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Abstract – In this paper, the Lorentzian version of Beltrami-Euler formula is investigated in 1
n . Initially, 

the first fundamental form and the metric coefficients of generalized timelike ruled surface are calculated and 
by the help of the Christoffel Symbols, Riemann-Christoffel curvatures are obtained. Thus, the curvatures of 
spacelike and timelike tangential sections of generalized timelike ruled surface with timelike generating space 
and central ruled surface are found to be related to the determinant of the first fundamental form of the 
surface. In addition to this, the relation between the sectional curvature and the distribution parameter of this 
ruled surface is obtained. Finally, paying attention to the spacelike and timelike central ruled surface of the 
generalized timelike ruled surface one by one, four different types of Lorentzian Beltrami-Euler formulas are 
constituted for generalized timelike ruled surface with timelike generating space. 
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1. INTRODUCTION 

 
The fundamentals of the curvature theory go back to at least as far as the rd3 century BC. In ancient 
Greece Apollonius of Perga studied normals, centers of the curvature and the evolutes of elementary 
curves, [1]. The last three centuries have seen the theory of curvature bloom. L. Euler introduced the 
theory of curvature of surface in his first study. Euler’s sectional curvatures were basically curvatures of 
curves obtained as intersections of a normal plane with the curve. Thus, the Euler theorem (Euler-
curvature formula) related to normal and principal curvatures entered the literature. A short time later 
Meusnier also considered the intersections of planes that were not necessarily normal and gave a theorem 
with his name, called the Meusnier theorem. Various differential geometry books give the Euler and 
Meusnier theorem for 2 dimensional surfaces in 3-dimensional Euclidean space, (see for example, [2, 
3]).  

Generalized ruled surface theory was put forward by M. Juza in [4] and the studies on this area 
reached ever higher during the last century. H. Frank, O. Giering, and C. Thas studied the properties of the 
ruled surface in n  dimensional Euclidean space. 

Applying the Euler and Meusnier theorems, which are the well-known theorems in the classical 
surface theory to the tangential sections of generalized ruled surface was performed by H. Frank and O. 
Giering, [5]. The sectional curvatures of the generalized ruled surfaces were evaluated in n  dimensional 
Euclidean space nE  and the obtained relations were entered into the literature as the Beltrami-Euler 
formula and Beltrami-Meusnier formula in [5].  

In this work, we have studied the sectional curvatures of generalized timelike ruled surfaces with 
timelike generating space in n  dimensional Minkowski space 1

n , taking into account the generalized 

                                                           
Received by the editor September 24, 2008 and in final revised form December 18, 2010 
Corresponding author 
 
 

Archive of SID

www.SID.ir

www.SID.ir


S. Ersoy / M. Tosun 
 

Iranian Journal of Science & Technology, Trans. A, Volume 34, Number A3                                                           Summer 2010 

198

timelike ruled surfaces given in [6] and [7]. Furthermore, we have also investigated the Beltrami Euler 
formula in the sense of Lorentzian in n  dimensional Minkowski space 1

n .  
 

2. PRELIMINARIES 
 

Let  1 2, , , nX x x x


  and  1 2, , , nY y y y


  be vectors in n  with 1n  . The Lorentzian inner 
product of X


 and Y


 is defined to be the real number  

 

1 1 2 2 1 1, .n n n nX Y x y x y x y x y     
 

  
 

The inner product space consisting of the vector space n  together with the Lorentzian inner product 
is called n dimensional Minkowski space, and is denoted by 1

n . Since ,  is an indefinite metric, 
recall that a vector 1

nX 


 can have one of three Lorentzian causal characters: it can be spacelike if 
, 0X X 
 

 or 0X 


, timelike if , 0X X 
 

 and null (lightlike) if , 0X X 
 

 and 0X 


, [8].  
Similarly, an arbitrary curve   1

nt    can locally be spacelike, timelike or null (lightlike), if 
all of its velocity vectors  t


 are respectively spacelike, timelike or null (lightlike), [9]. The norm of 

1
nX 


 is defined as ,X X X

   . 
Let W  be a subspace of 1

n  and denote ,
W

 as the reduced metric in subspace W  of 1
n . A 

subspace W  of 1
n  can be spacelike, timelike or null (lightlike) if ,

W
 is positive definite, ,

W
 is 

nondegenerate of index 1 or ,
W

 is degenerate, respectively, [9]. 
Let the set of all timelike vectors in 1

n  be  . For X 


, we call 
 

   , 0C X Y X Y  
   

 

 
the time-conic of Minkowski space 1

n  including vector X


, [9]. 
Let X


 and Y


 be two timelike vectors in Minkowski space 1

n . In this case the following inequality 
exists: 
 

, .X Y X Y
   

 

 
With equality if and only if X


 and Y


 are linear dependent. 

