKKfKf 2121212 ,,,,,,  , by associatively of f 

                                    

     

















n

n

nn KKKfKKfKf 2

1

212112 ,,,,,,     , by hypothesis 

                                    

     

















nn

n

nn KKKKfKKfKKf 22

2

1212113 ,,,,,,,,      

  

                                      nn
n KKKKf 22111 ,,,,,   

                                          nnn
n KKKeKfKKff 2232111 ,,,,.,,,,   

                                      ),,(,,,,, 32321 eKKfeKKfKf nn   
  

                                    
 nKKKf ,,, 21  . 

 
Therefore, f is an n-ary hyperoperation on  nKf 1 . If  nKfx 1 , then  nxfx 1 , for some ii Kx  , 

ni ,,1 . Thus 
 

    1
1

11

1
1 ,,   xxfxfx n

n  , by Lemma 2.3 

www.SID.ir

www.SID.ir


Arc
hi

ve
 o

f S
ID

N-ary polygroups 
 

Spring 2009                                                              Iranian Journal of Science & Technology, Trans. A, Volume 33, Number A2 

149

 1,, KKf n   nKf 1 , by hypothesis. 
 

This concludes that  nKf 1  is an n-ary subpolygroup of P.  
 

3. QUOTIENT N-ARY POLYGROUPS 
 

Definition 3.1. The n-ary subpolygroup N of P is said to be normal in P if for every Pa  
 

  NeaNaf  .,,,1 . 
 

Lemma 3.2. Let N be an n-ary normal subpolygroup of P, then 

(i)   NeaNaf  .,,,1 , for every Pa , 

(ii)    .,,.,, eaNfeNaf  , for every Pa , 

(iii)    n
j

jn
i

i aNafaNaf 1212 ,,,,   , for  nji ,,1,  , 

(iv)    .,,.,, ebNfeaNf  , for every  .,, eaNfb , 

(v) if  .,, eaNfb ii  , for ni ,,2   then  .,, eaNfb , 

(vi)           n
n

n
n

n
n

nnn
n

n aaNfaaaNfaNfaNff 21222212212 ,,,,,,,,,,,    . 

 
Proof: (i)                                     .,, eNefN    

    .,.,,,,.,, 11 eeaafNeaaff   

                                                          .,,,,, 11 eaaNaaf   

                                                           .,,.,,,, 11 eaeaNafaf   

                  .,,,1 eaNaf  , since   NeaNaf  .,,, 1 . 
 

Therefore,   NeaNaf  .,,, 1 . 
(ii) From   NeaNaf  .,,, 1 we have     .,,.,.,,,, 1 eNafeeaNafaf  , and so 

 
        .,,.,,,,.,,,.,, 1

2 eNafeaNaafeaNefeaNf   . 
 

Similarly,    .,,.,, eaNfeNaf   and so    .,,.,, eaNfeNaf  . 
(iii) It is concluded from (ii). 

(iv)  .,, eaNfb  implies       .,,.,.,,,.,, eaNfeeaNfNfebNf  . On the other hand, 

     .,,.,,.,, 1 ebNfebNfaeaNfb   . Therefore,    .,,.,, ebNfeaNf  . 

(v) 
 

                                nn bNNffbNf 22 ,,,,   

  nbNbNbNNf ,,,,,,, 322  , since N is normal 

                             nbeNfbeNfbeNfNf ,.,,,,.,,,.,, 322  , since Ne  

                                            
    .,,,,.,,, 2 ebNfebNfNf n  

              
    .,,,,.,,, 2 eaNfeaNfNf n , by hypothesis and (iv) 

                                             naNf 2, , by a similar argument. 
 

(vi) Since N is normal it is clear.  
 
Lemma 3.3. Let K and N be n-ary subpolygroups of a polygroup P, where N is normal in P. Then 
(i) KN   is an n-ary normal subpolygroup of K, 
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(ii)    .,,.,, eNKfeKNf   is an n-ary subpolygroup of P, 
(iii) N is a normal subpolygroup of  .,, eKNf . 
 
