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Abstract — In this paper, the Goursat problem of a third order equation on cases of explicit solvability is
investigated, with the help of the Riemann function. Some results and one theorem are given concerning the
existence and uniqueness for the solution of the suggested problem.

Keywords— Third order partial differential equation, the Goursat problem, the Riemann function

1. INTRODUCTION
In the domain D = {(Ly); Ty <x<Ty, Y <y< yl},weconsider the equation

L(u)=u,, +au, +bu,, +cu, +du, +eu= f 1)

where
a,b, cd,e feC**(D),

The specia cases of the equation (1) are encountered during the investigation of processes of moisture
absorption by plants[1], where the class C**! means the existence and continuity for all derivatives

oI ds  (r=0..ks=0,..l).

We will call the solution of the class aregular.
The solution of the Goursat problem for the equation (1), with the help of the Riemann function
R(X,¥;<,n) , introduced as a solution of the following integral equation

V(xy)-[ a(xn)V(xz)de-[ [bit,y)-(x-t)d(t, )V (t y) dt +

S

| (f ()
+[] [Fett.o)-(x-teft,7) M(t,r)drdt =1
gn

was obtained in [2] and [3] (see dso, [4-5]).
Also, V(X,Yy) remains the solution of the following equation adjoint to the equation (1)
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L' (V) =V, — (QV) o — (BV),, + (V) +(dV), —eV = 0. ©)

In this paper, some cases of constructing the above function in quadratures are considered, which
provides for the solution of the original problem explicitly.

2.MAIN RESULTS

19Let b=c=d =e=0 and @a# 0. Then the solution (2) will obviously be the following function:
V =R(X V;n)= epry. a(x,7)dr.
n
2% A similar variant appearswhen D=0 and a=c=d =e=0. Here
V=ROoy0)=ep| byt
n

3% The following case is analogous to the previoustwo (A= C=e=b+ Xxd =0 and d # 0). Hence,
the equation (2) takes the form:

V(X Yy)+ xf d(t,y)V(t,y)dt =1.
¢

Put

X

A Y) =] dt )Vt y)et,
¢

then, by differentiating it with respect to x we get:
A, (X y) + xA(x, y)d(x, y) =d(x,y).

With the additional condition A(¢, y) = 0. Solving thislinear equation, we have

expﬁ td(t,y)dt}ﬁ(x, y):f d(t,y)exp{—i sd(s, y)ds}dt,
¢

4 t

or

A(X, y)=f d(t,y)expﬁ sd(s, y)ds}dt.
¢

X

As aresult, with the help of the formula

4, (X, Y)
d(xy)
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itisclear that:
V=R(XV;{)=1- xf d(t, y){exp.t[ sd(s,y) ds}dt,

Let us consider some less obvious cases.
) a=b=d=e=0,ad c=m(X)n(y).
Here the result of the paper [6] may be used and we can prove that

X y 1
ROGY: o) = I{ A m(t)dt [ n(r)dr]2}, (4)
g n
where JO isthe Bessel function of the first kind and order zero

© (_1 k? 2k
Yo(@=2 ((k!;z @ '

k=0

5% a=b=c=e=0,and d(X,y) =%y°(y) 0.

It is obvious that:
R=cos[(x-¢r(y))] (d>0);
R=cosh[(x-¢r(y)] (d<0).

6 a=b=c=d=0,and &(X y) =xe(y) = 0.
Using the standard method of finding the solution of the integral equation (2) in the form of the
Neumann’s series, the following equation can be obtained

ROy =Y, %U e(r)dr] oo

7 a=b=c=d=0,ad c(X Y) = xe(X, y) = m(x)n(y).
Using the notation

Xy

oxy)=[ | te(t.o)V(t,z)dedt,
g n

The equation (2) can be written in the following form

O, +MOIN(Y)0 = xe(x,y), 6| = 6|, =0 (5)

y=nn

The Riemann function R™ for the equation (5) coincides with the right part (4).
Using ([7]; p. 448), we have the following:
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¢ n

o(¢m) = R(&om10: ¢ moCoime)+ | A2, [ RGwumi ¢ m) LGy m)ldm +
%o 7o
0w(S1,1,)
o<,

0w(Sy, 1)
on,

¢
+I R(é/o,ﬂo;é/,ﬂ){ +b(é,1’770)0)(é/1’770)}d§1+
¢o

+ j R(é/o,ﬂl;élyﬂ)[ +a(é/0’771)a)(§01771)}d771’