If timelike vectors X


 and Y


 stay inside the same time-conic then there is a unique non-negative real 
number of 0  such that 
 

                                                                     , coshX Y X Y  
   

                                                     (1) 
 

where the number   is called an angle between the timelike vectors, [9]. 
Let X


 and Y


 be spacelike vectors in 1

n  that span a spacelike subspace. We have that  
 

,X Y X Y
   

 

 
with equality if and only if X


 and Y


 are linearly dependent. Hence, there is a unique 0     such 

that  
 

                                                                     , cosX Y X Y 
   

.                                                         (2) 
 

The Lorentzian spacelike angle between X


 and Y


 is defined as  , [10]. 
Let X


 and Y


 be spacelike vectors in 1

n  that span a timelike subspace. We have that  
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,X Y X Y
   

. 

 
Hence, there is a unique real number 0   such that 

 

                                                                    , coshX Y X Y 
   

.                                                        (3) 
 

The Lorentzian timelike angle between X


 and Y


 is defined as  , [10]. 
Let X


 be a spacelike vector and Y


 be a timelike vector in 1

n . Then there is a unique real number 
0   such that  

 

                                                                    , sinhX Y X Y 
   

.                                                         (4) 
 

The Lorentzian timelike angle between X


 and Y


 is defined to be  , [10]. 
 

3. GENERALIZED TIMELIKE RULED SURFACE WITH TIMELIKE GENERATING  

SPACE IN nDIMENSIONAL MINKOWSKI SPACE 1
n  

 
Let     tete k,...,1  be an orthonormal vector field, which is defined at each point  t  of a spacelike 
curve of an n  dimensional Minkowski space 1

n . At the point   1
nt   this system spans a 

k  dimensional subspace and is denoted by  kE t . It is given by       teteSptE kk ,...,1 . If the 
timelike subspace  kE t  moves along timelike curve  , we obtain a  1k   dimensional surface in 

1
n . This surface is called a  1k   dimensional timelike ruled surface of the n dimensional 

Minkowski space 1
n  and is denoted by M , [7]. 

The subspace  kE t  and the curve   are called the generating space and the base curve, 
respectively. A parametrization of the ruled surface is the following: 
 

                                                               1
1

, ,... .
k

k i i
i

t u u t u e t 


                                                      (5) 

 
Throughout this paper we assume that        












 k

i
kii teteteut

1
1 ,...,,  is linear independent. 

 

          11 ,..., , ,..., kkA t Sp e t e t e t e t
 

  

 
is called asymptotic bundle of M  with respect to  tEk . It is clear that  tA  is a timelike subspace. If 

 dim A t k m  , km 0 , then one can find an orthonormal base for  tA  containing  tEk  such as 
        tatatete mkkk  ,...,,... 11 . Furthermore, for the orthonormal base     1 , , ke t e t , the following 

equations hold [7] 
 

                                                   

 

1

1

, 1

, 1

k

k

k

m m

e e a m

e e k m

    


  


  

 




 


   

   








                                          (6) 

 
where 
 
                                                                        v v                                                                          (7) 

 
and 
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                                                                      1 2 0m      .                                                          (8) 

 
The subspace  

 
          1 1,..., , ,..., ,k kSp e t e t e t e t t   

 
is called tangential bundle of M  with respect to  tEk  and is denoted as  tT . It is obvious that 
 

 dim 1 , 0 .k m T t k m m k        
 

In what follows, we examine two cases separately. If  dimT t k m  , then         tatatete mkkk  ,...,,... 11
 

is the base for both asymptotic and tangential bundles. If  dim 1T t k m   , then one can find an 
orthonormal base for  tT  as           tatatatete mkmkkk 111 ,,...,,...  . For both cases tangential bundle 
 tT  is a timelike subspace [7].  

If  dim 1T t k m   , then M ,  1k dimensional timelike ruled surface, has 
  mk dimensional subspace called the central space of M  and is denoted by    tEtZ kmk  . The 
subspace  tZ mk  is either spacelike or timelike subspace. If the base curve   of M  is chosen as the 
base curve and  tZ mk  is the generating space, we get a   1mk dimensional ruled surface 
contained by M  in 1

n . This is denoted by   and called the central ruled surface. If  tZ mk  is 
spacelike (timelike) then central ruled surface   becomes a spacelike (timelike) ruled surface [6]. 

Taking   to be  1k m   dimensional central ruled surface of M   0m  , we can write 
 

                                                    1 1 1
1

, 0
k

m k m mt e a 


      


                                                 (9) 

 
for the base curve  t  [6]. Tangential space of M  is perpendicular to the asymptotic bundle  A t  at the 
central points. Considering the equation (5) at the central point of central ruled surface M , we see 
that [5]  

 
                                                                   0 , 1 .u m                                                               (10) 

 
For the spacelike base curve   of  1k dimensional timelike ruled surface M , if 01 m  the 

equality 
 

                                                                   1mP





 , 1 m                                                              (11) 

 
is called the th  principal distribution parameter of M  [6]. 