Proof: It is straightforward.  
 

Suppose K is an n-ary subpolygroup of P, we define the relation K  on  1nP  by 
 

   n
K

n yx 22   if and only if    nn yKfxKf 22 ,,  , for      1
22 ,  nnn Pyx . 

 

It is clear that the relation K  is an equivalence relation on  1nP . The class of    1
2 ,,  n

n Pxx   is 

denoted by         PyyxKfyKfyxK n
nnnn  ,,,,,| 22222  . 

And the set of all these classes is denoted by     PxxxKKP n
nn  ,,|/ 22

1  . 

Also, we define the relation 
K  on P as follows: 

yx
K  if and only if there exist Paa n ,,2   such that  naKfyx 2,,  , for Pyx , . 

 
Lemma 3.4. For sequences na2 , nb2  in P, 

(i)     nn bKfaKf 22 ,,   implies    nn bKfaKf 22 ,,  , and    nn aKaK 22  , 

(ii) if  naKfx 2,  then    naKfexKf 2,.,,  , and  n

n

aKeexK 2

2

,,, 













 . 

 
Proof: (i) Suppose    nn bKfaKfx 22 ,,  , then     .,,,, 22 eaefKfaKfx nn  . So by Definition 
2.2. 
 

                                         .,,, 1
2 exKfaef n   

                                                      .,, exKf  

   .,,, 2 ebKfKf n , since  nbKfx 2,  

                                                      nbKf 2, . 
 

Thus,     .,,,, 22 eaefKfaKf nn    .,,, 2 ebefKf n  nbKf 2, . Also    nn aKfbKf 22 ,,   and 

   nn bKfaKf 22 ,,  . 

(ii) If  naKfx 2, ,      .,,.,, exKfexefx  . Thus by (i)  
 

   naKfexKf 2,.,,   and  n

n

aKeexK 2

2

,,, 













 . 

 
Theorem 3.5. (i) The relation 

K  is an equivalent relation in P, 
(ii) If  xk  is the 

K  class of x and KP /  is the set of all 
K  classes, then there exists a one-one 

correspondence between KP /  and   KP n /1 . 
 

Proof: (i) It is clear that 
K  is reflexive and symmetric. Suppose yx

K  and zy
K , then there exist 

sequences na2 , nb2  in P such that  naKfyx 2,,  , and  nbKfzy 2,,  . By Lemma 3.4, 

   nn bKfaKf 22 ,,  . Thus  naKfzx 2,,   and zx K . 

(ii) We define   KPKP n //: 1  by    ],,,[
2





n

eexKxK , for Px . If    yKxK ,  are in 
  KP n /1 , then 
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         nakfyxyKxK 2,,  , for some Paa n ,,2   

                       .,,,.,, 2 eyKfaKfexKf n  , for some Paa n ,,2  , by Lemma 3.4 

],,,[],,,[
22





nn

eeyKeexK , by Lemma 3.4. 

Suppose     KPaK nn /1
2

 , then by (ii) of Lemma 3.4,        naKeeaKaK 2,,,    for every 

 naKfa 2, . Therefore,  is onto.  

We can show ],,,[
2


n

eexK  by  .,exK  and so by Theorem 3.5     PxexKKP n  |.,/1 , where 

          .,,,|., 2
1

2 exKfxKfPxexK nnn   . 

 

Lemma 3.6. Let 1,,, efP  be an n-ary polygroup and N be an n-ary normal subpolygroup of P. Then 
    ,//: 111 NPNP nn       .,., 1 eaNeaN   is a function and    .,., 11 eaNeaN   . 

