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Abstract

In this paper, we introduce a considerable machinery which permits us to characterize a number of specia (fuzzy)
subsets in AG -groupoids. Generalizing the concepts of (E,E vq) -fuzzy bi-ideals (interior ideal), we define

(€,€ vQy) fuzzy bi-ideds, (€,€ VvQ,) -fuzzy left (right)-ideas and (€,€ Vq, ) -fuzzy interior ideals in

AG -groupoids and discuss some fundamental aspects of these ideals in AG -groupoids. We further define

(E, ISAY qk) -fuzzy bi-ideals and (E, eV qk) -fuzzy interior ideals and give some of their basic properties in

AG -groupoids. In the last section, we define lower/upper parts of (e,e vqk) -fuzzy left (resp. right) ideals

and investigate some characterizations of regular and intera-regular AG -groupoidsin terms of the lower parts of
(€,€ vQy) -fuzzy left (resp. right) idealsand (€, € VQ ) -fuzzy bi-ideal of AG -groupoids.

Keywords: Fuzzy ideals; (€,€ v, ) -fuzzyideds; (€, €V 0 ) -fuzzy ideals; regular AG-groupoids

1. Introduction

Mordeson et a. in [1] presented an up to date
account of fuzzy sub-semigroups and fuzzy ideals
of a semigroup. The book concentrates on
theoretical aspects, but also includes applications in
the areas of fuzzy coding theory, fuzzy finite state
machines, and fuzzy languages. Basic results on
fuzzy subsets, semigroups, codes, finite state
machines, and languages are reviewed and
introduced, as well as certain fuzzy ideals of a
semigroup and advanced characterizations and
properties of fuzzy semigroups. Kuroki [2]
introduced the notion of fuzzy bi-ideals in
semigroups. Kehayopulu applied the fuzzy concept
in ordered semigroups and studied some properties
of fuzzy left (right) ideals and fuzzy filters in
ordered semigroups (see [3]). Fuzzy implicative
and Boolean filters of R, -algebra were initiated by

Liuand Li (see [4]).
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The idea of a quasi-coincidence of a fuzzy point
with a fuzzy set, which is mentioned in [5, 6],
played a vital role to generate some different types
of fuzzy subgroups. It is worth pointing out that
Bhakat and Das (see [5]) gave the concepts of

(at, ) -fuzzy subgroups by using the belongs to
relation (€) and quasi-coincidence with relation
(q) between a fuzzy point and a fuzzy subgroup,
and introduced the concept of an (&, v Q) -fuzzy

subgroup. In particular, (€,€ v()-fuzzy subgroup

is an important and useful generaization of the
Rosenfeld's fuzzy subgroup [7]. It is now natural to
investigate similar type of generalizations of the
existing fuzzy subsystems of other agebraic

structures. In algebra, the concept of (&, ) -fuzzy
sets was introduced by Davvaz in [8], where
(g€ \/q) -fuzzy subnearrings (ideals) of a
nearring were initiated and studied. With this
objective in view, Ma et a. in [9], introduced the
interval valued (€,€ Vv Q) -fuzzy ideals of pseudo-
MV algebras and gave some important results of
pseudo- MV  algebras. Jun and Song (see [10])
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discussed general forms of fuzzy interior ideals in
semigroups, aso see [11]. Kazanci and Yamak
introduced the concept of a generalized fuzzy bi-
ideal in semigroups [12] and gave some properties
of fuzzy bi-ideals in terms of (&,€ v () -fuzzy bi-
ideals. Jun et a. [11] gave the concept of a
generalized fuzzy bi-ideal in ordered semigroups
and characterized regular ordered semigroups in
terms of this notion. Davvaz et a. used the idea of
generalized fuzzy sets in hyperstructures and
introduced different generalized fuzzy subsystems
of hyperstructures, e.g., see references. In [13], Ma
et a. introduced the concept of a generalized fuzzy

filter of R,-algebra and provided some properties
in terms of this notion. Many other researchers used

the idea of generalized fuzzy sets and gave severa
characterizations results in different branches of

algebra [14-23]. The concept of an («, ) -fuzzy
interior ideal in ordered semigroups was first
introduced by Khan and Shabir in [24], where some
basic properties of (ct, ) -fuzzy interior ideals
were discussed. Generalizing the concept of
(e,e \/q)-fuzzy subalgebas of BCK/BCI -
algebras, Jun [25] introduced the concept of
(e,e vq,) -fuzzy subagebras in BCK/BCI -
agebras and defined X,0.F, as
F(X)+A+k>1, whee ke[0,2). In [26],
Shabir et al. discussed (€,€ v, ) -fuzzy ideals in
semigroups.

