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Abstract —A notion of amenability for topological semigroups is introduced. A topological semigroup S is
called Johnson amenable if for every Banach S -bimodule FE , every bounded crossed homomorphism from
S to E” isprincipal. In this paper it is shown that a discrete semigroup S is Johnson amenableif and only if
¢1(8) isan amenable Banach algebra. Also, we show that if atopological semigroup S is Johnson amenable,
then it is amenable, but the converseis not true.
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1. INTRODUCTION

The Johnson's Theorem [1] asserts that a locally compact Hausdorff group G is amenable if and only if
the Banach algebra I (G) isamenable. Thisis not true for discrete semigroups.

Duncan and Nomioka [2] showed that if ¢!(S) isamenable, then S is amenable, and for awide class
of inverse semigroups S, they showed that ¢'(S) fails to be amenable if E, (the set of idempotent
elementsof ) isinfinite.

Amini [3] has recently introduced the nation of module amenability for Banach algebras and showed
that, under some action for an inverse semigroup S, ¢'(S) is module amenable if and only if § is
amenable.

In this paper we introduce the concept of Johnson amenability for topological semigroups. In
particular we show that a discrete semigroup S is Johnson amenable if and only if ¢'(S) is an amenable
Banach algebra.

2. PRELIMINARIES

Let S be atopological semigroup, that is, a semigroup which is a topological space and the semigroup
multiplication is separately continuous. A Banach space E is called a Banach S -bimodule, if there exists
atwo sided linear transitive action of S on E such that,

i.s-(X-t)=(s-x)t foral s,;tcS,z€kE,

ii.if s, >sinSandzec E,thens, -X —-s-x and X -S, — X -S inthe norm topology, and

iii. the action is bounded, that is, thereisa M > 0 such that for every z € E and s € S, we have

s~ < o], |- s < M.
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We say that the right (respectively, left) action of S on E is trivid, if z-s =z (respectively,
s-x=ux) for seS and z € E; Also, the right (respectively, left) action is called zero, if z-5s=0
(respectively, s-z =0).

If E isaBanach S -bimodule, then the topological dual E* of E isalso an S-bimodule, where the
action is defined by

(s- fox)y={(f,z-8), (f-s2)={(fs x) (SGS,fGE*,IGE).

Notethat if s, — s in S, f — fin E" intheweak*-topology and sup, |/ | < oo, then s, - f — s f
and f -s, — f-s intheweak*-topology and the dual action is also bounded.

Let C(S) be the Banach algebra of complex valued continuous bounded functionson S. Then C(S)
isan S -bimodule viathe following actions

a-s(t) =a(st), s-a(t)=alts) (s,t€S,acC9)).

We call these actions the right and the left function modul e actions respectively.

A function f € C(S) isright uniformly continuousif jim,|f s, — f-s|_ = 0 whenever s, — 5. The
Banach algebra of all right uniformly continuous functions on S is denoted by RUC(S). Similarly the
Banach algebra of all left uniformly continuous functionson S is denoted by LUC(S).

Note that RUC(S) (respectively, LUC(S)) is aBanach S -bimodule with the right (respectively, left)
function module action and trivial left (respectively, right) action.

Let £ be alinear subspace of C(S) which contains the constant function 1,. A mean on E is a
functional m in E", such that m(1y) =|m|=1. Suppose that E is aso closed under right function
module action. Then the mean m iscalled left invariant if s- m = m for al s € S . Right invariant means
are defined similarly.

Definition 2.1. A semigroup S is called left (respectively, right) amenable if there exists a left
(respectively, right) invariant mean on RUC(S) (respectively, LUC(S)); S is caled amenable if it is left
and right amenable.

Recall that if S isleft amenable with respect to some topology, then it is left amenable with respect
to all topologies which are coarser than that. Thus a commutative topological semigroup is amenable,
sinceit is amenable with discrete topology [4, page 16].

We now give the definition of amenability for Banach algebras. Recall that, for a Banach algebra 4 ,
a Banach space F isaBanach 4 -bimoduleif F isan A -bimodule and there is a constant M such that
"a . x” < M"a""x" and "m . a” < M"x”"a” foreacha in 4 and z in E.

