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Abstract – The problem of discrimination between two stationary AR(p) plus noise processes is considered 
when the noise process are different in two models. The discrimination rule leads to a quadratic form with 
cumbersome matrices. An approximate and analytic form is given to distribution of the discriminant. The 
simulation study has been used to show the performance of discrimination rule. The cumulants of 
discriminant function are obtained and show them to be very close to the true values given in literature. 
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1. INTRODUCTION 

 
Discrimination of time series data is an important area with applications in various disciplines. In 
cardiology, where electrocardiographics (ECGs) signals taken from different patients are classified to a 
particular type of patient. In seismology, the general problem of interest is in distinguishing the 
underground nuclear explosions from natural earthquakes ([1-4]).  

Detecting a signal embedded in a noise series is also an important technique in statistical pattern 
recognition. Some other applications are in biology and developmental psychology (see [5, 6] and therein 
references for some more applications).  

The majority of works in time series discrimination, however, is devoted to considering ARMA 
processes which can be expressed as a linear combination of white noise processes [7]. Recently, much 
attention has been paid to other processes. However, these approaches usually lead to numerical methods 
instead of analytic methods [8-11].  

The log-likelihood ratio is usually considered as an appropriate criterion to discriminate between the 
two models. For Gaussian models, the discrimnant function is expressed in terms of a linear combination 
of independent chi-square random variables, each with one degree of freedom. The coefficients are the 
eigenvalues of a matrix based on the covariance matrices for the two models. The eigenvluaes are 
calculated numerically. Chan et al. [12] gave an approximate analytic solution for the coefficients in 
ARMA processes. This was followed by Chinipardaz [13] for an autoregressive model of order one, 
AR(1), with an extra noise and again extended for autoregressive model of order p, AR(p), with an extra 
noise in [14]. In the two latter papers it is assumed that the extra noises are the same for the two 
competition models. 

In this article the discrimination has been considered for AR(p) models with these different extra 
noises for the competition models. To give a motivation example, assume that a missile fired from a 
submarine is tracked using the observations taken from the satellite observations, ty , which include an 
extra noise with the actual position of the missile. The problem of interest is to allocate the actual position, 
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tx , of the missile to one of two competition AR(p) models. However, the obtained observations are 
collected by different radars.  

This article is organized as follows: In the next section we present our method as well as some 
primary results required in the next section. In section three the discriminant rule based on log-likelihood 
ratio is given. In the forth section a simulation study has been done to show the performance of the 
criterion given in section three. The distribution of the discriminant function is studied in section five. 
Finally, in the last section the first four cumulants of the discriminant function are obtained and compared 
with those given in numerical methods in classical approaches. 

 
2. DISCRIMINATION BETWEEN TWO AR(p) PLUS NOISES MODELS 

 
Consider an observed time series vector, 1 2( , ,..., )Ty y y ¢=y  to be classified, to one of two models 

( 1,2)iH i =  where 
 

1 1

1 1 2 2 1

: t t t

t t t p t p t

H y x

x x x x

e
a a a h- - -

= +
= + + + +

 

 
and 
 

                                                 2 2
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: t t t

t t t p t p t

H y x
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e
b b b h- - -

= +
= + + + +

                                             (1) 

 
such that 
 

Σ1 1~ (0, )H Ny  

Σ2 2~ (0, )H Ny  
 
and 
 
                                             Σ Σ

1 1

2 2
1 ah e

s s= + I ,                    Σ Σ
2 2

2 2
2 bh e

s s= + I                                         (2) 

 
Where Σa  and Σ b  are covariance matrices of AR(p) with parameters α 1 2( , ,..., )pa a a=  
β 1 2( , ,..., )pb b b= , respectively, and I  is identity matrix of dimension T. We assume that ite  and ith  are 
uncorrelated white noise disturbances with mean zero and variances 2

ie
s  and 2

ih
s  respectively for 1,2i = , 

and cov( , ) 0it ite h = , for all t  and i . 
The probability density function ( )η 1 2, , , Th h h=   under hypothesis 1H  is: 
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Transforming from { }

it
h  to { }tx , with Jacobin=1, the conditional probability density of x  conditional 

on ( )0 1 1 0, , ,px x x- -=x   under hypothesis 1H  is:  
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With some manipulations 
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2 1,p a+B  is the band matrix of dimension T of band width (2p+1) defined by 
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Therefore, 

1 1

2 1 2
1 2 1,| ~ (0, )pH N ah e

s s-
+ +y B I  and 

2 2

2 1 2
2 2 1,| ~ (0, )pH N bh e

s s-
+ +y B I . 