On the other hand, the concept of a |€ft almost
semigroup (LA-semigroup) [27] was first
introduced by Kazim and Naseeruddin in 1972. In

[28], the same structure was called a left invertive
groupoid. Protic and Stevanivic [29] called it an

Abel-Grassmann's groupoid abbreviated as AG -
groupoid, a groupoid whose elements satisfy the left
invertive law: (ab)c=(cb)a for al a,b,ceG.
An AG -groupoid isthe midway structure between
a commutative semigroup and a groupoid [30]. It is

a useful non-associative structure with wide range
of applications in the theory of flocks [31]. In an

AG -groupoid the medial law, (ab)(cd) = (ac)(bd)

for al ab,c,deG (see [27]) holds- If there
exists an element e in an AG -groupoid G such
that ex = x for dl Xe G then G is cdled an
AG -groupoid with left identity e. If an AG-
groupoid G has the right identity then G is a
commutative monoid. If an AG -groupoid G
contains left identity then (ab)(cd) = (dc)(ba)

holdsfor al &,b,c,d € G. Also, a(bc) = b(ac)
holdsfor all a,b,ceG.

In this paper, we generalize the concept of
(e,evQ)-fuzzy bi-ideds given in [32],
(€, vQ)-fuzzy left (right) ideals and (€, () -
fuzzy interior ideals given in [33] and define
(€,€ vq,) -fuzzy bi-idedls, (€,€ vq,) -fuzzy left
(right) ideals and (€,€ v, ) -fuzzy interior ideals
in AG -groupoids and discuss some fundamental
aspects of these ideals in AG -groupoids. We

further define (€,€V 0 )-fuzzy bi-idesls and

(;, ev q_k) -fuzzy interior ideals and give some of

their basic properties in- AG -groupoids. In the last
section, we <define upper/lower parts of

(e,evQ)-fuzzy bi-idels and characterize
regular and intra-regular AG -groupoids in terms
of the lower parts of an (€,€ v, ) -fuzzy bi-ideal
and (€,€ vQ,) -fuzzy left (resp. right) ideals of
G.

2. Préliminaries

Throughout this paper, G will denote an AG -
groupoid unless otherwise stated. For basic

definitions we refer to [34, 35]. For subsets A, B
of an AG-groupoid G, we denote by
AB={abeG|ace AbeB}. A non-empty
subset A of G iscalled aleft (right) ideal of G if
GAc A(AG c A). A nonempty subset A of an
AG -groupoid G is called an AG -subgroupoid
of G if A>c A.An AG -subgroupoid A of G
is caled a bi-ideal of G if (AG)AC A. An
AG -subgroupoid A of G is caled an interior
ideal of G if (GA)Gc A.

Now, we give some fuzzy logic concepts.

Let G be an AG -groupoid. By a fuzzy subset

F of an AG -groupoid G, we mean a mapping,
F:G-[0].
We denote by F(G) the set of all fuzzy subsets

of G. The order relation < on F(G) is defined
asfollows:

F c F if and only if F(x) < F,(x) for dl x € G and for al F, F, € F(G).

A fuzzy subset F of G iscaled afuzzy AG -
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subgroupoid if F(Xy) >min{F(X),F(y)} for
al X,yeG. F iscaled afuzy left (right) ideal

of G if F(xy)>F(y)(F(xy)>F(X)) for all
X,Ye€G. F iscaled afuzzy ideal of G if it is
both afuzzy left and right ideal of G .

Let G be an AG -groupoid and F a fuzzy
subset of G. Then F iscaled a fuzzy bi-ideal of
G, if it stisfies the following conditions:

(1) (vx,y eG)(F(xy)=min{ F(x),F(y)}).

2 (vx,y,zeG)(F((xy)z)=>min{ F(x),F(z)}).

A fuzzy subset F of G iscaled afuzzy interior
ideal of G if it satisfies the following conditions:
(1) (vx,y eG)(F(xy)2min{ F(x),F(y)})

2 (vx,a,y eG)(F((xa)y)=F(a)).

Let F beafuzzy subsetof G, and ¢ # Ac G
then the characteristic function F, of A is
defined as:

lif ae A

Fo i G>[01,a> Fi(a)i=1 .
A —[01,a- F,(a) {OlfaeEA

Let F and H be the two fuzzy subsets of AG -
groupoid G. Then the product F o H is defined
by

v Mn{F(y),H(z)} if fory,ze G, x =yz,
(FoH)(x)= |-
0 if x#yz

For an AG -groupoid G, the fuzzy subsets" 0"
and"1" of G are defined asfollows:

0:G—[0,]]|x—0(x)=0,
1:G>[0,]]|x—>1x)=1.