If E isaBanach A-bimodule, then the dual space E* is a Banach 4 -bimodule with the actions
defined by (a- f,2) = (f,z-a) and (f - a,z) = (f,a-z),for a in A, z in E and f in E". A derivation of
A intoan A-bimodule F isalinear map D : A — E such that D(ab) = a- D(b) + D(a)- b, for al a,b in
A.For z in E,themap a — a.z — z.a iSaderivation. Such derivations are called inner.

Definition 2.2. A Banach algebra A is amenable if for any Banach A -bimodule E, every continuous
derivation D : A — E” isinner.

3. JOHNSON AMENABILITY

Let S be a topological semigroup and let F be a Banach S-bimodule. A bounded crossed
homomorphism is a weak*-continuous map D : S — E, such that D(st) = s - D(t) + D(s)- t for every
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stes and sup, g D(s)| < oo. If fisin E°, then d, : S — E" defined by ad,(s)=s-f—f-s isa
bounded crossed homomorphism. Such bounded crossed homomorphisms are called principal.

Definition 3.1. Let S be atopological semigroup. Then S is caled Johnson amenableif for every Banach
S -bimodule E, every bounded crossed homomorphism from S to E" is principal.

Proposition 3.2. For atopological semigroup S the following are equivalent.

i. S isleft amenable.

ii. For every Banach S-bimodule E with trivial left action, any bounded crossed homomorphism
D:S — E isprincipal.

Proof: First, suppose that S is left amenable. Let E be a Banach S-bimoduleandlet D: S — E bea
bounded crossed homomorphism. For every z € £ we define w, : S — C by w,(s) = (D(s),z). Then
o = sup,es | @, () [€ sup,s | DGs)| | ]| < M| z|, where M 0 isabound for D. Let s, — s in S.
Then D(s,) — D(s) inthe weak*-topology. Thus w (s,) — w,(s), that is, w, iscontinuous. Let ¢, — ¢ in
S.Then

w

w, b, —w, .t"oO = sug | w, (t,s) — w,(ts) |
= sup | (D(t,s), ) — (D(ts),z) |
<[ (D(ty) = D(t),) | +sup | (D(s),z-t, —x-t)].

ses

Since the net D(t,) is weak* convergent to D(t), then |(p(,)— D@),z)}—0. Also,
sup,cg | (D(s), 2 t, —x- 1) |< M|a-t, —a-t|. Therefore, sup ;[ (D(s),z-t, —x-t)|- 0 since z-t, — -t in
norm and 0 |w, - ¢, —w, -t|_ — 0, which implies that w, € RUC(S). Now, let m be a left invariant
mean on RUC(S) . Define alinear functional f on E by (f,z) = m(w,) for every = € E. Then we have,

|£] = sup [ (f:2) [= sup | m(w,) [< sup |w, |, < M.

= Jo]<1 =

Thus f € E*.Forall z € E and s,t € S, we have

Therefore, w,, = w, - s — (D(s), )1, . Thisimplies that
<f_3'f"73> = <f7$>_<f,$'8>
=mw, —w,,)
=m(w, —w, -5 —(D(s),)lg)
= <D(5)7$>7
forevery z € E and s € S.Thus D(s) = f —s- f fordl s € §,and D isprincipal.
Conversely, consider the Banach S-bimodule FE = RUC(S) with trivial left action. Let

F =E /Clg. Then F isaBanach S-bimodule and F" is canonically isometrically isomorphic with the
submodule L = {f € E" : (f,15) = 0} of E". In particular, L isthe dua of a Banach S -bimodule. Let
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f e E \ L be arbitrary (note that by the Hann-Banach theorem E*\ L = @). Define D:S — L by
D(s)=s-f— f.Clearly D isabounded crossed homomorphism. Thus D is principal and so for some
ge L wehave D(s)=s-g—g. Thusfor h=g— f,wehave h=0 and s-h=h for every s S.
Since RUC(S) is acommutative C*-algebra, there exists a compact Hausdorff space A with a canonical
left action of S, such that C(A) and RUC(S) areisometrically *-isomorphic C*-algebras and isomorphic
S-modules. Thus one can consider h as a S-invariant complex Borel regular measure on A . Now,
[h|/|h|(A) isaninvariant mean for S, where | 4 | denotestotal variation measure of 5 .

