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Abstract — In this paper, we investigate the Goursat problem in the class c2¢(D) nC™°(D U P) N C>**(D U Q)
for a third order pseudoparabolic equation. Some results are given concerning the existence and uniqueness
for the solution of the suggested problem.
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1. INTRODUCTION
Inthedomain D = {(X,y); X, <X<X, Y, <Y<Y, weconsider the equation
L(u)=u,, +au, +bu,, +cu, +du, +eu=f, (1)
where

a,b, cd,e feC**(D),

special cases of the equation (1) are encountered during the investigation of the processes of moisture
absorption by plants [8], where the class C**! means the existence and conti nuity for all derivatives

O I &® (r=0,.ks=0,..1l).

We will call the solution of the class as aregular.
For this equation, we investigate the following:

2. FORMULATION OF THE PROBLEM

To find the function
ueC*(D)NC™ " (DUP)NC*"(DUQ),
which isthe solution of Equation (1) in D and satisfies the following conditions:

Du(Xo, Y) = @5, (¥), Du(Xo, Y) =0, (¥), @,.0, €C'(P) @)

DJu(X Yo)=wm(X). v, € C*(Q), €)
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where

yeP=[y,v]. xeQ=[x,x].

Here, we consider the conditions of function coincidence for the right parts (2) and (3) on the
boundary of their definitions (co-ordination conditions) as satisfied:

v'(%)=e1(Yo), w(%0)=2(¥o).

where
yeP=[y,,vi], xeQ=[x,x]

here, we consider the conditions of function coincidence for the right parts (2) and (3) on the boundary of
their definitions (co-ordination conditions) as satisfied.

v'(0)=0(Yo)  wix)=0lys).

where
o(Y)=o(y)  w(X)=w,(x).

When n, =0, n, =1, m= 0 in this statement, the Goursat problem considered in [9] is obtained. We
should note that the Goursat problem for (1) is the most investigated. The cases i =2,n, =1 m=0;
M=0n=2m=0; m=0n=1m=1;, m=2n=1m=1 ad m=0n=2m=1lae
investigated in [3]. We will consider one of the variants through searching formulas for the definition of
the boundary Goursat value. Our work is considered as a continuation of the results in [2-7]. More
precisely, seein greater detail ([1] and [10]).

In order not to exceedingly increase the size of this paper, we will mainly be defining conditions of
equality and types for the initial values that provide the chance to calculate the boundary Goursat value.
Thus, in the fina formulation of the obtained result we should assume that the initial values are
sufficiently smooth. However, these smoothness conditions can be formulated, checking carefully what
smoothnessis required by all the stages of the conducted considerations.

Let us turn from the general statement to the one that isimmediately studied in this paper.

Problem: To find the function
ueC**(D)nC™(DUP)NC*°(DUQ)

which in D is the solution of Equation (1), which satisfies conditions (2) and (3) when
n=nn,=1m=0.

The proposed problem consists, probably, of finding ¢(Y) in order to reduce to the Goursat problem.
Let us first integrate Equation (1) with respect to y within the bounds fromy, to y(y,,Yy e P) and then
in the obtained relation, we direct y, to y,:
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y

U (% ¥) = U (%, ) + [ 206 7)1, (X 7) 77 + (X, Y)u, (X, ) = (X, Yo)u, (X, ) +

Yo

+ [ e mu, (xm)dn +d(x y)u (6 ¥) = d(x, Yo)u (% y) +

Yo

+ [{=b, (M, (x7) = d, (X7 (x,7) +e(x,m)u (x,7)}dn =0.

Yo

Differentiating this relation (n-2) times with respect to x, we obtain:

Du(x,y) = Dju(X,¥o) + [ Dy *[a(x,n)u, (x,7)1dn +

+

+

D *[b(x, y)u

Yo

<O Y] = DA IB(X, yo)u, (X, Yo)] +

IDX"_Z[C(X,U)UX(X,U)]dU + D d (X, y)u (%, y)] -

Yo

D 2[d (X, Yo)u (X, ¥o)l + [{=D 7 ?[b, (x,7)u(x,7) -

Yo

D %ld, (x,7)u (x,7)] + DY *[e(x,n)u (x,77)]} di7 = 0.