Clearly, the fuzzy subset O (resp. 1) of G isthe
least (resp. the greatest) element of the AG-
groupoid (F(G),0) (thatis, 0< F and F <1 for
every F € F(G)). The fuzzy subset O isthe zero
element of (F(G),0) (thatis, Fo0=00F =0
and O<F for every F eF(G)). Moreover,
Fs=1land F, =0.

2.1. Lemma (cf. [32]). Let G bean AG -groupoid
and F afuzzy subset of G. Then F isafuzzy
bi-idea of G if and only if FA is a fuzzy bi-ideal
of G.

Let G be an AG-groupoid and F a fuzzy

subset of G. Thenfor every A € (0,1] the set
U(F; 1) ={x|xeGandF(xX) > A} is caled
alevel set of F with support x andvalue A.

22. Theorem (cf. [32]). Let G be an AG-
groupoid and F afuzzy subset of G. Then F is
a fuzzy bi-idel of G if and only if
U(F;A)(#¢) is a bi-ideal of G for every
A€(0,].

2.3. Theorem (cf. [33]). Let G be an AG-
groupoid and F afuzzy subset of G. Then F isa
fuzzy interior ided of G if and only if
U (F;A)(# ¢) isaninterior ideal of G for every
A1€(0,]].

Let F beafuzzy subset of G, then the set of
theform

A=0) if y=x,

F(y)::{o if yx,

is called a fuzzy point with support x and value A
and-is denoted by X; . A fuzzy point X, is said to
belong to (resp. quasi-coincidence) with a fuzzy set
F, written as X, €F (resp. X,qF) if
F(X)=A4 (rep. F(X)+A>1).1f X, €F or
X,qF , then we write X, € vqF . The symbol

€ v( means € v( does not hold.

3. Fuzzy ideals of type (€,€ vQ,).

In what follows let G denote an AG -groupoid
and k an arbitrary element of [0,1) unless
otherwise specified. Generalizing the concept of
X,gF, Jun defined X,q. F, as F(X)+A+k>1,

where Ke[0,1) (see [25])- Generdlizing the
concepts of [32, 33], here we extend our studies to
more general forms of fuzzy bi-deds, fuzzy left
(right) ideals and fuzzy interior ideals in AG-
groupoids. In this section we define the notions of

(€,€vQq,)-fuzzy bi-ideds of an AG -groupoid
which is a generalization of (€,€\Vv()-fuzzy bi-
ideals and investigate some of their properties in
termsof (€,€ vQq, ) -fuzzy bi-idedls.

3.1. Definition A fuzzy subset F of G iscaled
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an (€,€VvQ,)-fuzzy bi-ideal of G if it satisfies
the conditions:

(BY(vx,y e G)(vr,te (0.1)(x, €KY, € F > (Y)ugyr,q € VOF),

(BA(vx,a.y e G)(vr,t e (0,1)(x, € F Y, € F=> (X@)Y)urgr,y € VhF)-

3.2. Example Let S={a,b,c,d,& bean AG-
groupoid with the following multiplication table

alblc|d|e
ala alala
blajalala]|a
clajale|c|d
djlaja|d|e|cC
elalalc|d]|e

Then (G,) is an AG-groupoid and
{a} {a,c,d,& and G arebi-idedlsof G. Define
afuzzy subset F : S—[0,]] asfollows:

Fa)=08 Fc)=06, Kd)=04, Fe)=03 Kb)=0.L1

Then F is an (€,evQ,)-fuzzy bi-idea for
every k € (0,%5%] when k=0.4.

3.3. Proposition Let A bean AG -subgroupoid of
G and F afuzzy subset of G_defined as follows:

F ()= > 1K jf X.EA
Ootherwise.

Then
(1) F isan (g,evq,)-fuzzy AG -subgroupoid
of G.
(@ F isan (e vq,)-fuzzy AG-subgroupoid
of G.

Proof: The proof follows from [26].

34. Theorem Let F be a fuzzy subset of G.
Then F is an (g,evq,)-fuzzy AG-
subgroupoid of G if and only if

F (xy) > min{F (%), F (y).>
X, yeSand ke[0,]).

