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Abstract 

In this paper we have studied the separation for the Laplace differential operator of the form 
 

ܲሾݑሿ ൌ െቆ
߲ଶݑ
ଶݔ߲

൅
߲ଶݑ
ଶݕ߲

ቇ ൅ ,ݔሺݍ ,ݔሺݑሻݕ  ሻݕ

 
in the Hilbert space ܪ ൌ ,ݔሺݍ with potential	ሻ,ߗ²ሺܮ ሻݕ א  ሻ. We show that certain properties of positiveߗ¹ሺܥ
solutions of the disconjugate second order differential expression P[u] imply the separation of minimal and 
maximal operators determined by P i.e, the property that ܲሺݑሻ א ሻߗ²ሺܮ ֜ ݑݍ א ,ሻߗ²ሺܮ ߗ א ܴ². A property leading 
to a new proof and generalization of a 1971 separation criterion due to Everitt and Giertz. This result will allow 
the development of several new sufficient conditions for separation and various inequalities associated with 
separation. A final result of this paper shows that the disconjugacy of ܲ െ ߣ for some ²ݍߣ ൐ 0	implies the 
separation of P. 
 
Keywords: Separation; Laplace differential operator; Disconjugacy; Hilbert space 

 
1. Introduction 

The concept of separation of differential operators 
was first introduced by Everitt and Giertz in [1]. 
Mohamed and Atia [2] have studied the separation 
property of the Sturm-Liouville differential 
operator of the form 
 

ሻݔሺݕܮ ൌ െ
݀
ݔ݀

ሾߤሺݔሻ
ݕ݀
ݔ݀
ሿ ൅ ܳሺݔሻݕሺݔሻ 

 
in the space ܪ௣ሺܴሻ,	for ݌ ൌ 1,2,	 where ܳሺݔሻ א
 is an operator potential which is a bounded	ሺℓ௣ሻܮ
linear operator on ℓ௣,	and ߤሺݔሻ א  ଵሺܴሻ is aܥ
positive continuous function on R.  
Mohamed and Atia[3] have studied the separation 
of the Schrodinger operator of the form 
 

ሻݔሺݑܵ ൌ െ ᇞ ሻݔሺݑ ൅ ܸሺݔሻݑሺݔሻ, 
 
with the operator potential ܸሺݔሻ א ,¹ሺܴⁿܥ  in	₁ሻሻ,ܪሺܮ

the Hilbert space ₂ܮሺܴⁿ, where ᇞൌ	₁ሻ,ܪ ∑ డమ

డ௫೔
మ

௡
௜ୀଵ 	 is 

the Laplace operator in Rⁿ.  
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Mohamed and Atia[4] have studied the separation 
of the Laplace-Beltrami differential operator of the 
form 
 

ݑܣ ൌ െ
1

ඥdet	 ݃ሺݔሻ
	
߲
௜ݔ߲

൤ඥdet	 ݃ሺݔሻ	݃ିଵሺݔሻ
ݑ߲
௜ݔ߲

൨

൅ ܸሺݔሻݑሺݔሻ, 
 
for every ݔ א ߗ ؿ ܴⁿ,	in the Hilbert space ܪ ൌ
ሻݔwith the operator potential ܸሺ	₁ሻܪ,ߗ₂ሺܮ א	
,ߗ¹ሺܥ	  is the space of all	₁ሻܪሺܮ where	₁ሻሻ,ܪሺܮ
bounded linear operators on the Hilbert space H₁, 
݃ሺݔሻ ൌ ݃௜௝ሺݔሻ	is the Riemannian matrix and g⁻¹(x) 
is the inverse of the matrix g(x). 

In [5] Brown has shown that certain properties of 
positive solutions of discongugate second order 
differential expressions 
 

ሿݕሾܯ ൌ െሺݕ݌′ሻ′൅  ݕݍ
 
imply the separation of the minimal and maximal 
operators determined by M in ܮሺܫ௔ሻ, where 
௔ܫ ൌ ሾa,∞ሻ and aظ-∞. More fundamental results of 
separation have been obtained by Brown [6] and 
[7]. 
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In this paper we have generalized this work to 
prove the separation of the two dimensional 
Laplace operator. 