With the same argument of Proposition 3.2 one can prove that, S isright amenable, if and only if for
every Banach S -bimodule E, with trivial right action, every bounded crossed homomorphism from S to
E" isprincipal. Thus we have,

Theorem 3.3. Let S be atopological semigroup. If S isJohnson amenable, S isamenable.

Lemma 3.4. Let S be atopological semigroup with aunit element ¢ and let £ be a Banach S -bimodule
with either zero right action or zero left action. Then any bounded crossed homomorphism from S to E*
isprincipal.

Proof: Suppose that the right action is zero. Then the left action of S on E” iszero. If D: 5 — E" isa
bounded crossed homomorphism, then for every se S we have,
D(s) = D(es) = e- D(s) + D(e)- s = D(e)-s = D(e) - s — s+ D(e) = ad_p,(s) - Proof for the other case is
similar.

Let S be atopological semigroup with a unit element ¢. A Banach S-bimodule E is called left-
unital (respectively, right-unital) if e-z = = (respectively, z-e =2z) for al z € F. Also, E is caled
unital if it isboth left and right-unital.

Lemma3.5. Let S beatopological semigroup with aunit element e and let £ be aBanach S -bimodule.
Let F={e-z:2 € E} (respectively, G ={z-e:z € E}). Then F (respectively, G) is a left-unital
(respectively, right-unital) closed submodule of E. Also, if every bounded crossed homomorphism from
S to F* (respectively, G") is principal, then every bounded crossed homomorphism from S to E* is
principal.

Proof: We prove the Lemmafor F, the other caseis similar. Notethat F isaleft unital submodule of E'.
Let = € £ be an accumulation point of /. Then there existsanet (e-z;) in F suchthat e-z, — z in
norm. Thus e-z, =e-(e-z;) — e-x in norm. This implies 2 =e-2z € F, thus F is closed. Now,
suppose every bounded crossed homomorphism from S to F* isprincipal. Let D : S — E* be abounded
crossed homomorphism and let =:E" — F° be the restriction map. Then = is a bimodule
homomorphism and thus = o D is a bounded crossed homomorphism from S to F*. Thus there exists
feF suchthat oD =ad,.Let f € E" besuchthat «(f) = f and let D = D — ad; . Then for every
s € S, the functional D(s) vanishes on F. By identification {f ¢ E" : f [,= 0} = (E / F)", we can
suppose that D is a bounded crossed homomorphism from S to (E / F)". On the other hand, the left
action of S on E / F is zero. Thus by Lemma 3.4, D = ad, for some ¢ € E*. Therefore we have
D= adfﬂ .

Proposition 3.6. Let S be a topological semigroup with a unit element e. Then the following are
equivaent.
i. S isJohnson amenable.
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ii. For every unita Banach S-bimodule £, any bounded crossed homomorphism from S to E s
principal.

Proof: (i) = (ii) istrivial.
(i)=(i) Let £ beaBanach S-bimoduleand F, = {z-e: 2z € E}. By Lemma3.5, F is aclosed right-
unital submodule of E. Also, let F, = {e-z-e¢: 2z € E}. By Lemma3.5, F, isaclosed (two sided) unital
submodule of F, and hence any bounded crossed homomorphism from S to £, is principal, thus by
Lemma 3.5, any bounded crossed homomorphism from S to £ is principal. Again by Lemma 3.5, any
bounded crossed homomorphism from S to £* is principal. This completes the proof.

Recall that for atopological group G, themap (g,2) — gh~! from G x G to G isjointly continuous.

Theorem 3.7. Let G be atopological group. Then the following are equivalent.
i. G isamenable.
ii. G isJohnson amenable.

Proof: (ii) = (i) Followsfrom Theorem 3.3.