 
Proof: Because 1  is a function on P and by (ii) of Lemma 2.3   xx  11 , then for PBA , , we have 

11   BABA . So for  .,eaN ,     NPeaN n /., 1   
       .,,.,,.,., ebNeaNfebNeaN   

                                    11 .,,.,,   ebNfeaNf  

                     .,,.,, 11 ebNfeaNf   , by (iv) of Lemma 2.3 and since N is normal 

                                
   .,., 11 ebNeaN   . 

 
Theorem 3.7. If N is an n-ary normal subpolygroup of 1,,, efP , and for    .,,,.,1 eaNeaN n  in 

  NP n /1 ,          n
n aftetNeaNeaNF 11 |.,.,,,.,  , then   11 ,,,/  NFNP n  is an n-ary 

polygroup. 
 
Proof: Suppose           NPebNebNeaNeaN n

nn /.,,,.,,.,,,., 1
11

  and    .,., ebNeaN ii  , for 
ni ,,1 . Thus 

 
   .,,.,, ebNfeaNf ii  , for ni ,,1  

         .,,,,.,,.,,,,.,, 11 ebNfebNffeaNfeaNff nn    

     .,,.,, 11 ebfNfeafNf nn   

         nn bftetNaftetN 11 |.,|.,  . 
 

Therefore,          .,,,.,.,,,., 11 ebNebNFeaNeaNF nn    and F is well defined.  
The associativity of  f  implies that F is also associative. Also, for every Nn  we have 
 

            ..,.,,,|., 22 eNenfNenNfuNfuenN nn  , 

         .,.,.,..,., eaNeeafNeNeaNF  . 
 

So  .eN  is the neutral element of   NP n /1  and     .. 1 eNeN  . Suppose 

        NPeaNeaNeaN n
n /.,,.,,,., 1

1
  and       .,,,.,., 1 eaNeaNFeaN n . Then 

 
    

  ,,.,,,

.,,,.,,

1
1

1

1
n
ii

i

n

aeaNfaf

eNafNfeaNF





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    
  ,.,,,,,,,,

,,,.,,,,,.,,
1
1

11
1

1
1

1
1

11
1

1
1

eaaaaafNf

aaeaNfaafeaNF

ini

inii


















 
 

            .,,,.,,.,,.,,,.,., 1
1

111
1

1
1 eaNeaNeaNeaNeaNFeaN inii





  .  

 
Definition 3.8. Let 1

11 ,,, efP  and 1
22 ,,, egP  be n-ary polygroups. A mapping  from  to 2P  is 

said to be strong homomorphism if for every 11 ,, Paa n  , 
 

  21 ee   and        n
n aagaf  ,,11  . 

 
A strong homomorphism   is said to be an isomorphism if f is one to one and onto. Two n-ary 
polygroups , 2P  are said to be isomorphic if there exists an isomorphism from  onto 2P . In this case, 
we write 21 PP  . Moreover, if   is a strong homomorphism from  to 2P , then the kernel of   is the 
set   21 ex|Pxker   . 
 
Lemma 3.9. Let   be a strong homomorphism from 1

11 ,,, efP  to 1
22 ,,, egP . Then 

(i)    11   aa   for every 1Pa , 
(ii)   is injective if and only if  1eker  , 
(iii)  

           111
11

1 ,, 
  nkk

nk
k aagaf    for all Nk   and   1111 Pa,,a nk  . 

 
Proof: (i) we know that  .e,a,afe 1

1
1

 , then 
 

                .,,.,,.,, 2
1

1
1

1
1

12 eaageaageaafee    , 
 

       1
2

11   a.e,aga  . 
 

Therefore,    11   aa  . 
(ii) suppose  1eker   and    zy    for 1Pz,y  . Then 
 

      .e,y,ygee 2
1

21
      .,, 2

1 eyzg     .e,y,zfg 1
1 . 

 
So there exists  .e,y,zfx 1

1  such that    1ex   . But  1eker   implies 1ex   and 
 

 .e,y,zfe 1
1

1
 ,    y.e,y,efz  11 , yz  . 