Consider the two dimensional Laplace differential 
operator of the form 
 

ܲሾݑሿ ൌ െቀ
డమ௨

డ௫మ
൅

డమ௨

డ௬మ
ቁ ൅ ,ݔሺݍ ,ݔሺݑሻݕ  ሻ               (1)ݕ

 
P is said disconjugate on Ω if and only if there 
exists a positive solution u(x,y) on the interior of Ω. 
For additional discussions see [8]. We show that 
properties of positive solutions of disconjugate 
second order differential operator (1) [9], imply the 
separation of minimal and maximal operators 
determined by P in L²(Ω) i.e, the property that P[u] 
 L²(Ω). In particular, the preminimal א L²(Ω) ֜ qu א
and maximal operators L₀′ and L are given by P[u] 
for u in domain ₀ܦ′	 ൌ ଴ܥ

∞ሺߗሻ, the space of 
infinitely differential functions with compact 
support in the interior of Ω and 
 

ܦ ൌ ሼݑ א ሻߗ²ሺܮ ת ௫௫ݑ	¦	ሻߗ௟௢௖ሺܥ ൅ ௬௬ݑ
א ,ሻߗ௟௢௖ሺܥ ܲሾݑሿ א  	ሻሽߗ²ሺܮ

 
where ܥ௟௢௖ሺߗሻ stands for the real locally absolutely 
continuous functions on Ω, and ²ܮሺߗሻ denotes the 
usual Hilbert space associated with equivalence 
classes of Lebesgue square integrable functions f 
and g having norm 
 

ԡ݂ԡ ൌ ቌඵ|݂ሺݔ, ݕ݀ݔ݀		ሻ|ଶݕ
ఆ

ቍ

ଵ
ଶ

, 

 
and inner product 
 

ሾ݂, ݃ሿ ൌ ቌඵ݂ሺݔ, ,ݔ݃ሺ	ሻݕ ݕ݀ݔ݀		ሻതതതതതതതതതݕ
ఆ

ቍ

ଵ
ଶ

. 

 
The minimal operator L₀ with domain D₀ is 

defined as the closure of L₀′. 
With the above definitions one can show that: 
(i) ܥ଴

∞ሺߗሻ ؿ 	′₀ܦ ؿ ₀ܦ ؿ  D₀′, D₀ and D (ii) .ܦ
are dense in L²(Ω). 

P is a limit point of ܮ௉ at ∞ if there is at most one 
solution of P[u]=0 which is in L² (Ω). 
 
Proposition 1. If P is separated on ₀ܦ then it is 
separated on D if P is ܮ௉ at ∞. 
We now turn to the central concern of this paper. 
 
Theorem 2. Let q(x,y) be C¹ functions. Suppose the 
laplace differential operator of the form (1) has a 
positive solution on the interior of Ω such that: 

డ

డ௫
ቀ
డ௨

డ௫
൅

డ௨

డ௬
ቁ ݑ ൅

డ

డ௬
ቀ
డ௨

డ௫
൅

డ௨

డ௬
ቁ ݑ ؠ ²ݑݍ ൑

2ቀ
డ௨

డ௫
൅

డ௨

డ௬
ቁ
ଶ
,	                                                        (2) 

 

ሺ1 െ δሻ ቀ
డ௨

డ௫
൅

డ௨

డ௬
ቁ
ଶ
൑

డ

డ௫
ቀ
డ௨

డ௫
൅

డ௨

డ௬
ቁ ݑ ൅

డ

డ௬
ቀ
డ௨

డ௫
൅

డ௨

డ௬
ቁ ,ݑ δ א ቂ0,

ଵ

ଷ
ቁ.	                                     (3) 

 
Then q ≥ 0 and P is separated on L₂(Ω). 
 