Taking the canonical base of the tangential bundle of M  in 1
n  to be  

 

                             1 1 1 2
1 1 1

, , , , .
k k m

k m k m ku e u a a e e e      
  

      
  

       
   
                            (12) 

 
We can evaluate the first fundamental form of M  and the metric coefficients with respect to this 

canonical base. In conventional notation, we choose 0u t  and calculate the metric coefficients of M  as 
follows 
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   
2

2 2

00 1
1 1 1

0
1

, ,

, , 1 ,

, ,1 , .

k k m

t t m

k

u t

u u

g u u

g u k

g k



 

     
  

    


  

      

     

     


  



 
     

 
 

     
 

   

  

                         (13) 

 
Therefore, the matrix of the first fundamental form of M  is expressed as  

 

   
2

2 2

1 1 1 1 2 2 2
1 1 1 1 1 1

1 1 1 1
1

2 2 2 2
1

...

0 ... 0

0 ... 0

. . . ... .

. . . ... .

. . . ... .

k k m k k k

m k k k

k

k

ij

k k

u u u u u

u

ug

           
     

 


 


             

   

   

 


     





       
            

       

 
 

 

 
      



     





1

.

0 0 ...
k

k ku 


 


 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

       


 
 

It is easily seen that 
 

                                         2 2
1

1

det , 0 ,
m

ij mg g u i j k 


  


         .                                    (14) 

 
Since  2 2

1
1

0
m

mu 


  


   , ijg    is a regular matrix. Hence, from equations (13) and (14) we 
see that 
 

                                        

 

2

00
1 1

0
1

2 2
1

1

,

, 1 ,

, 0 , ,

det , 0 , .

k k

k

m

ij m

g g u

g u k

g k

g g u i j k

   
 

    


  

 


  

   

   

 

 






 
    

 
 

    
 

  

       

 





                                 (15) 

 
In addition to these, the inverse matrix elements of ijg    are obtained as  
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00 1

0 1

1

1

1 1

,

                                                 ,   1 ,

     ,   1 , .

k

k k

g g

g u g k

g g u u g k


  




       

 

  

       









 

 

 
    
 
   

            



 

               (16) 

 
Substituting the equations (15) and (16) into the Koszul equation (given in [8]) 

 

                                                    


























m m

ij

j

im

i

jmkmk
ij x

g

x

g

x

g
g

2

1
                                                   (17) 

 
the Christoffel symbols are reached  
 

                    

0
00

1 10

00
1 1 10

1 1 1

1
,

2

1

2

1
                2

2

k k

k k k

k k k

g g
u

g u u

g g
u u

g u u

g u u

  
  


     

   

       
  

 

   

     

 

  

  

   
         

      
                 

   
       

   

 

  

   

 

0 0

0 0
0 0

0 0
1

,

0,

0,

1
,

2

1
2 .

2

k

g

u

g

g u

g
u g

g u



 

 
 

 


 
     

 

  


 
    

   

   


   



   
            



                  (18) 

 
Let  0 1, , , ku u u  be a base of tangent space at the neighborhood of the coordinate systems 

 0 1, , , k   , ( i
iu


 


, 0 i k  ) of M , then the Riemannian curvature tensor of M  becomes 

 

 
0

i j

k
r

l lij r
r

R R 


    

 
where the Riemannian curvature tensor’s coefficients are 
 

0 0

.
k k

r r r s r s r
lij jl il il js jl is

s si j

R
u u  

 
         
     

 
Therefore, the Riemannian-Christoffel curvature tensor of M  is 

 

                                   
0 0 0

.
k k k

r r s r s r
hlij rh jl il il js jl is

r s si j

R g
u u  

  
             
                                      (19) 

 
In addition, there exist the following relations, [8] 
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.

hlij ijhl

ijhl jihl

R R

R R



 
                                                                (20) 

 
Considering the equations (18) and (19), 00ijR , ijR  , 0 0R   are found to be 

 

                                    

00

2

0 0

0 , 0 , ,

0 , 0 , , 1 , ,

1 1
, 1 , .

2 4

ij

ij

R i j k

R i j k k

g g g
R k

u u g u u



 
   

 

 

  

    

  
   

   

                    (21) 

 
4. LORENTZIAN BELTRAMI-EULER FORMULA FOR GENERALIZED TIMELIKE RULED 

SURFACES WITH TIMELIKE GENERATING SPACE IN n DIMENSIONAL  

MINKOWSKI SPACE, 1
n  

 
Two-dimensional subspace   of  1k   dimensional timelike ruled surface at the point  MT   is 
called the tangent section of M  at point  . If v


 and w


 form a basis of the tangent section  , then 

  2
,,,, wvwwvvwvQ


  is a nonzero quantity if and only if   is nondegenerate. This quantity 
represents the square of the Lorentzian area of the parallelogram determined by v


 and w


. Using the 

square of the Lorentzian area of the parallelogram determined by the basis vectors  ,v w
 

, one has the 
following classification for the tangent sections of the timelike ruled surfaces: 
 

 
 
 

2

2

2

, , , , 0 , (timelike plane),

, , , , 0 , (degenerate plane),

, , , , 0 , (spacelike plane).