Suppose that G is amenable. By Proposition 3.6, it is enough to prove that if E is aunital Banach
G -bimodule and D : G — E" is a bounded crossed homomorphism, then D is principal. Let E, bea
Banach G -bimodule with underlying space E and trivial left action, and the right action defined by
r*¥g:=g't-2-g for z € E and g € G . Then the dua action of G on E;; becomes, g* f=g-f-g*
and f*g=f for fe E".Define D, : G — E, by D,(9)=D(9)- 9" (g€G). Thenforany gh e @G,
we have

Thus D, is abounded crossed homomorphism and by Proposition 3.2, D, is principal. Thus for some
feE and every ge G, we have D(g) g =Dy(9)=9g*f—f=g-f-g" —f, that implies
D(g)=g-f—f-g.Thus D isprincipal.

Theorem 3.8. Let G bealocally compact Hausdorff group. Then the following are equivalent.
i. G isamenable.

ii. G isJohnson amenable.

iii. /(@) isan amenable Banach algebra.

Proof: (i) and (iii) are equivaent by Johnson's Theorem [1]. (i) and (ii) are equivalent by Theorem 3.7.

Theorem 3.9. Let S be a discrete semigroup. Then S is Johnson amenable if and only if ¢(S) is an
amenable Banach algebra.

Proof: Suppose that ¢!(S) is amenable. Let E be a Banach S-bimodule and let D: S — E* be a
bounded crossed homomorphism. Then E by the actions

a-x = Za(s)(s L), T-a= Za(s)(x -5) (a€l48),r€E)

seS seS
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isaBanach ¢!(S)-bimodule and D can be canonically extended to a bounded derivation D : ¢(S) — E*,
defined by D(s,) = D(s). Thus there is f € E* such that D(a) =a-f— f-a for dl a € ¢(S). Thus
D = ad; and S is Johnson amenable.

Conversely, suppose that S is Johnson amenable. Let E be a Banach ¢'(S)-bimodule and let
D : (1(S) — E" beabounded derivation. Then E isaBanach S -bimodule by the actions

scx=6 -z, x-s=z-6 (s€S85,x€k).

s

Also, D:S — E" defined by D(s) = D(6,) is a bounded crossed homomorphism. Thus there is
feE such that for al seS, D(s)=s-z—x-s. This implies that D(a) =a-f—f-a for al
a € (1(S),and thus D isaninner derivation.

4. HEREDITARY PROPERTIES
Proposition 4.1. Let S and T be topological semigroups and let ¢ : T — S be a continuous semigroup
homomorphism with dense range. If T is Johnson amenable, thensois S.
Proof: Suppose that T is Johnson amenable. Let £ be a Banach S-bimodule and D: S — E* be a
bounded crossed homomorphism. Then E isaBanach T -bimodule by the action,
t-x=9¢t)z, z-t=ax-¢t) (teT,xeckFE).
Also, Do ¢: T — E" is abounded crossed homomorphism. Thus there exists f € E* such that for

al teT, D) =t-f—f-t. Since ¢(T) is dense in S and D is continuous, we have
D(is)y=s-f—f-sfordl ses.

Corollary 4.2. Let S be atopological semigroup and T' be a dense topological subsemigroup of S . Then,
if T isJohnson amenable, thensois S.

Proof: Apply Proposition 4.1 with the identity continuous homomorphism id : T — S'.

Let G be a locally compact Hausdorff non compact group, and S = G U {occ} be its one point
compactification. Extend the semigroup operation of G to S by putting goo = cog = coco = o
(g € G). Then S becomes a compact Hausdorff topological semigroup which isnot agroup and has G as
a dense subsemigroup. Thus by Theorem 3.7 and Corollary 4.2, if G is an amenable group, then S is
Johnson amenable.

Corollary 4.3. Let S be a semigroup and let - and 7' be two topologies on S for which S is a
topological semigroup, such that ~ c 7'. If S is Johnson amenable with topology 7', then S is Johnson
amenable with 7.

Proof: Apply Proposition 4.1 with the identity continuous homomorphism id : (S,7') — (S, 7).

Corollary 4.4. Let {S;},., be a class of topological semigroups. Consider the topological semigroup
Hidsi , with product topology. If Hz’elSi is Johnson amenable, then sois S, forevery i e I.