Proof: For the separation proof we need only show 
that u satisfy an inequality of the form ԡݑݍԡ² ൑
ܿԡݑԡ² ൅ ݀ԡܲሾݑሿԡ²,	where c, d are positive 
constants. 
First, we prove that 
 

ݖ ൌ
ങೠ
ങೣ
ା
ങೠ
ങ೤

௨
, 

 
satisfies the P.D.E. of the form 
 
డ௭

డ௫
൅

డ௭

డ௬
ൌ ²െݖ  (4)                                          .ݍ

 
We have,  
 

ݖ߲
ݔ߲

ൌ
െݑ ൬

߲ଶݑ
ଶݔ߲ ൅

߲ଶݑ
൰ݕ߲ݔ߲ ൅ ൬

ݑ߲
ݔ߲ ൅

ݑ߲
൰ݕ߲

ݑ߲
ݔ߲

ଶݑ
 

								ൌ

߲ଶݑ
ଶݔ߲ െ ݑ

߲ଶݑ
ݕ߲ݔ߲ ൅ ቀ

ݑ߲
ቁݔ߲

ଶ

൅ ൬
ݑ߲
൰ݕ߲ ቀ

ݑ߲
ቁݔ߲

ଶݑ
,	 

 
and 
 

ݖ߲
ݕ߲

ൌ
െݑ ൬

߲ଶݑ
ଶݕ߲ ൅

߲ଶݑ
൰ݕ߲ݔ߲ ൅ ൬

ݑ߲
ݔ߲ ൅

ݑ߲
൰ݕ߲

ݑ߲
ݕ߲

ଶݑ
 

								ൌ

߲ଶݑ
ଶݕ߲ െ ݑ

߲ଶݑ
ݕ߲ݔ߲ ൅ ൬

ݑ߲
൰ݕ߲

ଶ

൅ ቀ
ݑ߲
ቁݔ߲ ൬

ݑ߲
൰ݕ߲

ଶݑ
. 

 
By substituting in (4), we get 
 

െݑ
߲ଶݑ
ଶݔ߲ െ ݑ2

߲ଶݑ
ݕ߲ݔ߲ െ ݑ

߲ଶݑ
ଶݕ߲ ൅ 2 ቀ

ݑ߲
ቁݔ߲ ൬

ݑ߲
൰ݕ߲ ൅ ቀ

ݑ߲
ቁݔ߲

ଶ

൅ ൬
ݑ߲
൰ݕ߲

ଶ

ଶݑ
 

ൌ
ቀ
ݑ߲
ቁݔ߲

ଶ

൅ 2 ቀ
ݑ߲
ቁݔ߲ ൬

ݑ߲
൰ݕ߲ ൅ ൬

ݑ߲
൰ݕ߲

ଶ

ଶݑ
െ  ݍ

 
Hence 
 
డమ௨

డ௫మ
െ 2

డమ௨

డ௫డ௬
െ

డమ௨

డ௬మ
ൌ  (5)                                     ,ݑݍ

 
since 
 

ܾ² െ 4ܽܿ ൌ 0, 
 

so it is a parabolic equation. 
The solution of the equation (5) is as follows: 
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ଶߛ ൅ ߛ2 ൅ 1 ൌ 0 ֜ ଵ,ଶߛ ൌ െ1, 
ݕ݀
ݔ݀

െ 1 ൌ 0		 ֜ ݖ ൌ ݕ െ  .ݔ
 
Suppose that w=y, so 
 
ݑ߲
ݕ߲

	ൌ
ݑ߲
ݖ߲

ݖ߲
ݕ߲

൅
ݑ߲
ݓ߲

ݓ߲
ݕ߲

ൌ ௭ݑ ൅  ,௪ݑ

߲ଶݑ
ଶݕ߲

ൌ
߲
ݖ߲
ሺݑ௭ ൅ ௪ሻݑ

ݖ߲
ݕ߲

൅
߲
ݓ߲

	ሺݑ௭ ൅ ௪ሻݑ
ݓ߲
ݕ߲

 

       ൌ
డమ௨

డ௭మ
൅ 2

డమ௨

డ௪డ௭
൅

డమ௨

డ௪మ ,																																							ሺ6ሻ 
 
ݑ߲
ݔ߲

	ൌ
ݑ߲
ݖ߲

ݖ߲
ݔ߲

൅
ݑ߲
ݓ߲

ݓ߲
ݔ߲

ൌ െݑ௭, 

߲ଶݑ
ݕ߲ݔ߲

ൌ
߲
ݖ߲
ሺെݑ௭ሻ

ݖ߲
ݕ߲

൅
߲
ݓ߲

	ሺ– ௭ሻݑ
ݓ߲
ݕ߲

 