Q v w v v w w v w

Q v w v v w w v w

Q v w v v w w v w

  

  

  

       

       

       
 

 
For the nondegenerate tangent section   given by the basis  ,v w

 
 of M  at the point  , the 

definition 
 

                                                        2

,
,

, , ,

vwR v w
K v w

v v w w v w
 




 

 
                                                          (22) 

 
or 

 

                                              2,






jiijmkkmjiij

mkjiijkm

wvgwwgvvg

vwvwR
wvK


                                          (23) 

 

is called the sectional curvature of M  at the point  , where i
i

v
x

 



 and 

j
j

w
x

 


 . Here the 

coordinates of the basis vectors v


 and w


 are  0 1, , , k    and  0 1, , , k   , respectively, [8]. 

Let the base curve of timelike ruled surface M  with the timelike generating space in 1
n  be the base 

curve of the central ruled surface   of M . In this case, the normal tangential vector n  of M  that is 
orthogonal to  kE t  is defined as  
 

                                            1 1
1

m

k m k mn u t a t a t  


    


  ,        1 0m                                    (24) 
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at the point  ,t u  so that this normal tangential vector field is always spacelike since it is orthogonal 
to the generating space  kE t . In the principal frame             1 2 1 1, , , , , ,s s s ke t e t e t e t e t e t    
of generating space  kE t  there is only one timelike vector as follows 
 

   , 1 , 1 .s se t e t s k     

 
Therefore, 

 
2

2

, , , 0 , 1 , ,

, , , 0.s s s

e e n n e n k s

e e n n e n

        

 
 

 
That is, the th principal tangential section  ,e n , 1 k  , s   with respect to the principal 

frame of  kE t  is the spacelike plane and ths  principal tangential section  ,se n  is the timelike plane. 
Considering these two cases separately, from equations (21), (23) and (24) the following theorem can 

be given related to the spacelike and timelike principal sectional curvatures at the point M  .  
 
Theorem 4.1. Let M  be a generalized timelike ruled surface with timelike generating space and central 
ruled surface in n  dimensional Minkowski space 1

n . The th  principal sectional curvature of the 
spacelike section  ,e n , 1 k  , s   and the ths  principal sectional curvature of the timelike 
section  ,se n  at the point M   are given by 

 

                                   
22

2 2

1 1
, , 1 ,

2 4

g g
K e n k s

g g uu 


 
  

        
                       (25) 

 
and 
 

                                                         
22

2 2

1 1
,

2 4s
ss

g g
K e n

g g uu


  
     

,                                               (26) 

 
respectively, where n  is the spacelike normal tangential vector and se , 1 s k  , is timelike base vector 
in timelike generating space  kE t . 
 
Proof: Let the coordinates of e   1 k   and n , which form the basis of principal section  ,e n  
with respect to the canonical basis given by equation (12) of tangential bundle of timelike ruled surface 
M  be  0 1, , , k    and  0 1, , , k   , respectively. Considering equations (22) we find that the th  
principal sectional curvature of  ,e n   1 k   becomes 
 

  0 0 0 0
2, .

, , ,

R
K e n

e e n n e n
   

 
  

   



 

 
If we substitute equations (21) and (24) into the last equation, we obtain  

 

 

22

2

2

1 1
1

1 1
2 4

, .

, , ,

vv

m

k m k m

g g
g uu

K e n

e e n n e u a a
 

     


    


  
    

 
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Taking se   1 s k   to be the timelike vector in the generating space 

          1 2, , , , ,k s kE t Sp e t e t e t e t   , the th  spacelike principal sectional curvature and the 
ths  timelike principal sectional curvature are found to be  

 

 
 

22

2

2 2
1

1

1 1
2 4

, , 1 ,vv
m

m

g g
g uu

K e n k s
u

 

 


 
  



         


 

 
and 
 

 
 

22

2

2 2
1

1

1 1
2 4

, ss
s m

m

g g
g uu

K e n
u



 


  


      
 

, 

 
respectively. Therefore, considering the last equation together with the equation (14) completes the proof.  
 
Corollary 4.1. The sectional curvature of the th  nondegenerate (spacelike or timelike) principal section 

 ,e n   1 k   of timelike ruled surface M  at the point M   is  
 

                                    
22

2 2

1 1
, , 1

2 4

g g
K e n k

g g uu
  



 
             

                               (27) 

 
where , 1e e      . 
 

From this point on we are going to name the sectional curvature of nondegenerate th  principal 
section  ,e n , 1 k  , to be the th  principal sectional curvature timelike ruled surface M . 
 