Proof: For every j € I, consider the canonical projection HZ,E S — 8, and apply Proposition 4.1.
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Proposition 4.5. Let S be atopological semigroup and let (7,<) be a directed set. Suppose that for any
ie I, S, isatopological subsemigroup of S such that

i.if i < j,then s, C 5.,

i. S, =U,,S; |sdense|n S, and

iii. there exists a K > 0 such that for every i c I, for every Banach S, -bimodule £ and for each
bounded crossed homomorphism D : S, — E, there exists f € E* with D(s) =s-f — f-s (s € S,) and
||f|| < Ksup(geS'"D(S)” . Then $ is Johnson amenable.

Proof: By Corollary 4.2, it is enough to prove that S, is Johnson amenable. Let £ be a Banach S, -
bimodule and D : S, — E" be abounded crossed homomorphism. For every i € I, let f bein E such
that Ds (s)=s-f —fs (s€8) and |£], < Ksup, s, |Ds)| < Ksup, s |DGs)| - Then (£),, is a
bounded net in E*, and thus has a weak*-accumulation point f. By passing 0 a subnet we may assume
fiw — f.Now, if s € S, thenfor some i,, wehave s € S, foral i > 4, and thusfor every = € E,

(D)) = (s ] — [ 53)
=(f,x-s—s-2)
—(f,x-s—s-x)
=(s-f—f s

Thusforevery s € S, D(s) =s- f— f-s and D isprincipal. This completes the proof.

Theorem 4.6. Let S and T be topological semigroups with unit elements. If S and 7 are Johnson
amenable, thensois S x T'.

Proof: Let e and ¢’ denote the units of S and T, respectively. Consider topological subsemigroups
S=8x{e}and T ={e}xT of SxT.Clearly, S and T are Johnson amenable. Let £ be a Banach
S x T -bimodule and D : S xT — E* be a bounded crossed homomorphism. Then E is canonicaly a
Banach S -bimodule and a Banach 7' -bimodule.

Consider the bounded crossed homomorphism D |;: S — E". By Johnson amenability of §, thereis
some f, € E*,suchthatforal s € S,

D(Sael) = (576,) : fo - fo ' (5’8/) (1)

Now, consider bounded crossed homomorphism D := D —ad, from $xT to £ . Then D |;=0
0
and for all (s,¢t) € S x T we have,

[)(svt) = ,;((Sa 6/)(€,t)) B
= D(s,e’) ;(e, t) + (s,e’) - D(e,t)
= (s,e) - D(e,t).

Similarly, D(s,t) = D(e,t)- (s,e). Thusif F ={f € E" : (s,')- f = f-(s,¢’) for all s € S}, then the
range of D is in F. On the other hand if L is the closed linear span of
{(s,¢')-x—z-(s,¢'): s € S,z € E}, then L is a Banach T -submodule of E. Thus F is the dual of a
Banach 7 -bimodule, since F is identical with (£ / L)". Therefore, D |;: T — F is a bounded crossed
homomorphism and thus for some f, € F ¢ E*, wehave D |;= adf1 |7, or equivalently, forall ¢t e T,

D(e,t) = (e,t) : fl - fl '(evt)v (2)

andforal s e S,
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(s,) - f = fi - (s,€). ©)
Now from (1), (2) and (3) we havefor al (s,t) € Sx T,

D(s,t) = D((s,e')(e;t))
= D(s,e’) - (e,t) + (s,€') - D(e,1)
= ((s,¢") - fy = fy - (s,€") - (1)
+(se) - ((et) f = fi-(et) +(et)- f, — f - (e1)
=(st) - h=h- )+ fh—f(s1)
= ad}r[)+f.1(5,t).

This completes the proof.

5. SOME EXAMPLESAND APPLICATIONS

Let A beaBanach agebra. By astructural semigroup of A, wemean asubset S of A, such that
i. S isclosed under multiplication,

ii. the linear span of S isnormdensein 4, and

i, sup, 5] < oo

We consider S as atopological semigroup with topology induced by the norm of 4.

Theorem 5.1. Let A be a Banach algebra and let S be a structural semigroup of A . If S is Johnson
amenable, then 4 isamenable.