The properties of this band matrix have been studied in [15].  
The band matrix of order 2p+1 can be approximated with a polynomial of order 3, 3B . i. e. 

 

                                                                       2 1, 3
0

,
p

j
p j

j

ca+
=

= åB B                                                                 (5) 

 

Where 3

1 | | 1
[ ]

0 otherwiseij

i jì- - =ïï= íïïî
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structure of the covariance matrix. The rth eigenvalue of band matrix 3B  is 
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and the rth normalized eigenvector associated with rl , denoted by ξr , is given by  
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The T T´ symmetric matrix of eigenvectors is ξ ξ ξ1 2( , ,..., )T=L . 

 
3. DISCRIMINATION BASED ON LIKELIHOOD RATIO 

 
The log-likelihood ratio discriminant function, is 
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We assign y  to 1H  if 0LLR ³ , i.e. 
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and to 2H  otherwise. Now, we have this theorem: 
 
Theorem: The log-likelihood ratio is approximated by 
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where andj jc d  are obtained from the structure of 2 1, 2 1,andp pa b+ +B B , respectively. 
 
Proof: Appendix 

Therefore, by discrimination rule we assign y to 1H  if  
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3.1. Some special cases and generalizations 

 
AR(1) process without observed noise and 
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Therefore, the discrimination rule leads to assign y to 1H  if 
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and to 2H , otherwise. This conclusion has been obtained by Chan et al. [12]. 

AR(1) process with equal observed noise. 
Consider the discrimination between two AR(1) processes with the same observation noise or equal 

variance noises. We have 2
0 11 ,c ca a= + =  and 2
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Discrimination rule will be obtained by putting this quantity in (11). This has been obtained in [13].  

Our approach may be generalized for non stationary ARI(p, d) models. Let 
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Under this transformation whit Jacobin=1, the log-likelihood is  
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and to 2H  otherwise. 
 

4. NUMERICAL STUDY 
 

The performance of the discrimination function can be studied by the numerical methods. For models 
AR(1) and AR(2) the misclassification rate was investigated by simulation. 

Two hundred time series each of length one hundred were simulated from 1H . Then each time series 
was allocated to 1 2orH H  according to (11). The number of misclassified observations was calculated. 
The results are given in Tables 1 and 2 for AR(1) plus noise and AR(2) plus noise processes, respectively. 
The model and observation noises also allowed to take different values. The results show that the method 
works well. 

 
Table 1. The number of misclassifications for the discrimination between two AR(1) processes  

plus noise for some different values of anda b  and various variances 

 
( , )a b   

1 2 1 2

2 2 2 2( , , , )
h h e e

s s s s   

 
(-0.2,-0.6) 

 
(0.3,0.5) 

 
(0.2,-0.2) 

 
(-0.1,-0.8) 

 
(0.2,0.9) 

(1,1,0,0) 5 26 7 0 0 
(2,2,0,0) 2 31 7 0 0 
(1,2,0,0) 0 2 0 0 0 
(1,1,1,1) 0 0 35 0 0 
(1,1,2,2) 0 0 44 0 0 
(1,1,1,2) 0 0 10 0 0 
(1,1,3,1) 0 0 3 0 0 
(1,2,1,2) 0 0 1 0 0 
(1,10,1,1) 0 0 0 0 0 
(1,1,1,10) 0 0 0 0 87 
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Table 2. The number of misclassifications for the discrimination between two AR(2) processes plus  

noise for some different values of 1 2,a a  and 1 2,b b  and various variances 
 

1 2 1 2( , , , )a a b b   

1 2 1 2

2 2 2 2( , , , )
h h e e

s s s s   

 
(-.1,-.2,-.2,-.2) 