 
If  is injective and kerx , then    12 eex    and 1ex  . So  1eker  . 
(iii) The proof is straightforward by induction on k.  

It is easy to verify that ker  is an n-ary subpolygroup of , but in general it is not normal in . 
We are now in a position to state and review the fundamental isomorphism theorems in n-ary 

polygroups. 
 

Theorem 3.10. (First isomorphism theorem). Let  be a strong homomorphism from 1
11 ,,, efP  to 

1
22 ,,, egP  with kerK   such that K is an n-ary normal subpolygroup of , then   ImK/P n 1

1

. 
 
Proof: We define    Im/: 1

1  KP n  by     a.e,aK   . If     K/P.e,bK n 1
1

  then 
 

       .e,b,Kf.e,a,Kf.e,bK.e,aK   

                                                                                   .e,b,Kf.e,a,Kf    

1P

1P 1P

1P

1P 1P

1P
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                                                           .,,.,, 22 ebKgeaKg    

                 .,., 22 ebgeag   , since 2)( eK   

                                                     ba    

                                                       .e,bK.e,aK   . 
 

If ,       KPeaKeaK n
n /.,,,., 1

11
  then 

 

                                  n
n aftetKeaKeaKF 11 |.,.,,,.,    

    naftt 1|    

                                                                        naf 1  

    
    naag  ,,1   

                          
      .,,,.,1 eaKeaKg n  . 
 

We know      211 ee.eK  . Also, if    2e.e,aK  , then   2ea  , and Kkera   . So 
   .eK.e,aK 11   and by Lemma 3.9,  is injective.  

 

Theorem 3.11. (Second isomorphism theorem). Suppose nJ,,J 1  are n-ary subpolygroups of an n-ary 

polygroup 1,e,f,P  such that iJ  is normal and  
    nn JfJf 11 

  for every nS  then 

      i
n

i
n
i

in
i

i J/JfJJ,e,Jf/J,e,Jf 11
1

11
1

1 



  . 

 

Proof: We define     i
nn

i
i JJfJeJf /,,: 11

1
1 
  by    .e,xJx i . It is clear that  is well defined. 

If  n
i

i
n J,e,Jfx,,x 1

1
11 
 , then    n

i
in J,e,Jfxf 1

1
11 
  and 

 

     .,11 exfJxf n
i

n      n
i xft|.e,tJ 1     .,,,.,1 exJexJF nii      .x,,xF n 1  

 
Therefore,  is a homomorphism. It is clear that  is onto. Now suppose  n

i
i a,e,afx 1

1
1 
  and 

kerx  too, then 
 

     .eJ.e,xJx ii  , 

    iii J.e,Jf.e,x,Jf  , 

  iii J.e,J,Jfx  1 . 
 

So ker   i
n
i

i JJ,e,Jf 1
1

1 
 . 

Conversely, if  then   ii J.e,x,Jf   and so      .eJ.e,xJx ii  . So 

kerx  and   i
n
i

i JJ,e,Jfker 1
1

1 
 . Therefore, by first isomorphism theorem 

 
      i

n
i

n
i

in
i

i JJfJJeJfJeJf /,,/,, 11
1

11
1

1 



  .  

 

Theorem 3.12. (Third isomorphism theorem) Suppose K and N are n-ary normal subpolygroups of 
1,,, efP  polygroup such that KN  . Then 1,,,/ NFNK  is an n-ary normal subpolygroup of 

  11 ,,,/  NFNP n  and         K/PN/K/N/P nnn 111   . 