Proof: Let £ be aBanach A -bimodule and let D: A — E* be a bounded derivation. Then it is easily
checked that E is a Banach S-bimodule with the same action as A, and the map D |;: S — E™ isa
crossed homomorphism. Since D is a bounded derivation and supses||s|| < o0, then
sup,.g||D s (s)] < oo . Also, D |, iscontinuousin the weak*-topology of E”, sinceit is continuous in the
norm topology of E*. Therefore, D |, is a bounded crossed homomorphism. Since S is Johnson
amenable, then thereis f € E* suchthat D(s)=s-f— f-s foral se S . Since A isthe closed linear
spanof S,wehave D(a)=a-f— f-a foradl a € A, and the proof is complete.

Let A be a non-amenable commutative Banach algebra. Let S be a structural semigroup of A4
defined by,

S:{aeA:”a"<1}.

Then S isan amenable topological semigroup since S is commutative. But by Theorem 5.1, S isnot
Johnson amenable.

Let B beaunita commutative C*-algebraand G be the unitary group of B. Then G is astructural
semigroup of B. On the other hand, G is abelian and thus an amenable group. Then by Theorem 3.7, G
is Johnson amenable. Thus by Theorem 5.1, B isan amenable Banach algebra.

A Banach algebra A is called dual, if there exits a closed submodule 4, of A™ suchthat 4 = (A,
see [5, Section 4.4]. Let A be adua Banach algebra. In what follows, we shall therefore suppose that A
aways comes with a fixed A.. It is easily checked that the multiplication of A is separately weak*-
continuous. Let £ be aBanach A -bimodule. Wecall £ prenormal A -bimodule if for each z € E, the
maps a — a-z and a — z-a from A to E* are weak*-continuous.

Iranian Journal of Science & Technology, Trans. A, Volume 34, Number A2 Spring 2010


www.SID.ir

Johnson amenability for topological semigroups 159

The dual Banach algebra A iscalled Connes-amenable, if for every pre normal Banach A -bimodule
E , every weak* -continuous derivation D : A — E* isinner. For more details on Connes-amenability, we
refer the reader to [5-8].

For the dual Banach algebra A, we call asubset S of 4, dual structural semigroup of A, if it
satisfies (i) and (iii) of the definition of structural semigroup and also satisfies
ii". thelinear span of S isweak*-densein A .

We aways consider the dual structural semigroup S as atopological semigroup with induced weak* -
topology of the dual Banach algebra A .
The proof of the following is similar to the proof of Theorem 5.1.

Theorem 5.2. Let A be a dual Banach algebra and S be a dua structural semigroup of A. If S is
Johnson amenable, then 4 is Connes-amenable.

In [8] it was shown that for any locally compact group G, the measure algebra M(G) is Connes-
amenableif and only if G isamenable. Now, we can prove the if" part of thisresult by our method.

Theorem 5.3. Let G be an amenable locally compact group. Then M(G) is Connes-amenable.

Proof: Let § : G — M(G) be the usual pointmass measure map. Then ¢ is a continuous homomorphism
in the weak* -topology and convolution product of M(G). Thus by Theorem 3.7 and Proposition 4.1, the
topological semigroup §(G) is Johnson amenable. Also, §(G) is a dua structural semigroup for dual
Banach algebra M(G) . Thus by Theorem 5.2, M(G) is Connes-amenable.

The following is a Hann-Banach theorem. This is similar to Proposition 2 of [9] in the Banach
algebra case, see aso [10]. We call an element = of S-module E symmetric if for every s in S,

ST =T-S§.

Theorem 5.4. Let S be a Johnson amenable topological semigroup. Let £ be a Banach S -bimodule and
F be aBanach submodule of E. Then any symmetric functional in F* has an extension to a symmetric
functional in E" .

Proof: The quotient Banach space Y =FE/F is a Banach S-bimodule by the actions
s-(z+F)=s-z+Fad(xz+F)-s=xz-s+F forsinSandzin E.Let f beasymmetric element
of F* and f be any continuous extension of f on E. For every s in S, s-f—f-s isin F*-, the
Banach space of al functional in E* that vanish on F. Let @ be the canonical isometry from F* onto
(E/ F) . Thenthe map 6(s) = Q(s- f — f - s) is a bounded crossed homomorphism, since Q is weak*-
weak* continuous and S -bimodule homomorphism. Since S is Johnson amenable, there exists h in F+
such that 6(s) = s- Q(h) — Q(h) - s, for all s in S. It followsthat f = f — h isasymmetric extension of
fonk.
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