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Abstract — In this paper lightlike ruled surfaces in R*;=(R® -dx*+dy*+dz’) are studied with respect to whether
ruling curves are spacelike or null. It is seen that, in the first case the Gaussian curvature of the ruled surfaces
vanishes. In the second case the Gaussian curvature of the ruled surfaces are negative. In the second case
lightlike ruled surfaces are totally umbilical. Furthermore, lightlike surfaces of revolution are shown to be
only cones, and the second type lightlike ruled surface.
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1. INTRODUCTION

From the point of view of physics, lightlike surfaces are of importance because they are models of
different types of horizons (event horizons, Cauchy's horizons, Kruskal horizons) studied in relativity
theory [1-3]. Lightlike hypersurfaces are also studied in the theory of electromagnetism ([4] chapter 8). In
[5], Kilic and Karadag study the geometric properties of two classes of ruled surfaces (M, gg) in R*,. They
classify the surface M as type I and type II according to g;,;=0 or g,,=0 respectively. Then they prove that
M of type 1 (respectively M of type II when it is cylindrical ruled surface) admit an induced metric
connection. In this paper we use the classical notation of surface theory; for this purpose we can give [6]
as a general reference. Let ¢(s, t) be a local parameterization of surface M in Minkowski space R’. For
the space M to be lightlike we showed that one of the ¢, ¢, has to be spacelike vector and the other is null
vector. The general theory of lightlike submanifolds [4] uses a non degenerate screen distribution which
(due to the degenerate induced metric) is not unique. Therefore, the induced objects of submanifolds
depend upon the choice of a screen. We choose screen distribution of M as Sp{¢p,} or as Sp{¢,}. Noting
that a ruled surface in R’; can be expressed as @(s, t)=a(s)+tp(s) in terms of a directrix curve o and a
vector field B pointing along the ruling. We then considered two cases; one of which, ¢, is a null vector
@ is a spacelike vector, and in the second case ¢ is a null vector and ¢; is a spacelike vector. In the first
case we proved that the Gaussian curvature of M vanishes, in the second case we showed that the
Gaussian curvature of M is negative and lightlike ruled surfaces are totally umbilical.
Let M be a hypersurface of a (m+2)-dimensional semi-Riemannian manifold ( M, g) of index

q€{1,2,....m+1}, m>0. For u€M T, M is a hyperplane of the semi-Euclidean space (T, M, g.). T, M* and
RadT,M are defined as follows

T M={V,ET,M:Gu(Viu W,)=0, VW, € T, M} and RadT,M=T,M NT,M+}

We say that M is a lightlike (null, degenerate) hypersurface of M if RadT,M# {0} at every
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UEM. The semi-Riemannian metric § on M induces on M a symmetric tensor field g of type (0, 2).

Proposition 1. Let (M, g) be a hypersurface of a (m+2)-dimensional semi-Riemannian manifold ( M, g).
M is a lightlike hypersurface of M if and only if

RadTM=TM*#{0}.
The complementary vector bundle S(7M) of RadTM in TM is called screen distribution on M. i.e.,
TM=RadTMLS(TM) (1)

S(TM) is a non-degenerate distribution, and the rank of RadTM is 1. Note that S(TM) is not unique [4].

Theorem 1. Let (M, g, S(TM)) be a lightlike hypersurface of a semi-Riemannian manifold ( M, g). Then
there exists a unique vector bundle #7(TM) of rank 1 over M, such that for any non-zero section & of 7M <
on a coordinate neighbourhood UcM, there exists a unique lightlike section N of ##(TM) on U satisfying

G(N, &)=1 and NLS(TM) )
It follows from (2) that t#(TM) is a lightlike vector bundle such that
tr(TM),NT,M={0} for any u € M.
Moreover, we have the following decompositions of TM |y
TM |\=S(TM) L(TM @ tr(TM))=TM®tr(TM). 3)

We called t7(TM) in theorem 1, the lightlike transversal vector bundle of M with respect to S(7M).
Let (M, g) be a lightlike hypersurface of a (m+2)-dimensional semi-Riemannian manifold (M, g) and
V be the Levi-Civita connection on M, with respect to g. Because of the decomposition in (3), we obtain

VxY=Vx Y+h(X, Y) for any X,Y€ I'(TM) 4)

where Vx Y belong to I'(TM) and h (X, Y) belong to I'(tr(7M)). It can readily be seen that V is a torsion-
free linear connection on M, and h is a I'(tr(TM))-valued symmetric F(M)-bilinear form on I'(TM). Let {&,
N} be a pair of section on UcM in theorem 1. We may define a symmetric F(M)-bilinear form B given by

B(X, )=g(h(X. ¥), &),V X, YE I'(TMly). 5)

For u € M, if we choose a null plane H of T,M directed by §,ET, M+, we define the null sectional
curvature of H with respect &, and V as

_ JGuRWy, &)¢u, Wy)
Kfu(H) B Gu(Wy, Wy) (6)

where W, is an arbitrary non-null vector in H. We define the curvature tensor field R of type (1, 3) given
by

R(X, Y)=Vx(VyZ)-Vy(VxZ)-Vix viZ for any X, Y, Z € I'(TM) (7)

here [ , ] is the bracket product [4].