 
Proof: It can be easily verified that   N/K n 1  is an n-ary subpolygroup of   N/P n 1 . If for every 
    N/P.e,xN n 1  we show            NKeNexNNKexNF nn /.,.,,/,., 111   , then   N/K n 1  is 

an n-ary normal subgroup of   N/P n 1 . Suppose     N/K.e,xN n 1 , then 
 

  i
n
i

i JJ,e,Jfx 1
1

1 

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             .,,,|.,..,.,,.,,., 11 exKxftetNeNexNeKNexNF     N/K n 1 , 
 

because K is normal in P and   KexKxf  .,,,1 . 
Let     KPNP nn //: 11    and     .e,xK.e,xN  . If    .,,., eyNexN   N/P n 1  and 

, then 
 

   .e,y,Nf.e,x,Nf   

     .e,.e,y,Nf,Kf.e,.e,x,Nf,Kf   

     .,,.,,.,,.,, eyeNKffexeNKff   

   .e,y,Kf.e,x,Kf  , since KN   

   .e,yK.e,xK   

     .e,yK.e,xK   . 
 

Therefore,  is well defined. Now suppose       NPexNexN n
n /.,,,., 1

1
 , then 

 
           n

n xftetNexNexNF 11 |.,.,,,.,     

                                             nxft|.e,tK 1  

                                                   
    .,,,.,1 exKexKF n  

                                                              
      .,,,.,1 exNexNF n  . 

 
It is clear that  is onto and   N/K n 1 ker . 
If   ker.e,aN  , then     .eK.e,aN  ,   K.e,a,Kf   and Ka ,     N/K.e,aN n 1 . 
Therefore,  and by Theorem 3.10         K/PN/K/N/P nnn 111   .  
 
Definition and Theorem 3.13. Let 1

111
,e,f,P  to I,e,f,P 

222  be two n-ary polygroups, so on 21 PP   
we can defined an n-ary hyperproduct 21 ff   and a unitary function  I,1  by 
 

           nn
nn afaafaaaaaaaff 12111121 ,|,,,,,   , and      II, a,aa,a   11 , 

 
where 21 Pa,a,Pa,a ii  , for n,,i 1 . Then 

(i)    IeeffPP  ,,,,, 1
212121 , is an n-ary polygroup, 

(ii)                
     

   11
12

11
1111111121 ,|,,,,, 

  nk
k

nk
knknkk afvafuvuaaaaff   

                                                                            
     

  11
12

11
11

  nk
k

nk
k afaf . 

 
Proof: It is straightforward.  
 
Corollary 3.14. If 1N , 2N  are n-ary normal subpolygroups of 1P , 2P  respectively, then 21 NN   is an n-
ary normal subploygroup of 21 PP   and 
 

          2
1

21
1

121
1

21 N/PN/PNN/PP nnn    
 

Proof: It is straightforward.  
 
 
 
 
 

   .e,yN.e,xN 

  N/Kker n 1
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4. THE FUNDAMENTAL N-ARY GROUPS OF N-ARY POLYGROUPS 
 

Let 1,,, efP  be an n-ary polygroup. We define the relation *  as the smallest equivalence relation on 
P such that   1*** ,,/,/ efP   is an n-ary group, where */P   is the set of all equivalence classes 
of * , and when     **

1
* /,,  Paa n    

      aaaf n
**

1
** ,,/   , for every     naafa *

1
* ,,   . 

 
Also, */P   is called the n-ary fundamental group of P. This relation is studied by Corsini [15] 
concerning hypergroups, and by Davvaz and Vougiouklis [12] concerning n-ary hypergroups. Since n-ary 
polygroups are a certain subclass of n-ary hypergroups, we have the definition of *  for n-ary polygroups 
as *  for n-ary hypergroups, as follows. Let for Nk  ,        111 ,,,|,  nkkk aafyxyx  , for 
some   Paa nk  111 ,, ,   Px|x,x 0 , 

0Nk
k



  . Then, yx  if and only if yx k  for some 
0k . By Theorem 4.1 of [12], *  is the transitive closure of the relation . Also, if for n-ary polygroups 

1,,, efP  define 
 

    Paaf  |0 ,          Paaaaff nknkkk   111111 ,,|,,  , u  
0Nk

kf


 , 
 

then yx  if and only if  yx, u, for some u u. 
The kernel of the canonical map */:  PP   is called the core of P and is denoted by P . 