ൌ െ
߲ଶݑ
ଶݖ߲

െ
߲ଶݑ
ݓ߲ݖ߲

,																																																						ሺ7ሻ 
 
And 
 

߲ଶݑ
ଶݔ߲

ൌ
߲
ݖ߲
ሺെݑ௭ሻ

ݖ߲
ݔ߲

൅
߲
ݓ߲

	ሺെݑ௭ሻ
ݓ߲
ݔ߲

 

                   ൌ
డమ௨

డ௭మ
																																																							ሺ8ሻ 

 
By substituting from (6), (7) and (8) into (5), we 

get 
 

߲ଶݑ
ଶݓ߲ ൌ  .ݑݍ

 
Hence 
 

ݑ ൌ ߮₁ሺݕሻ݁݌ݔሺඥݔݍሻ ൅ ߮₂ሺݕሻ݁݌ݔሺെඥݔݍሻ. 
 

The conditions (2) and (3) are equivalent to the 
conditions 
 
െݖଶ ൑

డ௭

డ௫
൅

డ௭

డ௬
	                                                      (9) 

 
and 
 
డ௭

డ௫
൅

డ௭

డ௬
൑                                                      .ଶݖߜ

(10) 
 

To see this, note that from the definition of z and 
(6), (7), we get 
 
         (2) ֞ 

െ2
൬
ݑ߲
ݔ߲ ൅

ݑ߲
൰ݕ߲

ଶ

ଶݑ

൑
െ
߲
ݔ߲ ൬

ݑ߲
ݔ߲ ൅

ݑ߲
ݑ൰ݕ߲ െ

߲
ݕ߲ ൬

ݑ߲
ݔ߲ ൅

ݑ߲
ݑ൰ݕ߲

ଶݑ
 

              ֞  

െ
൬
ݑ߲
ݔ߲ ൅

ݑ߲
൰ݕ߲

ଶ

ଶݑ

൑
െ
߲
ݔ߲ ൬

ݑ߲
ݔ߲ ൅

ݑ߲
ݑ൰ݕ߲ െ

߲
ݕ߲ ൬

ݑ߲
ݔ߲ ൅

ݑ߲
ݑ൰ݕ߲ ൅ ൬

ݑ߲
ݔ߲ ൅

ݑ߲
൰ݕ߲

ଶ

ଶݑ
 

            ֞ 

    െݖଶ ൑
డ௭

డ௫
൅

డ௭

డ௬
. 

        (3)֞ 

െሺ1 െ ሻߜ
൬
ݑ߲
ݔ߲ ൅

ݑ߲
൰ݕ߲

ଶ

ଶݑ

൒
െ
߲
ݔ߲ ൬

ݑ߲
ݔ߲ ൅

ݑ߲
ݑ൰ݕ߲ െ

߲
ݕ߲ ൬

ݑ߲
ݔ߲ ൅

ݑ߲
ݑ൰ݕ߲

ଶݑ
 

 
             ֞ 

ߜ
൬
ݑ߲
ݔ߲ ൅

ݑ߲
൰ݕ߲

ଶ

ଶݑ

൒
െ
߲
ݔ߲ ൬

ݑ߲
ݔ߲ ൅

ݑ߲
ݑ൰ݕ߲ െ

߲
ݕ߲ ൬

ݑ߲
ݔ߲ ൅

ݑ߲
ݑ൰ݕ߲ ൅ ൬

ݑ߲
ݔ߲ ൅

ݑ߲
൰ݕ߲

ଶ

ଶݑ
 

            ֞ 
 

ଶݖߜ ൒
ݖ߲
ݔ߲

൅
ݖ߲
ݕ߲
. 

 
Next we define the operators 

 