Definition 1. Let v=(v;,v,v3) and w=(w; w,ws) be two vectors in R*;. The cross product of these vectors is

[7].

VXW=(VaW3—V3W), VIW3—V3Wi, VoW =V W)
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Proposition 2. The following facts for the standard cross product in R?; hold.

i) g(uxv, u)=0 and g(uxv, v)=0.

if) G(uxv, uxv)=g(u, I, v) Hg(u, v))*,

iii) Let u be a spacelike vector, v be a null vector. g(u, v)#0 if and only if uxv is
spacelike, g(u, v)=0 if and only if uxv is null [8].

iv) If u and v are null vectors then uxv is a spacelike vector.

v) If u is a timelike vector, v is a null vector, then uxv is a spacelike vector.

Proposition 3. Let u and v be two null vectors in R*. Then g(u, v)=0 if and only if {u, v} is linearly
dependent.

2.LIGHTLIKE SURFACES

We use the classical notation of surface theory; for this purpose we can give [6] as a general reference. Let
(s, t) be a local parameterization of surface M in Minkowski space R®,. Then the coefficients E, F, G of
the first fundamental form of this surface are given by

E=g(ps, 99, F=3(9s, 9, G=g(@1, P ®
We know that TM=Sp(¢s, @) and {@;, @} are linearly independent. From Proposition 2 we have

F(@xP. 9XP)=-G(Ps, 9) (P, I+ G(@s, 9’ =-EG+F".

In order for the surface to be lightlike it is necessary that @x¢@, be a null vector. This means that -
EG+F’=0. Since @, is perpendicular to both ¢, and ¢,, we have @x@ETM- Note that TM<=RadTM
and the rank of RadTM is 1. Hence RadTM=Sp{ px¢.}. Since @x¢, is null, from proposition 2, then
J(@s, )=0 and one element of the set {¢;, ¢} is null and the other is spacelike.

(i) Suppose that @; is a null vector. From proposition 3, ¢s and ¢@x¢;, are linearly dependent. Therefore,
RadTM=Sp{¢ps} and TM=Sp{@,} LSp{¢p:}. Thus we may choose S(TM)=Sp{¢p;} as a screen distribution of
M.

(ii) If ¢ is a null vector then for the same reasons RadTM=Sp{¢:} and S(TM)=Sp{¢;}.

3.LIGHTLIKE RULED SURFACES

M stands for the ruled surface in R*;, A ruled surface in R*, can be expressed as (s, t)=a(s)+tB(s) in terms
of a directrix curve a and a vector field B pointing along the ruling. According to Section 2, one element of

the set {@;, ¢} has to be null and the other spacelike.
If @ is a null vector and ¢ is a spacelike vector or vice versa then

9(@s, 9)=0 implies that g(a’, f)=0 . )

Case 1. Let ¢, be a null vector and ¢, be a spacelike vector. We may take ¢, as a unit vector. Hence g(¢.,
®0=9g(B, p)=1. From Section 2 we have

RadTM=Sp{¢s}, S(TM)=Sp{¢}=Sp{B}.

Since @’ € I'(TM) then a’=a@ t+bg, where a and b are real numbers. From (9) we get, g(a’, p)=b=0
1.e,

a'=ap=a(a'+tp") (10)

Here, either {a’, B’} is linearly dependent or 8'=0.
In the case of B'=0, we have B=constant, and then the surface is a cylinder.
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In the case {a’, B'} is linearly dependent: From (10) we may take RadTM=Sp{a'}.
From theorem 1, there exists a basis {a’, N, B} of T R’,|,, such that

ga', a" )=g(N, N=g(N, X)=0 for all X€ I'(S(TM)) and g(a', N)=1

From (6), the Gaussian curvature of M with respect to a’ and V is

Ko = W : (11)
(7) leads to
R, a")a'=Vp (Vo a')-Vyr (Vg a')-Vig o a'. (12)
Readily we obtain that
Vy a'=I}a',

Vg a'=Tha'+I5B,
Vo B=loia'+ 1B,
Vp(Vor @ )=Ii (Ia'+135P),
Vo (Vg @)= 0505 +(175 )
ds

das
I__ I__ 1.7
Vig, 1@ =5 Ve @' =55 1

where {I}}, 5, I3, Y, LA} are the coefficients of the induced linear connection V on M with respect to

the frame field {a', §}; Here I} =4, L=+ %, [4]. Inserting these values in (11) we get

K =I5 (-I5+11Y). (13)
Note that V,/B=B". Since {a’, B’} is linearly dependent (or B'=0), we have V,/p=B'=Aa’, LER. On

the other hand, V,,/p=V/B+h(a’, B)=Aa’, i.e. h (a’, B)=0 and since
V,B=lha’'+I4B=Aa’ we have I4=0 and I} =)\. Plugging this value in (13) we obtain K =0 .