Theorem 4.2. Let M  be a generalized timelike ruled surface with timelike generating space and central 
ruled surface and n  be the spacelike normal tangent vector of M  in n  dimensional Minkowski space 

1
n . The th  principal sectional curvature and the  th

m   principal sectional curvature of M  at the 
point M   are 

 

                          
     

 

2 2 22
1

1
2

2 2
1

1

, , 1

m

m

m

m

u u

K e n m

u

     


 

 


    


 







 
  

    
 

 
 




                       (28) 

 
and 
 

                                                      , 0 , 1mK e n k m                                                          (29) 
 

respectively, where , 1e e      .  
 
Proof: Considering the equation (14) we see that  
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 
22

22 2 2 2
2

2 , 2 , 4 , 1 .
g g g

u u m
u u u     
  

    
   

          
 

 
And 

 
2

2

2
0 , 1 .

m m m

g g g
k m

u u u  


  

   
          

 

 
Substituting these equations into the equation (27) we find the th  nondegenerate principal sectional 

curvature to be  
 

   

 

   

 

2 2 2

2
2 2 2 2

1 1
1 1

2 4
, , 1 .

2 4
m m

m m

u
K e n m

u u

   
   

   
 

  
  

    
 


   

           
 

 

 
After simple calculations we reach equation (28). Similarly, when we calculate the  th

m   
principal sectional curvature, we find 
 

 , 0 , 1 .mK e n k m        
 

Therefore, we give the following corollary. 
 
Corollary 4.2. Let M  be a generalized timelike ruled surface with timelike generating space and central 
ruled surface in n  dimensional Minkowski space 1

n . At the point M  , the  th
m   

 1 k m    principal sectional curvature of M  is equal to zero. 
 
Theorem 4.3. Let M  a be generalized timelike ruled surface with timelike generating space and central 
ruled surface and P , 1 m  , be the th  principal distribution parameter of M  in n dimensional 
Minkowski space 1

n . At the central point M  , th  principal sectional curvature and  th
m   

principal sectional curvature of M  are 
 

  2

1
, , 1K e n m

P  


      

 
and 
 

 , 0 , 1mK e n k m        
 
respectively. 
 
Proof: Taking    to be the central point and considering equations (25) and (26) and after 
simplification we find the th  sectional curvature of M  to be  
 

 
2

1

, , 1 .
m

K e n m
  

 
 

 
    

 
 

 
Considering the last equation together with the equation (11) and Corollary 4.2 completes the proof.  
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Now, we take e  to be a unit vector in generating space  kE t  of ruled surface M , and n  to be a 
spacelike normal tangent vector orthogonal to  kE t . Let us elaborate on the curvature of tangential 
section  ,e n . 
Since unit vector  e t  is in  kE t , we write  
 

          1 1, , , , , .m m ke t Sp e t e t e t e t    
 

So 
 

       
1 1

, 1.
m k

m

e t e t e t e t   
 

 
  

     

 
As  kE t  is a timelike subspace it contains a timelike vector. Since       1 , ,m mF t Sp e t e t   

and       1 , ,k m m kZ t Sp e t e t   , this timelike vector stays either in the subspace  mF t  or in the 
central space  k mZ t . That is, if the central space  k mZ t  is spacelike, the space  mF t  is timelike or if 

 k mZ t  is timelike then the space  mF t  is spacelike. In this case the central ruled surface   of 
timelike ruled surface M  is either spacelike or timelike. Furthermore, the unit vector  e t  is either 
spacelike or timelike.  

Therefore, there exist the following cases (a1, a2, b1, b2). Now we consider these situations 
separately. 
 
(a1) Central space  k mZ t  and unit vector  e t  are spacelike 
 

Let se , 1 s m  , be a timelike vector in  mF t . In this case the spacelike unit vector e  can be 
written as follows: 
 

                                  

1

1 1 1

1

cosh sinh cosh cosh

cosh sinh .

s m k

s s
s m

k

s s

s

e e e e e

e e

     
  

 



   

 



    




   

 

  


                         (30) 

 
It is clear here that  

 

2 2

1

cosh sinh 1
k

s

s





 



   

 
where the angles 1 2, , , , ,s k      are the hyperbolic angles between spacelike unit vector e and base 
vectors 1 2, , , , ,s ke e e e  , respectively. 
 
(a2) Central space  k mZ t  is spacelike and unit vector  e t  is timelike 
 

Let se , 1 s m  , be a timelike vector in  mF t . In this case the timelike unit vector e  can be 
written as 

 

                              

1

1 1 1

1

sinh cosh sinh sinh

sinh cosh .

s m k

s s
s m

k

s s

s

e e e e e

e e

     
  

 



   

 



    




   

 

  


                               (31) 
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In addition, 

 

2 2

1

sinh cosh 1
k

s

s





 



    

 
where the angles 1 2, , , , ,s k      are the hyperbolic angles between timelike unit vector e and base 
vectors 1 2, , , , ,s ke e e e  , respectively. 
 