Directing X to X, , wefind:

where

Autumn 2010

2. (V)= 0. (¥o) + | X Cr.Dylalke, e, (n)dn +

>

y&sn—z

C D [b(x,, YN@n_ iy (Y) -

i<n-2

- Z C, ,D[b(X,, Yol @n_iiny (Vo) +

i<n-2

+ .[ Z C;—ZD;[C(XO’U)]¢n-(i+1)(77)d77 +

yoiﬁn—z

* Z C:‘—ZDL[d(me Noo (Y ) -

i<n-2

= 2. ChDLId (Xo, YO @412 (Vo) +

i<n-2

+ [{= 2 CiuDIb, (X0, )P0 1.2y (1) -

i<n-2

— > Cl,Did, (X0, 1) @n_iiray () +

i<n-2

+ > Co.

i<n-2

zDi[e(Xo’U)]gonf(nz)(n )}dn =0,

9. (Y) = DS 'u(Xq, ).
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The latter equation can be rewritten in the following form:

D ?[d (X0, Yo (y) + [ D *[e(xe,7) -

Yo

- d, (X, m)e(m)dn =r,(y),

where
Iy (y) = _wn(y) + @, (yo) - J.ZC:FZ D;([e(XO’n) — d}7 (XO’U)](an(iJrz) (U)dﬂ _
~ | > CL .Dilal i, ()l -
= 2 CraDIB0G, Y )1y (Y ) +
+ J.ZC'IFZD;([bn (XO’U)]¢n—(i+1) (n)dﬂ —
~ [ 22CL DA,y .y (1)~
~ 3Gl DA Y1 2 () + Q0% Vo),
and

Q, (X, ¥o) = D Cro{DLI0(Xg, Vo)l gy (Vo) +

+ D;[d(xo’ yo)]§0n_(i+2) (Yo)},

when ¢, ; (2<i < n-1) aredefined through the previous equation.
Thus,

y

oo (V) + [ a0 e, (1)dn =1,4(y),

Yo

where

L2 (Y) = 201 (¥o) — | D ChoDile(%,1) =, (%, M1y 113 (7)1 —

yoisn—3

- [ 3¢l .Dllat, Mg, . 4(n)dy -

yoign—S
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N ZC b(XO y )]¢n (|+2)(y )+

i<n-3

* J. Z C:‘—3D>I([b77 (XO J 77)]@n—(i+2) (n)d?] —

Yo i<n-3

_ j D Ch Dyl c(Xo, )]0y 1,2 ()d17 —

- i;:C‘n_sD‘x[d(xo, Moz (V) + 21 (X, Vo),
similarly, _
0 (Y)+ T a(Xo, M, (Mdn=1,_,(y), ©
Y
where

s (9) =25 (o) - j > Cio Dile(x,7) = d, %,y 20y (1) -

Yo i<n-2-j

.[ > .Cio;Dilalxg.mle,. ; (m)dn -

Yo i<n-2—-j

B zcn 2] Di[b(Xy, Y NPy (Y )+

i<n-2—-j

j ZC” 2- JD [b (XO 77)]¢n (|+J+l)(77)d77_

Yo i<n-2—j

j ZCH 2-j D:([C(XO'U)]¢n—(i+j+l) (m7)dn -

Yo i<n-2—j

- zcn 2- jD [d(xo Y)](l’n (|+]+2)(y)+Qn J(Xo yo)

i<n-2—-j

the analysis of the formula (4) indicates that ¢@(y) depends on ¢,(Y), @,(Y),..,(Y),
whereg, , @,_,....p, can be written through the following with the help of (5). It is clear that in the end,

we obtain the integral equation with respect the @(Yy). In order to simplify the understanding of its
construction in this paper, we will calculate the coefficient under @(y).
Let usintroduce the following notations:

Z CraDy[b(Xo, )] = S(n-4,b),

X CrDrIb(6, Y] = S,(n-5) ©
3 CraDyd0o, V=Y (n-5,d)
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after that, we write |, (y) through ¢(Y), leaving only those addends that do not contain integrals. Then
we obtain:

(V) =4,,(Y)-S(n-4b)e, . (¥)-
-Vi(n-5,d)p, 5, (Y)- D, (d)e(y).