Case 2. Let =P is a null vector, ¢, is a spacelike vector. In this case M is called a second

type lightlike surface. From Section 2, we have RadTM=Sp{B}, S(TM )=Sp{es}. We know that
TM=Sp{P, @s}. Since a’' € I'(TM) we write a'=c,p+c ¢ c1, c; € R. Note that g(a’, a’)=c’g(@s s )
Since ¢ is a spacelike vector, then a' is a spacelike vector. Hence we may choose S(7M)=Sp{a’'} as a
screen bundle. We may take a’ as a unit vector. Therefore there exist an N such that g(B, N)=1, g(N,
N)=G(N, X)=0 for all X€ I'(S(TM)) and {B, N, a'} is a basis for R*|,, . The Gaussian curvature of M with
respect to f and V is

_ gR(a', B)B ")
Ky =5 o (14)

Since 3 is a geodesic curve, Vﬁ p=Vgp+h(B, p)=0. Thus
V3 p=0 and h(B, B)=0. (15)
We easily obtain the following results
Vo B=TiB+Ta’, Vg a'=I5B+ ha', V(Vor B)=T51 I35 BH(I3h) e’ (16)

Inserting this equality in (7) we get
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R@ ., BB=Yo (Vg B ViV )V, 1. g1 B
and
R(a', )=y [3B-(Ih) '’ (17)

Inserting (17) into (14) we obtain KB=—(I“211)2
Now let us calculate the second fundamental form of second type lightlike ruled surfaces.
From (5) for the pair {B, N} we have

B(X, )=g(h(X.Y), B),V X, Y € I'(TM).
Since X, Y€ I'(TM), then X=4; B+, Y=u; f+usa’, where A, Ay, W, Ho, € R. Hence
BX, Y)=hmg (AP, B), B)traug(h(a’, B), P)+ripag (h(B, o), B)thapag(h(a’, o), B) (18)
On the other hand, we have

Vo' B=V o Bth(a’, B), Vo/p=p> and (B ', B )=0

Using (16) we get
g, B), By=g(h(B, a’), B)=0 (19)
Setting (15) and (19) in (18) we get,
B(X, Y)=tu: g(h(a', @), B) (20)
Note that
gGX, Y=o, (21)

Note also that p=g(h(a’, @’), f) is a smooth function of M. From (20) and (21) we have
B(X, Y)=pg(X,Y), forall X, YE I'(TM).

This shows that second type lightlike ruled surfaces are totally umbilical.

4. SURFACES OF REVOLUTION

Let the profile curve of the revolution surface M be y.
1) We can suppose that y is represented by

Y(w)=(fw), 0, g(u), u €l

Where f'and g are real functions on the open interval /.
(i) We suppose that the revolution axis of M is the x—axis of our coordinate system. A parameterization of
the surface is given by

@(s, wy=(f(u), g(u)sins, g(u)coss), 0<s<2m, u € [
Hence
3(@s )=, G5 9)=0, G(Pu, Q)= ) +(2 )’

Since M is lightlike and since ¢;is a spacelike vector, then, From Section 2, ¢, is a null vector. Since ¢, is
a null vector then (f)’=(g’)* implies that

g=tftc,
Spring 2010 Iranian Journal of Science & Technology, Trans. A, Volume 34, Number A2


www.SID.ir

100 H. Kabadayi / et al.

where c=constant. Hence y is a straight line in the xoz plane. Therefore, M is a cone.
If ¢=0, then M is a null cone.
If ¢#0, then

@(s, u)=(0, csins, ccoss)*+Au) (1, sins, coss)
Let f{I)=J. Hence we have

(s, t)=(0, csins, ccoss)+(1, sins coss), t € J
This is a second type lightlike ruled surface with

a(s)=(0, csins, ccoss), B(s)=(1, sins, coss).

(if) We suppose the revolution axis of M is the z—axis of our coordinate system. A parameterization of
surface is given by,

@(s, W)=(f{u) coshs, f{u) sinhs, g(u))

After similar calculations to that of (i) we obtain a second type lightlike ruled surface with
a(s)=(ccoshs, csinhs, 0), B(s)=(coshs, sinhs, 7).

2) We may suppose that is y represented by y(w)=(f(u), g(u), 0), u € 1.

Similar to the previous examinations. Supposing the revolution axis of M is the x—axis or y—axis of our
coordinate system we obtain a second type lightlike ruled surface.

3) Let y (w)=(0, f(u), g(u)). Suppose the axis of revolution of M is the y—axis of our coordinate system.
Hence we have

@(s,u)=(g(u)sinhs, f{u), g(u)coshs)

Therefore,
G(@s, @5 )=-g’cosh’s+g’sinh’s=-g’, G(@s, P.)=0, (Pu, P )=(f ") +(g)*>0,

From Section 2 there is no lightlike surface.
If the revolution axis of M is the z—axis of our coordinate system, then there exists no lightlike
revolution surface.
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