-k
f al
> } for

Proof: Let F be an (g,evQ,)-fuzzy AG-
subgroupoid of G. If there exist X,y € G such
that  F(xy) <min{F(x),F(y),5%}. Choose
A€(0,] such that F(xy) <2 <min{F(x),F(y),5}.
Then X, € F and y, € F but F(xy) <A and
F(xy)+A+k<&+5<+k=1 «

(V) ming 1,23 =(xy),evq.F, a contradiction.
Hence F(xy)>min{F(x),F(y),5} for all
x,yeG. Conversely, assume that
F(xy) 2 min{F(x),F(y),5}. Let X, €F
and 'y, eF for. 4,4,€(01. Then

F(X)> A, and F(Y)>A4, and by hypothesis,

F(xy) > min{F(X).F(Y)7%} > min{4,, 4 ’%}'

If min{ 4, A} >EE, then F(xy)>%£ and
so F(xy)+min{4, 4} +k>LE+ K+ k=1,
it follows that (XY)ins, 2,y - 1f F(xy) <55,
then F(xy) > min{4,4,} and so (xy)mm{wz} eF.
Thus  (XY) iz, 1,3 €V&F and F is an
(€,€ vq,) -fuzzy AG -subgroupoid of G.

35. Theorem A fuzzy subset F is an
(€,€vQq,) -fuzzy AG -subgroupoid of G if and
only if U(F;A)(# ¢) isan AG -subgroupoid of
G foral Ae(0,5].

Proof: Suppose that F is an (eevq,)-fuzzy
AG -subgroupoid of G and x,yeU(F;1) for
some 1e(0,5%]. Then F(x)>1 and F(y)>41,
and by hypothesis Fxy) > min(F, Fiy) 21 2 mingr, 2, 25 3.
Hence xXyeU(F;A1), and so U(F; 1) is an
AG -subgroupoid of G. Conversely, assume that
U(F;A)(# ¢) isan AG -subgroupoid of G for
dl 1€(0,54]. If there exist X,y € G such that
F(xy) < min{F(x),F(y),%}7 then
choose 1 € (0,5¢ such that
F(xy) < <min{F(x),F(y).%3}. Thus x,yeU(F;A)
but xyeU(F;4), a contradiction. Hence
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F(xy) > min{F(x),F(y),5} for al X,yeG and
ke[0]).

3.6. Proposition Let A beabi-idea of G and F
afuzzy subset of G defined as follows:

F ()= > LK jf X.e A,
Ootherwise.

Then
(1) F isa(q,evq,) -fuzzy bi-ided of G.

(@ F isan (g,€ vq,) -fuzzy bi-ided of G.
Proof: The proof follows from [26].

3.7. Theorem Let F be a fuzzy subset of G.
Then F isan (€,€vQ,) -fuzzy bi-ided of G if
and only if the following conditions are satisfied:

(B3) (vx,yeG)(vk[0,1)(F(xy) = min{F(x), F(y), %) |

(B4) (vx.ayeG)(vke[0D)(F(xa)y) > min{F(x),F(y).59) ,

Proof: (Bl) <> (B3) follows from Theorem 3.4.

(B2) = (B4). If there exist X,8,ye G such
that F(xa)y) <min{F(x),K(y),%3%. Choose A € (0,4]
such that  F(xay) <A <min{F(x),Fy).%%. - Then
X,eF and y,eF but FAcay<* and

F(xa)y) +A+k <+ ey k =1,

SO

((}@)Y) s 15 = (x@)Y); € VAF. 5 contradiction.
Hence F(xa)y)=min{F(X),F(y).5% for all x.ayeG |
(B4 = (B2). Assumerthat F(xa)y) = min{F(x), F(y), .
Let X, € F and 'y, €F forsome 4,4, (0.
Then F(X) > 4, and F(y) > 4, and by hypothesis,
1-k

Fxy) > min{F(x), F(ﬁ%} > minfl, b ).

If min{4, A} >%%, then F(xy)>%* and so
F(xy)+ min{4, A} +k >+ 4+ k=1, it
follows that (XY) iz, 2,y AP+ 1f F(xy) <&,
then F(xy) > min{4, 4} and $0 (XY) g, 1 € F-
Thus (Xy)minwlz} evqF ad F is an
(€, vQq,) -fuzzy bi-ideal of G.

If we take k=0 in Theorem 3.7, then we have

the following corollary:

3.8. Corollary (cf. [32]) Let F be afuzzy subset
of G. Then F isan (g€ VvQ)-fuzzy bi-ideal of

G if and only if the following conditions are
satisfied:

(D) (vx,y € G)(F(xy) = min{F(x),F(y),0.5),
() (vx,a,y € G)(F((xa)y) > min{F(x),F(y),0.5)

3.9. Theorem A fuzzy subset F isan (€, vQ,)-
fuzzy bi-ideal of G if and only if U (F;A)( @)
isabi-ideal of G foral A (0,%4].