ሻݒሺܮ ൌ
ݒ߲
ݔ߲

൅
ݒ߲
ݕ߲

൅  ,ݒݖ

 
and 
 

ሻݒሺכܮ ൌ െ
ݒ߲
ݔ߲

െ
ݒ߲
ݕ߲

൅  ,ݒݖ

 
where ݒ א ଴ܥ

∞ሺߗሻ and ߗ	 א ܴ². 
Now we derive sufficient conditions for the 

separation of כܮ as follows: 
We have 
 

ԡכܮሺݒሻԡଶ ൌ 	 ሾכܮሺݒሻ, ሻሿݒሺכܮ ൌ ሾכܮܮሺݒሻ,  ሿݒ
 
and 
 

ሻݒሺכܮܮ ൌ ܮ ൬െ
ݒ߲
ݔ߲

െ
ݒ߲
ݕ߲

൅  ൰ݒݖ

								ൌ
߲
ݔ߲

൬െ
ݒ߲
ݔ߲

െ
ݒ߲
ݕ߲

൅ ൰ݒݖ

൅
߲
ݕ߲

൬െ
ݒ߲
ݔ߲

െ
ݒ߲
ݕ߲

൅  ൰ݒݖ

                                    ൅ݖ ቀെ
డ௩

డ௫
െ

డ௩

డ௬
൅   .ቁݒݖ

 
So  
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ԡכܮሺݒሻԡଶ ൌ ቈെ
߲ଶݒ
ଶݔ߲

െ
߲ଶݒ
ݕ߲ݔ߲

െ
߲ଶݒ
ݔ߲ݕ߲

െ
߲ଶݒ
ଶݕ߲

൅ ൬
ݖ߲
ݔ߲

൅
ݖ߲
ݕ߲

൅ ଶ൰ݖ ,ݒ  .቉ݒ

 
Using (9), we obtain  

 

ԡכܮሺݒሻԡଶ ൌ ൤
ݒ߲
ݔ߲

,
ݒ߲
ݔ߲
൨ ൅ ൤

ݒ߲
ݔ߲

,
ݒ߲
ݕ߲
൨ ൅ ൤

ݒ߲
ݕ߲

,
ݒ߲
ݔ߲
൨

൅ ൤
ݒ߲
ݕ߲

,
ݒ߲
ݕ߲
൨

൒ ฯ
ݒ߲
ݔ߲
ฯ
ଶ

൅ 2ฯ
ݒ߲
ݔ߲
ฯฯ

ݒ߲
ݕ߲
ฯ

൅ ฯ
ݒ߲
ݕ߲
ฯ
ଶ

 

				ൌ ൬ฯ
ݒ߲
ݔ߲
ฯ ൅ ฯ

ݒ߲
ݕ߲
ฯ൰

ଶ

.																								 

 
By the triangle inequality it also follows that 
 

ԡݒݖԡଶ ൑ 4ԡכܮሺݒሻԡଶ. 
 

The remaining step is to use the separation of כܮ 
to show that M, which is restricted to ܥ଴

ஶሺߗሻ is also 
separated. 

We first observe that 
 

ሻݒሺܮכܮ ൌ െ
߲
ݔ߲

൬
ݒ߲
ݔ߲

൅
ݒ߲
ݕ߲

൅ ൰ݒݖ

െ
߲
ݕ߲

൬
ݒ߲
ݔ߲

൅
ݒ߲
ݕ߲

൅  ൰ݒݖ

                                     ൅ݖ ቀ
డ௩

డ௫
൅

డ௩

డ௬
൅  ቁݒݖ

ൌ െ
డమ௩

డ௫మ
െ

డమ௩

డ௫డ௬
െ

డమ௩

డ௬డ௫
െ

డమ௩

డ௬మ
െ

డ௭

డ௫
ݒ െ

డ௭

డ௬
ݒ ൅  .ݒଶݖ

 
Since 
 

ݖ߲
ݔ߲

൅
ݖ߲
ݕ߲

ൌ ଶݖ െ  .ݍ

 
So 
 

ሻݒሺܮכܮ ൌൌ െ
߲ଶݒ
ଶݔ߲

െ
߲ଶݒ
ݕ߲ݔ߲

െ
߲ଶݒ
ݔ߲ݕ߲

െ
߲ଶݒ
ଶݕ߲

൅  .ݒݍ

 
Suppose that 
 

߲ଶݒ
ݕ߲ݔ߲

ൌ െ
߲ଶݒ
ݔ߲ݕ߲

, 

 
then 
 

ሻݒሺܮכܮ ൌ െ
߲ଶݒ
ଶݔ߲

െ
߲ଶݒ
ଶݕ߲

൅ ݒݍ ൌ  .ሿݒሾܯ

 
A consequence of (9) and (10) is that 

 

െ
ݖ߲
ݔ߲

െ
ݖ߲
ݕ߲

൅ ଶݖ ൒ െݖߜଶ ൅ ଶݖ ൌ ଶሺ1ݖ െ  .ሻߜ

 
Then 
 

ݍ ൒ 0. 
 