 
(-.2,-.1,-.2,-.2) 

 
(-.2,-.1,.2,-.1) 

 
(-.3,-.2,.3,.2) 

 
(.3,-.3,-.2,-.4) 

(1,1,0,0) 17 2 8 20 0 
(2,2,0,0) 29 0 2 17 0 
(3,3,0,0) 17 1 4 19 0 
(1,2,0,0) 22 3 1 11 25 
(2,1,0,0) 0 1 0 0 0 
(1,1,1,1) 25 15 34 81 20 
(1,1,2,2) 74 58 68 98 58 
(1,1,1,2) 32 20 17 37 61 
(1,1,2,1) 0 0 0 0 0 
(1,2,1,2) 3 2 2 2 3 
(2,1,2,1) 0 0 0 0 0 
(3,1,3,1) 0 0 0 0 0 
(1,5,1,1) 0 0 0 0 0 
(1,1,1,5) 0 0 0 0 0 

 
As can be seen from Table 1 and 2 the results may be worse in the case of the parameters in the two 

models are close. Also, the misclassification rate is large if the variances of observation errors, 
1

2
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2
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s  are large, especially if the second population is large. In the case of 
1 2

2 2 0,
e e

s s= =  the results are 
similar with those given in [12] as was expected. 
 

5. DISCRIMINATION OF DISCRIMINANT FUNCTION 
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using the normality of Y  and the independence of elements of Z , 1( , , )TZ Z ¢=Z   has a multivariate 
normal distribution with zero mean vector and diagonal covariance matrix with ( , )r r  th element  
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Where 2

1,rc  is the chi-square random variable with one degree of freedom. 
From (8), ignoring the constant term, the discriminate function is 
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Hence under 1H  the discriminant function has a linear combination of chi-square random variable 

with one degree of freedom with rth coefficient  
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by a similar manner, if Y belongs to 2H then 
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6. COMPARING THE CUMULANTS OF DISCRIMINANT FUNCTION:  

ANALYTICAL VERSUS NUMERICAL METHODS 
 

As was shown, the quadratic distribution of the discriminant function leads to  
 

2
1,

1

( )
T

Q r r
r

d l c
=

=åx  

 
where jl  is given in (12) or (13) based on the observations taken from 1 2H or H , respectively. Many 
authors have tried to tabulate this distribution function [17, 18]. They consider 0, 5,j T> =  which is not 
the case of time series where j can be positive or negative. An alternative method is based on Pearson 
curves given in [19] and [20]. In this method the true density function is approximated by equating the 
first four cumulants. Solomon and Stephens [20] showed that the sth cumulant is given by  
 

( )( ) 1

1

2 ( 1)!
T

s s
s r

r

d sk l-

=

= - åx  

 
These are derived using the classical method, i.e. 
 

jl = eigenvalues Σ Σ Σ1 1
2 1

1
( ), 1,2.j j

T
- -- =  

 
where Σ j  is the covariance matrix of jth model [13]. A numerical comparison between the classical 
methods and the method given in this paper has been considered for the first four cumulants. AR(1) plus 
noise model AR(2) plus noise model are given in Table 3 and Table 4, respectively. The various values of 
parameters and variances are considered for T=100. It should be mentioned that results given in [13] and 
[14] may be included in our results, considering the same observation errors. 

The numerical comparison shows that our method agrees well with the classical methods being close, 
especially when the parameter values are large with different signs.  
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Table 3. Comparison of the first four cumulants of ( )Qd x  approximated by different 

 methods for AR(1) plus noise processes 
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7. APPENDIX: PROOF FOR THEOREM 
 

Applying the transformation yLz   to (6) leads us to 
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Note that L  is an orthogonal matrix. By considering the other properties of L  which are given in [13], 
we have: 
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where 3Λ is a diagonal matrix with rth diagonal element  
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In order to abbreviate, let 
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