H:R*(g,n;x,y)+.|x. jf R (t,7;x y)tet,7)drdt.
¢ n

Using the notation for & and (5), itisclear that V =1- 6, because

1
X

R(X,y;¢,m)=1-J, 2@‘ m(t)dtf n(r)dT}Z _

g n

Jo 2|:JX‘ m(s)dsf n(a)da}2 m(t)n(z)ddt.

t

I\ Sy <

|

8) d=e=0.
In this case, the equation (2) transforms into the equation of Riemann function, which responds with
the following

u,, +au, +bu, +cu=0.

a +ab-c=0,
or

by+ab—c:0,

respectively (see[8]):

R=exp

< —

a(x,7)dr +_T b(t,z')dt:l,

R=exp | a(x, y)dr+j b(t,r)dt}.

< —
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a=a(y)+Arx, b=b(x)+Ay, c-ab-A=m(x)n(y), A=const,

then (see again, [8] and [9])

X

R(X,Y;<\7) = 3, 2{] m(t)ct | n(r)df:l exp{/l(xy—cjnh [ b@adt+] a(@)dr],
¢ 7

¢ n

99 b+ xd =c+ xe=0.
Put the new unknown function

V = XW,

Then the equation (2) takes the form
y X
W(x y) - [ a(xr)W(x,r)dz + [ td(t, yW(t, y)dt -
n g

1
X’

‘f f te(t, 7)W(t,7)ddt =
gn

which is equivalent to the Goursat problem (taken into consideration that: § = X., 7 = Y. ):

W, —aW, +xdW, (xd, —a, —xe)W =0,

1 y
W(x.,Y) =Zexpj a(x,7)dr, (6)
Vs

X

W (X ,y*)=%expj td(t,y*)dt—j {expj sd(s, y*)ds}?—zt.

Xe

To justify the conducted operations it is required that X. # 0, i.e. the domain D should be strictly
found either to theright or to the left from the Y-axis.
The equation (6) has the same form asin 8°). From the addition to 9°) of any identity, we have

d,+ad-e=0, a, —X(ad—e) =0,
or the representations:
a=a,(y)+1x, xd = Db, (X) + 1y,
xd, +ad -e-24=m(x)n(y), 4 =congt,
leads to the possibility of constructing W(X, Y; X, Y.) explicitly, after which
R(X,Y;¢11) = XW(X,y;477).

Let us also consider cases when the problem of finding the Riemann function is solved in quadratures
through the direct integration of the adjoint differential equation (3).
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Therefore, the operation in its left part is split, for example
10°%

0

0 oV
(&_a)(ay NS~V =0.

oV oV, oV.
&_ﬂ\/:vl; 51_7)\/1:\/2; 8—)(2—0(V2=O.

Thentofind V , itisnecessary to find V, and V. Since

v, =c:(y>exp[f a(t,y)dt],

Xe

Therefore
%—ch(y)exp{j a(t,y)dt}, 7
y .
and hence,
Vi(x y) ={C,(x)+ [ Cn) exp{ | a(t,y)dt}
y ) . (®)
°eXp{—f 7(X,nl)dn1}df7}exp{j y(x,S)dS}
Then,
V(x, y)=exp{ [ ﬂ(é,y)dé”}
X ¢
°(Cz(y)+I Vi(¢ ,y)exp{—j ﬁ(é“l,y)dél}dc: J ©)
Xo Xe

Inorder tofind C,, weput 7 =Y, , ¢ =X andthen X=X, in (2). This leads to the equation
y
V (%, )~ | a0%,7)V (%, 7)d7 =1
Yo

Because

V (%, ) =exp | a(x,7)dr. (10)

Yo
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By virtue of (9), C,(Y) =V (X,,Y). Now, it is possible to find C,(X) . From (8) it follows that
Vl(X, yo) =C1(X). We suppose that in (2) 7=Y , & =Xy, and then Y=Y, the following
equation may appear