Now, also 
 

ԡܲሾݑሿԡଶ ൌ ሾܮכܮሺݑሻ, ሻሿݑሺܮכܮ ൌ ԡܮכܮሺݑሻԡଶ 
 
Since 
 

ԡܮݖሺݑሻԡ ൌ 2ԡܮכܮሺݑሻԡ. 
 
So 
 

ԡܲሾݑሿԡଶ ൒
1
4
ԡܮݖሺݑሻԡଶ 

																									ൌ
1
4
ሾܮݖሺݑሻ,  ሻሿݑሺܮݖ

																																										ൌ
ଵ

ସ
,ሻ൯ݑሺܮଶݖ൫כܮൣ  ൧       (11)ݑ

 
and 
 

,ሻ൯ݑሺܮଶݖ൫כܮൣ ൧ݑ ൌ ൥െ
߲
ݔ߲

൭ݖଶ ൬
ݑ߲
ݔ߲

൅
ݑ߲
ݕ߲

൅ ൰൱ݑݖ ,  ൩ݑ

																												൅ ൥െ
߲
ݕ߲

൭ݖଶ ൬
ݑ߲
ݔ߲

൅
ݑ߲
ݕ߲

൅ ൰൱ݑݖ ,  ൩ݑ

																						൅ ൥ݖ ൭ݖଶ ൬
ݑ߲
ݔ߲

൅
ݑ߲
ݕ߲

൅ ൰൱ݑݖ ,  ൩ݑ

																												ൌ ൤ݖଶ
ݑ߲
ݔ߲

,
ݑ߲
ݔ߲
൨

൅ ൥െ
߲
ݔ߲

൭ݖଶ ൬
ݑ߲
ݕ߲

൅ ൰൱ݑݖ ,  ൩ݑ

																																											൅ ൤ݖଶ
ݑ߲
ݕ߲

,
ݑ߲
ݕ߲
൨

൅ ൥െ
߲
ݕ߲

൭ݖଶ ൬
ݑ߲
ݔ߲

൅ ൰൱ݑݖ ,  ൩ݑ

												൅ ൤ݖଷ ൬
ݑ߲
ݔ߲

൅
ݑ߲
ݕ߲

൅ ൰ݑݖ ,  ൨ݑ

ൌ ଶݖ ൬൤
ݑ߲
ݔ߲

,
ݑ߲
ݔ߲
൨ ൅ ൤

ݑ߲
ݕ߲

,
ݑ߲
ݕ߲
൨൰ 

																																			൅ ൤െ
߲
ݔ߲

൬ݖଶ
ݑ߲
ݕ߲
൰ , ൨ݑ

൅ ൤െ
߲
ݔ߲

ሺݖଷݑሻ,  ൨ݑ

																																				൅ ൤െ
߲
ݕ߲

൬ݖଶ
ݑ߲
ݔ߲
൰ , ൨ݑ

൅ ൤െ
߲
ݕ߲

ሺݖଷݑሻ,  ൨ݑ

																																																	൅ ൤ݖଷ
ݑ߲
ݔ߲

൅ ଷݖ
ݑ߲
ݕ߲

,  ൨ݑ

																																																	൅ሾݖସݑ,  ሺ12ሻ													ሿݑ
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we find that 
 