(b1) Central space  k mZ t  is timelike and unit vector  e t  is spacelike 
 

Let m se  , 1 s k m   , be a timelike vector in the central space  k mZ t . In this situation the 
spacelike unit vector e  can be defined as  

 

                          

1

1 1 1

1

cosh cosh sinh cosh

cosh sinh

m m s k

m s m s
m m s

k

m s m s

m s

e e e e e

e e

     
  

 



   

 

 

 
     

 

 

   

 

  


                       (32) 

 
and 

 

2 2

1

cosh sinh 1
k

m s

m s





  

 

   

 
so that the angles 1 2, , , , ,m s k      are hyperbolic angles between spacelike unit vector e  and base 
vectors 1 2, , , , ,m s ke e e e  , respectively.  
 
(b2) Central space  k mZ t  and unit vector  e t  are timelike 
 

Let m se  , 1 s k m   , be a timelike vector in the central space  k mZ t . In this case write 
e timelike unit vector can be written as 

 

                           

1

1 1 1

1

sinh sinh cosh sinh

sinh cosh

m m s k

m s m s
m m s

k

m s m s

m s

e e e e e

e e

     
  

 



   

 

 

 
     

 

 

   

 

  


                       (33) 

 
and 
 

2 2

1

sinh cosh 1
k

m s

m s





  

 

    

 
where the hyperbolic angles between timelike vector e  and base vectors 1 2, , , , ,m s ke e e e   are 

1 2, , , , ,m s k     , respectively. 
Thus, we can give the following theorems for curvatures of the tangential section  ,e n  for (a1, a2, 

b1, b2) cases, respectively.  
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Theorem 4.4. Let M  be generalized timelike ruled surface with the spacelike central ruled surface in 
n  dimensional Minkowski space 1

n  and e  be a spacelike unit vector in  kE t , taking n  to be a 
normal tangential vector orthogonal to  kE t  of M . The following relation exists between the sectional 
curvature of spacelike section  ,e n  and principal sectional curvatures at the point M     

 

                                           2 2

1

, cosh , sinh ,
m

s s

s

K e n K e n K e n    



 



                                     (34) 

 
where se , 1 s m  , is a timelike vector in subspace  mF t  and the hyperbolic angles between spacelike 
unit vector e  and base vectors 1 2, , , , ,s ke e e e   are 1 2, , , , ,s k     ,respectively, so that 
 

2 2

1 1

cosh sinh cosh sinh 1.
k k

s s s

s s

e e e and  
 
 

   
 
 

      

 
Proof: Let the coordinates of the spacelike unit vector e  within the generating space  kE t  be 

 0 1, , , k    and the coordinates of spacelike normal tangent vector n  be  0 1, , , k   . From 
equations (3), (4), (22) and (23), we see that at the central point     
 

 

2 2
0 0 0 0

1

2

cosh sinh

,
, , ,

m

s s s

s

R R

K e n
e e n n e n

  





 









 

 
with the last equation in mind we find from equation (21)  
 

 
2 22 2

2 2
2 22 2

1

1 1 1 1
, cosh sinh .

2 4 2 4

m

s
ss

s

g g g g
K e n

g g u g g uu u
 

 


 



                               
  

 
If one considers the equations (25) and (26) at the central point   , there exists a relation 

between sectional curvature of spacelike section  ,e n  and the principal sectional curvatures of M  
which we gave in the equation (34). 

This relation is called I. type Lorentzian Beltrami-Euler formula for the spacelike section of 
generalized timelike ruled surface with spacelike central ruled surface at the central point   . 
 
Theorem 4.5. Let M  be generalized timelike ruled surface with spacelike central ruled surface in 
n  dimensional Minkowski space 1

n  and e  be a timelike unit vector in  kE t , taking n  to be a normal 
tangential vector orthogonal to  kE t  of M . In this case the relation between the sectional curvature of 
timelike section  ,e n  and principal sectional curvatures is 

 

                                          2 2

1

, sinh , cosh ,
m

s s

s

K e n K e n K e n    



 



                                     (35) 

 
at the point M   , where se , 1 s m  , is a timelike vector in the subspace  mF t  and the angles 

1 2, , , , ,s k      represent the hyperbolic angles between the timelike unit vector e  and the base 
vectors 1 2, , , , ,s ke e e e  , respectively, so that the following equations hold  
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2 2

1 1

sinh cosh sinh cosh 1.
k k

s s s

s s

e e e and  
 
 

   
 
 

       

 
Proof: Let the coordinates of the timelike unit vector e  in the generating space  kE t  of M  and the 
coordinates of the spacelike normal tangent vector n  be  0 1, , , k    and  0 1, , , k   , 
respectively, in 1

n . Thus, if we consider the equations (3) and (4) we see that  
 

0 0 , cosh , 1

  sinh , 1 ,
s s s m

k s 

  
   

   
   

 

 
and 
 

0 0, 1 , , 0 , 1 .n e n e k          
 

If we substitute these equations into equation (23) for the central point    and consider equation 
(21) we reach  
 

 
2 22 2

2 2
2 22 2

1

1 1 1 1
, sinh cosh .