Here we also denote by P  the neutral element of */P  . It is easy to prove that: 
 

 e*
P    and    11   xx **  , for all Px  

 
Theorem 4.1. (See Theorem 4.3 of [12]) Let *

1 , *
2  and *  be the fundamental equivalence relations 

on n-ary polygroups 1P , 2P  and 21 PP  , respectively, then 
 

  *** /P/P/PP 221121   . 
 

Corollary 4.2. If 1N , 2N  are n-ary normal subpolygroups of 1P , 2P  respectively, and * , *
1 and *

2 are 
the fundamental equivalence relation on   

21
1

21 NN/PP n  
,  

1
1

1 N/P n , and  
2

1
2 N/P n , 

respectively,  then           *n*n*n /N/P/N/P/NN/PP 22
1

211
1

121
1

21    . 
 
Proof: It is concluded from Corollary 3.12 and Theorem 4.1.  
 
Lemma 4.3. Let IefPefP   ,,,,,,: 222

1
111  be a strong homomorphism of n-ary polygroups, 

and *
1 , *

2  be the fundamental relation of 1P , 2P , respectively, then
     

2211 P
** x,Px|xker    is an n-ary normal subgroup of *

11 / P . 
 
Proof: Assume      ker,, *

11
*
1 nxx  . Then      

2212 Pn
** xx    and 

 
    nxxf *

11
*
1

*
11 ,,/    

     nxxf 1111
*

1 ,,   , since          nn xxfxxf *
11

*
1111 ,,,,     

                     n* xf 11 , since       n
n xxfxf *

11
*
11 ,,    

                    z*
1 , for some  nxfz 1 . 

 
So 
 

         n
n xxfxfz  ,,1211   

                           nxxfz  ,,12
*
2

*
2   
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                                                       nxxf  *
21

*
2

*
22 ,,/   

                           
 

2222 PP
* ./f   . 

 
Therefore,       ker,,/ *

11
*
1

*
11 nxxf  . 

Let            ker,,,,,, *
1

*
11

*
11

*
11

*
1  abbbb nii  , then 1111 ,,,,,, Pabbbb nii    and 

there exists 1Px  such that  n
i

i bxbfa 1
1
11 ,, 
 . Thus, 

 
    n

i
i bxbfa 1

1
11

*
1

*
1 ,, 

            nii bbxbbf *
11

*
1

*
11

*
11

*
1

*
11 ,,,,,,/    . 

 
Also,     n

i
i bxbfa 1

1
11 ,, 
           nii bbxbbf  ,,,,,, 1112   , and 

  
              niiP bbxbbfa  ,,,,,, 1112

*
2

*
22

   

                   nii bbxbbf  *
21

*
2

*
21

*
21

*
2

*
22 ,,,,,,/    

    

   ),,,,,,(/
2222

*
2

1

*
22 PP

i

PP xf  





   x* 2 . 

 
Therefore,    kerx* 2 . Let   ** /Pa 111    and    kerx* 1 , then 
 

         zfaxaf P
*
1

1*
1

*
1

*
1

*
11 .,,,/

1
  , for some  .e,a,x,afz 1

1
1

 . 
 

On the other hand, 
 

      .e,a,x,afz **
1

1
122

   

          .,,, 22
*
2 eaxaf I   

   
         .,,,/

2

*
2

*
2

*
2

*
22 P

Iaxaf    

   
      .,a,,a/f P

I*
P

**

22 2222  
2P . 

 
Therefore, ker  is an n-ary normal subgroup. 
 

Theorem 4.4. Let 1,e,f,P  be an n-ary polygroup and M, N two n-ary normal subpolygroups of P with 

MN  , then 

(i)    nn y,Nfx,Nf 22   implies    nn y,Mfx,Mf 22  , so if in   N/P n 1 ,    .e,yN.e,xN   then 

   .e,yM.e,xM   in   M/P n 1 , 

(ii) if           n
nk

n
k

n tNftNffxNf 211122 ,,,,,   , then 
 

          n
nk

n
k

n tMftMffxMf 211122 ,,,,,   , 
 

so if          .,,,.,., 111 etNetNFexN nkk   , for some 0Nk , Pts  ,   111  nks , then 

         .,,,.,., 111 etMetMFexM nkk   . 