Taking into account the formula (5) we have:

L2 (V) =20 -S(-4b){- > CZ DO, 5.0y ()~

iy Hosn—4

- Z C:;-l 4Di<2 (d)ww(iﬁiz) (V)}-

iy Hosn—4

M (n-5d){- z C:ZHI—SDLZ O)@ a1y (V) —

iy Hy<n-5

= 2 G sDi (@05 gy - D (@AY) =

=A,1(Y)=S(n=4D)[=S,(N-50)]@, 5,1,y (V)
=S (-4 0) [V, (n-6,d)]%, 4.0,y (V) -
“M(N=5d)[=S,(n=6,0)1¢, 4 .1, (¥)
“M(n=5d)[-V,(n=7,d)]p, 5 ..., (V) +
+S(n-4b)D; **(d)e () +
+V(n-5,d)D; " (d)(y) - D *(d)ee (¥)-

It is clear that the substitution (5) should be continued until n— j >1. Asaresult we obtain:

L (Y) =A,4(Y) - Si(n-4,0)[-S,(n-5,b)] *
'{_' ' Z Cri13—(i1+i3)—5 D>i<3 (b)¢n—4—(i1 Hip+ia) (y)-
- Z Cri13—(i1+i3)—5 D} (B)@_s g, 4,41 (W} —
—-S(n-4,b)[-V,(n-6,d)]

of- z Cri13—(i1+i3)—6 D;: (B) 5 i, iy (V) —

iy +ip+i3 <N-6

- z Cri13—(i1+i3)—6 D>i<3 (B)@r_6-(i, +i,uiy (YD} —

=Vi(n=5,d)[-S,(n-6,b)] ¢
of{- Z Cri12—i1—6—i2D>i<3 (b)¢n—5—(i1+i2+i3)(y)_

iy +i,<n-6
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- Z Cri137(il+i3)76 D>i<3 (d)(0n767(i1 +HyHg) (y)} -

iy +ip+z <N—6
-V, (n-5,d)[-V,(n—6,d)] e
of- Z C:i(iﬁg)q Dy (B)@ g, i,y (Y) —

iy +ip+ia<n-7
- Z Cri]?,—(il+i3)—6 D>i<3 (d)(an—s—(il tiptiz) (V-
iy +ip+i3<n-6
-V,(n-5,d)[-V,(n—-7,d)] e
of- Z Cri13—(i1+i3)—7 D>i<3 (b)@, 6 i, tig+is) (y) -

iy +ip+ia<n-7

- Z Cri13—(i1+i3)—7 D>i<3 (Ao, 1, tiytis) (V)}+

iy +ip+Ha<n-7

+8(n-4,b)D " (d)e (y) +
+V;(n-5,d)D; " (d)p(y) - Dy (d)g (y)-

Let us note that the index in the formulas of types (6) S,S,,V, and others means that in the sum of
the left part (6), the index with this number (for example, i,,i,) is used. Besides, A, ,(Y) ischanged at
each step of this process and is simply introduced to facilitate the writing of this formula

Using the abbreviations (6), we write the last formula as:

Autumn 2010

LA (Y) = A1 (N) + (-1)°S(n-4,b)S,(n-5,b) e
*S,(N=6,0)p, 4, .1,y (¥) + (-D*S(N-4,0)S,(n-5,b) »
Vy(N=7,0)0, 5, 11,0y (V) +
+(-1*S(n-4,b)V,(n-6,d)S,(N=7,b)@, 5 ¢, 1.1y (Y) +
+(-1°S, (- 4,b)V,(N—6,d)V;(N—8,d)@, 5, ...y (V) +
+[ (-1)°S(n-4,b)S,(n-5,b)D;> ) (d) +
+(-D*Vy(n-5,d)S,(n-6,0)S,(N=7.b)@, 5 ¢, 11,1y (Y) +
+(-)*V,,(n-5,d)S,(n-6,b)V;(n=8,d)p, 4., .11y (V) +
+ (=D, (n=5,d)V,(n-7,d)S,(N-8,0)@, ¢ , 1., (¥) +
+(=D*V,(n=5,d)V,(N—7,dV;(n=9,d)¢, ;. 1., (V) +
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H-D’S(M-4DV,(n-6AD; " (Ad+
H-D’S(N-4DV,(-6dD; " (d)+
H-DV(n-5dS(M-6DD0; "2 (d+
HDV(-5AV(-7,d0 " () +
+§(N-4D0; (@A +V(n-5A0; " (A 4).

Then, if we denote

d=ay,,b=a,,5=V,5 =5

the coefficient under ¢(y) can be written in the following form:

k
> I 0**s, (n-3-2p+
k=0 p=1 P (7)
K n-3-2p+ 3~ o, - K
+Y a8, )D) T )
p=1

where «, can take the values of either O or 1, and Hk=1 is a product of corresponding terms. If k = 0,
then S= 1. For ¢, ;(Y), wherej > 1 we obtain aformulasimilar to (7):

L (Y) =4, (¥)-S(n=-3-].0)g, . (¥) -
~Vi(n—4-j,d)@, 5., ()~ D= (d)ly) =
=47, ;()-S(n-3-j.b)e

of— Z Cri12—i1—& i Dz (D), iy (W) =

iy +Hp<n-3-]

- Z Cri12—il—?eri(2(d)gﬂn—&j—(iﬁiz)(y)}_

iy +ig<no2- ]
—Vi(n—4-j,d){- Z Cri12—i1—4—j D} OV 3,1y (V) —
iy +ip<n-d- |
- Z Cri12—il—4— i D (d)g, - iy (MY Dy ! (d)e(y) =
iy +ig<nd- ]

=8, (V) +S(N=3-].0)S(N=3-].0)¢, 5 | (0, (V) +
=3(N=3-J,0Vo(n=5-,d)1@, 5 j i,y (V) +
+Vi(N=3-,d)S(N-5- .02, 5 .0,y (V) +
+Vi(N—4—[,dN,(n=6-J,d)]g, 4 j i,y (V) +
+S(n-3- 0D (d)e (y) +
+Vi(n=4-j,d)D* " (d)e(y) - D (d)e ().

Then, we obtain:
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S T160s, (-2-j-2p+

k=0.... p=1

K . . (8
a0 e R g,
pL

it is clear that when j = 1, we obtain the formula (7). Thus, (8) is true for j >1. Substituting the obtained
resultsin (4), we extract the coefficient under ¢(y)

D (d0% V() + D, Gy 2Dl (00%, W) 12 () +

i<n-3

+ Y CLDi(d00 ) () =

i<n-4

=8, (¥)+ D (A0, Y)AY) +
+ 2 GBI [T (DS, (n-3-i-2p+

i<n-3 k=0,... p=L

K N3 a3 i
+Y e, DL R R g y) +
p=1

+ > CLDLAOe MY [T DS, (n—4-i-2p+

i<n—4 k=0,... p=L

k i2p 3% -3 i
#8000 I @),
p=1
This formula can aso be written as:
k
DS, (-2-2p+
211,

K n-2-2p+ —ZLi (9)
ona ) o ))=A).

Based on the analysis (9) we determine

Theorem: If the coefficients of the equation (1) belong to the class of the unknown (desired) solutions
and, besides that, the coefficient under ¢(y) in the left part of (9) is different from zero, while
b,d € C"?*(D U P), then the problem (1) is reduced to the Goursat problem. The arbitrary constants

ae 0,(Y0):2:(Yo) @0 (Vo) -
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