2 4 2 4

m

s
ss

s

g g g g
K e n

g g u g g uu u
 

 


 



                             
  

 
Taking into consideration the equations (25) and (26) at the central point    completes the 

proof.  
The equation (35) is called II. type Lorentzian Beltrami-Euler formula for the timelike sectional 
curvature of generalized timelike ruled surface with spacelike central ruled surface at the central point 
  . 
 
Theorem 4.6. Let M  be generalized timelike ruled surface with timelike central ruled surface, e  be a 
spacelike unit vector within  kE t  and n  be a normal tangential vector orthogonal to  kE t  of M  in 
n  dimensional Minkowski space 1

n . In this case the following relation between the sectional curvature 
of spacelike section  ,e n  and the principal sectional curvatures at the central point M   are held  

 

                                                            2

1

, cosh ,
m

K e n K e n   





                                                   (36) 

 
where m se  , 1 s k m   , is a timelike vector in the central space  k mZ t  and the hyperbolic angles 
between spacelike unit vector e  and base vectors 1 2, , , , ,m s ke e e e   are 1 2, , , , ,m s k     , 
respectively. In this case the following relations are held 
 

2 2

1 1

cosh sinh cosh sinh 1.
k k

m s m s m s

m s m s

e e e and  
 
 

     
 
   

      

 
Proof: Let the coordinates of the spacelike unit vector e  in the generating space of M  and the 
coordinates of the spacelike normal tangent vector n  be  0 1, , , k    and  0 1, , , k   , 
respectively in 1

n . In a similar manner, using equations (3), (4), (21), (23) and (25) at the point    
we reach the relation  
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   2

1

, cosh ,
m

K e n K e n   





  

 
in between the sectional curvature of spacelike section  ,e n  and the principal sectional curvature of M . 
This relation is called III. type Lorentzian Beltrami-Euler formula for the spacelike sectional curvature 
of generalized timelike ruled surface with timelike central ruled surface M  at the central point   . 
 
Theorem 4.7. Let M  be generalized timelike ruled surface with timelike central ruled surface, e  be a 
timelike unit vector in  kE t  and n  be a normal tangential vector orthogonal to  kE t  of M  in 
n  dimensional Minkowski space 1

n . The relation  
 

                                                           2

1

, sinh ,
m

K e n K e n   





                                                   (37) 

 
holds between the sectional curvature of timelike section  ,e n  and the principal sectional curvatures at 
the central point   , where m se  , 1 s k m   , is a timelike vector in the central space  k mZ t  and 
the hyperbolic angles between timelike unit vector e  and base vectors 1 2, , , , ,m s ke e e e   are 

1 2, , , , ,m s k     , respectively, so that 
 

2 2

1 1

sinh cosh sinh cosh 1.
k k

m s m s m s

m s m s

e e e and  
 
 

     
 
   

        

 
Proof: Let the coordinates of the timelike unit vector e  and the spacelike normal tangent vector n  in 1

n  
be  0 1, , , k    and  0 1, , , k   , respectively, taking m se  , 1 s k m   , to be a timelike vector 
within the central space  k mZ t  and the hyperbolic angles between timelike unit vector e  and base 
vectors 1 2, , , , ,m s ke e e e   to be 1 2, , , , ,m s k     , respectively. From the equations (3), (4), (21), 
(23) and (26) one can easily see that equation (37) holds between the timelike sectional curvature  ,e n  
and the principal sectional curvatures of M  at the point   . The equation (37) is called IV. type 
Lorentzian Beltrami-Euler formula for the timelike sectional curvature of generalized timelike ruled 
surface M  with timelike central ruled surface at the central point   .  
 
Example 4.1. Let 5

1  be a five-dimensional Minkowski space, given by Lorentz metric  
 

1 1 2 2 3 3 4 4 5 5,X Y x y x y x y x y x y    
 

 
 
where     5

1 2 3 4 5 1 2 3 4 5, , , , , , , , ,X x x x x x Y y y y y y  
 

. Taking  ,   and 22    to be 
arbitrary constants, a spacelike curve 5

1: I   is given as follows; 
 

   1
2 , 3 cosh sinh , 2 , 3 cosh sinh , 3 sinh cosh .t t t t t t t t t t t                


       

 
In this case, the orthonormal vector field system     1 2,e t e t defined at every point of curve   is 

expressed as 
 

   
   

1

2

1
, 3 sinh , , 3 sinh , 3 cosh ,

1
, cosh , , cosh , sinh .