(iii) if     N/PM/P: nn 11    is canonical map and *
M , *

N  are the fundamental equivalence 

relations of   M/P n 1 ,   N/P n 1 , respectively, then we have 
 

       *
M

n*
N

n /M/Pker//N/P  11   . 
 

Proof: (i) 
 

       nnnn y,Nfx,Nfy,Nfx,Nf 2222   
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   nn y,Mfx,Nf 22  , since MN   

    1

2

1

2

  nn y,Mfx,Nf  1
2

1  y,,y,Mf n  , by Lemma 3.5 

  nn y,x,NffM 2

1

2

 , by Definition 2.1 and Lemma 2.3 

  n
n y,Nf,x,,xf 2

1
2

1    

  n
n y,Mf,x,,xf 2

1
2

1    

   nn x,Mfy,Mf 22  , by Definition 2.1 and Lemma 2.3. 
 

Similarly, we can get    nn y,Mfx,Mf 22  . Therefore,    nn y,Mfx,Mf 22  . 

(ii) If          n
nk

n
k

n tNftNffxNf 121122 ,,,,,        n
nk

n
n

n tttftNf 121221
1

12 ,,,,, 
  . Then, 

   t,t,Nfx,Nf nn 1
122
 , for some     n

nk
n

n tttft 121221 ,,,   . So by (i), 
 

   ttMfxMf nn ,,, 122  , for     n
nk

n
n tttft 121221 ,,,   . 

 

Therefore,        n
nk

n
n

nn tttftMfxMf 121221
1

122 ,,,,,, 
         n

nk
n

k tMftMff 12112 ,,,,   . 

(iii) We define the map       *
M

n*
N

n /M/P/N/P:  11    by 
 

      .e,xM.e,xN *
M

*
N   , for all     N/P.e,xN n 1 . 

 
Suppose       NPeyNexN n /.,,., 1  and      .e,yN.e,xN *

N
*
N   , then there exist 

      NPexNexN n
n /.,,,., 1

1
 , mu,,u 1 u   N/P n 1 , such that 

 

                                                      
       .,.,,.,., 1 exNeyNexNexN n ,                                               (4) 

 

                                                   
     iii uexNexN  .,,., 1  for m,,i 1 .                                              (5) 

  
We know for each m,,i 1   

       .,,,., 111 etNetNFu nkki   , for some 0Nk , Pts  ,   111  nks . 
 

Corresponding to every iu , m,,i 1 , we set          .,,,., 111 etMetMFv nkki  u   M/P n 1 . 
Hence, by (ii), equation (5) implies  

 

                                                  
     iii vexMexM  .,,., 1 , for m,,i 1 .                                             (6) 

 
By (i) and (4) we have        .,.,,.,., 11 exMeyMexMexM m .                                                         (7) 
Therefore, by (6) and (7),      .,., ** eyMexM MM   . 

Now, we show that  is a homomorphism of n-ary groups: 
 

       .,,,.,/ *
1

** exNexNF nNNN    

      .,,,.,1
* exNexNF nN   

      n*
N xft|.e,tN 1   

     n*
M xft|.e,tM 1   

     .,,,.,1
* exMexMF nM   

      .,,,.,/ *
1

** exMexMF nMMM    

        .,,,.,/ *
1

** exNexNF nNNM   . 

Also,             M/P

*
M

*
NN/P nn .eM.eN 11    . And 
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         
M/P

*
N

*
N n.e,xN|.e,xNker 1   

         
M/P

*
N

*
N n.e,xN|.e,xN 1   

ker .  
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