൤െ
߲
ݔ߲

ሺݖଷݑሻ, ൨ݑ ൅ ൤െ
߲
ݕ߲

ሺݖଷݑሻ, ൨ݑ ൅ ሾݖସݑ, ሿݑ ൌ 

ቈെ
ଷݖ߲

ݔ߲
,ݑ ቉ݑ ൅ ൤െݖଷ

ݑ߲
ݔ߲

,  ൨ݑ

												൅ ቈെ
ଷݖ߲

ݕ߲
,ݑ ቉ݑ ൅ ൤െݖଷ

ݑ߲
ݕ߲

, ൨ݑ ൅ ,ݑସሾݖ  ሿݑ

 
Since 
 

െ
ଷݖ߲

ݔ߲
െ
ଷݖ߲

ݕ߲
൅ ସݖ ൌ െ3ݖଶ

ݖ߲
ݔ߲

െ ଶݖ3
ݖ߲
ݕ߲

൅  ,ସݖ

 
and 
 

ݖ߲
ݔ߲

൅
ݖ߲
ݕ߲

൑  .ଶݖߜ

 
Hence 
 

െ
డ௭య

డ௫
െ

డ௭య

డ௬
൅ ସݖ ൒ ସሺ1ݖ െ  ሻ.                         (13)ߜ3

 
But 
 

ݖ߲
ݔ߲

൅
ݖ߲
ݕ߲

൒ െݖଶ, 

 
So 
 

ଶݖ ൌ ݍ ൅
ݖ߲
ݔ߲

൅
ݖ߲
ݕ߲

൒ ݍ െ  ,ଶݖ

 
Hence 
 

ଶݖ ൒
ݍ
2
. 

 
Then (13) becomes 
 

െ
డ௭య

డ௫
െ

డ௭య

డ௬
൅ ସݖ ൒

௤మ

ସ
ሺ1 െ  ሻ.                         (14)ߜ3

 
From (11), (12) and (14), we obtain 
 

ԡܲሾݑሿԡଶ ൒
1
8
൬ฯඥݍ

ݑ߲
ݔ߲
ฯ ൅ ฯඥݍ

ݑ߲
ݕ߲
ฯ൰

ଶ

൅
1 െ ߜ3
16

ԡݑݍԡଶ. 
 
This immediately yields the separation inequality 
 

16
1 െ ߜ3

ԡܲሾݑሿԡଶ ൒ ԡݑݍԡଶ. 
 

The final result of this paper is quite different 
from Theorem 2, but it reinforces the connection 
between disconjugacy and separation. In addition, 
the proof is quite elementary. 
 

Theorem 3. Suppose that ܲ஛ሾݑሿ ൌ െቀ
డమ௨

డ௫మ
൅

డమ௨

డ௬మ
ቁ ൅

ሺݍ െ λݍଶሻݑ, is disconjugate on Ω for some ߣ ൐ 0. 

Then ܲሾݑሿ ൌ െቀ
డమ௨

డ௫మ
൅

డమ௨

డ௬మ
ቁ ൅  .is separated ,ݑݍ

 
Proof: It is well known that the disconjugacy of ܲ஛ 
is equivalent to the positive definiteness of the 
functional 
 

ܳ஛ሺݑሻ ൌ ∬ ൬ቚ
డ௨

డ௫
൅

డ௨

డ௬
ቚ
ଶ
൅ ሺݍ െ λݍଶሻ|ݑ|ଶ൰ ఆݕ݀ݔ݀	  

for ݑ א ଴ܥ
ஶሺߗሻ, 

 
see for example [8, Theorem 6.2]. In other words, 
we must have the inequality 
 
ܳ଴ሺݑሻ ൌ

∬ ൬ቚ
డ௨

డ௫
൅

డ௨

డ௬
ቚ
ଶ
൅ ଶ൰ݑݍ ݕ݀ݔ݀	 ൒ఆ ∬ ఆ,ݕ݀ݔ݀	ଶ|ݑ|ଶݍ   (15) 

 
with equality holding iff ݑ ൌ 0.	 

Now consider the expression 
 

ܲ௤మሺݑሻ ൌ ଶିݍ ቈെቆ
߲ଶݑ
ଶݔ߲

൅
߲ଶݑ
ଶݕ߲

ቇ ൅  ,቉ݑݍ

 
where u is an appropriate function in ²ܮሺ²ݍ;  ሻ. Ifߗ
ݑ א ଴ܥ

ஶሺߗሻ, then the Cauchy-Schwrtz inequality 
and (15) yields that 
 
ฮܲ௤మሺݑሻฮ௤మԡݑԡ௤మ ൒ ܳ଴ሺݑሻ ൒ λԡݑԡ௤మ

ଶ ൌ λԡݑݍԡଶ. 
 

It follows that the inequality 
 

ԡܲሺݑሻԡ ൒ ฮܲ௤మሺݑሻฮ௤మ ൒ λԡݑݍԡ, 
 
holds on the ܥ଴

ஶ functions, and therefore on D₀. 
Because P is ܮ௉ at ∞ we again conclude that it is 
separated on D. Hence the proof. 
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