V (%Yo~ [ [b(t, Yo) = (x=1)d(t, Y) M (t, Yot = 1. (11)
Xo

Therefore, three cases of solvability in quadratures:
) dOy)=0, V(xy,)=exp| bit,y,)dt,
%

i)
b(x,y) +xd(x,y)=0,

V(% Yo) =1~ d(t,yo){exp | 4d<4,yo>dc:]dt,
X0 X

iii) b (X, y) =d(X,y),

then from (11), the solution of the Cauchy problem:
Vxx(X! yo) - b(X’ yO)Vx(X’ yo) =0 ’
V(% Yo) =1 V(X ¥o) =b(X%: ¥o),

provided by the following formula

V (X Yo) =14+b0%, o) | {exp [ b yo)dg }dt-

X0 X0

Any of the above-mentioned cases enables us to define Cl(X) . Now, it is only required to define
C(Y) . since

V, (X%, Y) =C(Y),

then using the equation
V, (%, )= | [(@V),(%,7) = C(%, 7V (%, 7)dz =b(%,, IV (%, ¥) =0,

obtained from (2) through the differentiation with respect to X, when X=X, the following function
may be calculated

O(y)- | alx,,7)0(r)dr = my(y), (12)
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0, (¥) =50, YV %0, Y) + [ [3,(%,7) =%, 1)V (%, 7)d7.

Yo

This enables to calculate C(Y) from the equation
ny_(ﬂ\/)y _WX +7/ﬂ\/ :V2'

Now, let us define the condition that is imposed on the coefficients of the equation (1) that provide
the representation (3) in the following forms:

[ (e
"(%‘b](%‘w] 0. 4[5-0) ax(——avjz 3

{5 ofE{ e

Having completed the operations in the |eft side 1) from the equation (13), we have:

NV v Vv as
oxPoy  OX* oy Ox oxoy OX

If the equation (3) iswrittenin the form

Vg —aV,, —bV + (=28, -b, +C)V, +(-b +d)V, +

(15)
+(-a,—by+c,+d, —€V =0.

And comparing (14) with (15), the following conditions may be obtained for the coefficients in the
form

—-b,+ab=-2a -b,+c, -2a -ab+c=0;
-b,+d =0; -a,+c —e=0.

Similarly, we find the conditions that provide the other variants of splits (13), i.e. take the equation 3)
from (13). We write al of them under the same numbers.

D2a +ab-c=b,-d=a,—-c +e=0;
2)2a, +ab-c=a +ab —c +e=d=0;
3)dzby+ab—cEeEO;

4)b,—d=b +ab-c=ab-c, +e=0
S5d=e=a, +ab-c=0;
6)a,—c,+e=b —-d=d, +(ab), —e=0.

Now, in order to obtain the groups of conditions of the explicit Riemann function, it is necessary to
compare the identitiesi), ii) and iii) with each set 1) to 6).
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Obvioudly it reduces to the supplement i), ii) or iii) into the corresponding set. Here, the sets may be
simplified, sometimes coinciding with the previously obtained ones or being their special cases. Having
performed the above comparison and rejected the repeating sets, we come to the following groups of the
conditions:

A) With general assumptions b=d =0.

1°) c-2a =e-a, =0;

2°) c=e=0;

3”)e=a -c=0.

B) With assumptions d =0 and b(X, y) =b(y).
4°) 2a, +ab-c=a,—c +e=0;

5°) b, +ab-c=ab-c, +e=0;

6°)a, —c,+e=b,—c+ab+a, =0.

C) In supposition d =0

7°) 2a, +ab-c=a, +ab —c +e=0;
8°) b, +ab-c=e=0;

9°)e=a, +ab-c=0.
D) During the identity performance bx =d.
10°) 2a, +ab-c=a_ -c, +e=0;

11°) b, +ab-c=ab-c, +e=0;

12°) a, —c,+e=h,—c+ab+a, =0.
E) Under the conditions Xb=—-xd = A(y) #0.
13°) 2a, +ab-c=a,—c +e=0;

14°) xc=A'"+al, x(c,-€)=a.

Consequently the above-mentioned considerations enables us to formulate the following result:

Theorem: The Goursat problem for the equation (1) is solved explicitly in all the above-mentioned cases.
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