3

e t t t t

e t t t t

         


         


  

  
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This system spans a 2 dimensional subspace of tangent space at the point   5
1t   and this 

subspace is denoted by  2E t . It is clear that  2E t  is timelike subspace. The parametrization 
 

     
2

1 2
1

, , v v
v

t u u t u e t 


   

 
defines a 3 dimensional timelike ruled surface denoted by M , with the spacelike base curve and the 
timelike generating space. Therefore, taking     tete 21 ,  to be the principal frame of the generating space 

 tE2  and           1 2 1 2, , , ,e t e t e t e t t
  

 to be the base of the tangential bundle of M  and by using 
the Gramm-Schmidth method, we reach the orthonormal base vectors as follows; 
 

   

      
   

3

4

5

1
, 2 cosh , , 2 cosh , 2 sinh ,

6
1

3 , 2 sinh , 3 , 2 sinh , 2 cosh ,
2

1
0, , 0, , 0 .

a t t t t

a t t t t

a t

         


         


 


   

   

 

 

 

 That is, there exists an orthonormal base           1 2 3 4 5, , , ,e t e t a t a t a t  for the tangential 
bundle of .M  The differential equation of the principal frame of the generating space of M  and the 
velocity vector of the base curve   are given by the following equations; 
 

     

     

1 2 3

2 1 4

1 2 5

e 2 ,

2
,

3

3 ,

e t t a t

e t e t a t

e e a

 

 

   

 

 

   







 

 
respectively. Thus the first fundamental form’s regular matrix of 3 dimensional timelike ruled surface 
M  with timelike generating space becomes  
 

2
2 2 2 2 2 2

1 2 1 2 2 1

23 3

1

2 3 2 3 3 3
3

1 0

3 0 1

ij

u u u u u u

g u

u

       

 

 


 
       

 
       

 
  

  

 

 
so that, the determinant of the first fundamental form of M  is 

 

                                                      2 2 2 2 2
1 2

2
det 2 .

3ijg g u u                                                       (38) 

 
The normal tangent vector of the timelike ruled surface M , which is orthogonal to the generating 

space  tE2 , is obtained at the point M   to be  
 

1 3 2 4 5

2
2 .

3
n u a u a a      
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Here, it is quite obvious that the normal tangent vector n  is a spacelike vector. In this example, the 
first principal tangential section  1,e n  is a timelike plane while the second principal tangential section 

 2 ,e n  becomes a spacelike plane. First and second principal sectional curvatures can be expressed as  
 

 
22

1 2 2
11

1 1
,

2 4

g g
K e n

g g uu

  
     

 

 
and 
 

 
22

2 2 2
22

1 1
, .

2 4

g g
K e n

g g uu


  
      

 

 
If we substitute the first and the second order partial differentials of equation (38) into these last two 

equations we find curvatures of the first principal timelike tangential section  1,e n  and of the second 
principal spacelike tangential section  2 ,e n  as 
 

 
 

2
2

1 22 2
1 2

12 18
,

6 2 3

u
K e n

u u





 
 

 
and 
 

 
 

2
1

2 22 2
1 2

12 6
,

6 2 3

u
K e n

u u



 

 
 

 
respectively. Furthermore, since 1 2 0u u   at the central point   ,  1,K e n  and  2 ,K e n  
becomes 
 

   1 2

2
, 2 and , .

3
K e n K e n     

 
In addition to these, since the first and second principal distribution parameter of M  at the point 

   
 

1 2

2 6
and

2 22 2

3

P P
 
 

     

 
we reach 
 

   1 22 2
1 2

1 1 2
, 2 and , .

3
K e n K e n

P P        

 
Which is the same result as before. Let e  be an arbitrary unit vector within the timelike subspace 
 tE2 . It is clear that unit vector e  is either a spacelike or a timelike vector.  

First, we suppose that e  is a spacelike unit vector in  tE2 . Taking angles between spacelike unit 
vector e  and base vectors 1e , 2e  to be 1 , 2 , we write the following relations 

 
2 2

1 1 2 2 1 2sinh cosh , sinh cosh 1.e e e         
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In this case, from the I. type Lorentzian Beltrami-Euler formula, the curvature of spacelike tangential 
section  ,e n  of M at the central point is found to be 
 

  2 2
1 2

2
, 2sinh cosh .

3
K e n      

 
Secondly, we suppose that the unit vector *e  is a timelike unit vector in  tE2  and the angles 

between timelike unit vector *e  and base vectors 1e , 2e  are the hyperbolic angles *
1 , *

2 , respectively. In 
this case timelike unit vector *e  is written in the form 
 

* * * 2 * 2 *
1 1 2 2 1 2cosh sinh , cosh sinh 1.e e e          

 
From the last equations and II. type Lorentzian Beltrami-Euler formula, the curvature of timelike 

tangential section  *,e n  of M  at the central point is found to be  
 

 * 2 * 2 *
1 2

2
, 2cosh sinh .

3
K e n     
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