Proof: Supposethat F isan (€,€ v, )-fuzzy bi-
ideal of G and let X,8,Y€G be such that
X, yeU(F;2) for some Ae(0,5¢]. Then
F(X) > A and F(y) > A and by hypothesis

F((xa)y) = min{ F(x), F(y),%} > min{, k,%} =A.

Hence (xa)y eU(F;A). Conversely, assume
that U (F; 1)(# @) is a bi-ideal of G for all
A€ (0,5, If there exist X,y € G such that

F(xy) <min{F(x), F(y),%3%.
A€(0,5] such that ) <2 <minfF). F(y). .
Thus x,yeU(F;4) but (xa)ygU(F;1), a
contradiction. Hence F((xa)y) > min{F(x),F(y),x«
foral X,a,y€G and ke[0,1) . The remaining
proof is a consequence of the Theorem 3.5.
Therefore F is an (€,€ v(Q,) -fuzzy bi-ideal of
G.

If wetake k = 0 in Theorem 3.9, then we have the
following corollary:

Then choose

3.10. Corollary (cf. [32]) A fuzzy subset F isan
(e,evQ)-fuzzy bi-idea of G if and only if
U(F;1)(#¢) is a bi-ided of G for all
2¢(0,05].

3.11. Remark A fuzzy subset F of an AG-
groupoid G isan (€,€ v(,) -fuzzy bi-ided of G
if and only if it satisfies conditions (B3) and
(B4) of Theorem 3.7.

3.12. Remark By Remark 3.11, every fuzzy bi-
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ideal of an AG-groupoid G is an (€,€VvQ,)-
fuzzy bi-ideal of G. However, the converse is not
true, in general.

3.13. Example Consider the AG -groupoid as

given in Example 3.2, and define afuzzy subset F
asfollows:

Fa)=08 Fc)=06, Fd)=04, Ke)=03 Fb)=0.1.

Then F isan (€,e€VvQ,,) -fuzzy bi-ided of G.
But
i) F isnotan (€,q,,) -fuzzy bi-ideal of G, since

dozs € F but (dd)ozs.026 = €024 F-

i) F isnot an (q,,,€)-fuzzy bi-idedl of G,
SINce Cyegll,, F and @50, F bUL (ossiom = dosseF.
i) F isnot an (€ VvQy,,0y,)-fuzzy bi-idea of
G, since G € vq, F but (Dozsozm = s velosF
Thus F isnot an (a,ﬁ) -fuzzy bi-ided of G, for

every a, B e{€,0y4,€ V4t -

3.14. Proposition Every (€,€) -fuzzy bi-idea of
G isan (€,€ vQ,) -fuzzy bi-ideal of G.

Proof: It is straightforward, since for X; € F we

have X, € v F foral xeG.

The converse of Proposition 3.14, is not true in
general, as shown in the following example:

3.15. Example Consider an AG -groupoid G
and a fuzzy subset F_as defined in Example 3.2,
then F is an (€, vQ,,)-fuzzy bi-idea of G

but F isnotan (&,€) -fuzzy bi-idedl of G, since
o € F but (dd) 55,038 = € 35€F-

3.16. Propostion Every (€\VvQ,,€ Vv(,)-fuzzy
bi-ideal of G is an (€,€ vQq,) -fuzzy bi-ideal of
G.

Proof: The proof is straightforward.
The converse of Proposition 3.16, is not true in
general, as given in the following example.

3.17. Example Consider the AG -groupoid G as
given in Example 3.2, and define afuzzy subset F

asfollows:
Fa) =08 Fc)=06 Fd)=04, Fe=02 Fb)=0.1

Then F isan (g,evq,,)-fuzzy bi-ideal of G
but F isnotan (evaqy,,evaq,,)-fuzzy bi-ideal of
G, since dozs € VUaF but (dd)o26.026 = €026€ VToaF-

3.18. Definition A fuzzy subset F of G is called
an (€,€ vQ,) -fuzzy left (resp. right) ideal of G if
the following condition holds:

(Vx,y € S)(vk e[0,1))(y, € F>(xy), e va,F(resp. (yx), € va,F).

3.19. Theorem Let A bealeft (resp. right) ideal of
G and F afuzzy subset of G defined as follows:

Then

(1) F isan (q,evq,)-fuzzy left (resp. right)
ideal of G.

(@ F isan (g,evQq,)-fuzzy left (resp. right)
ideal of G.

Proof: (1) Let X,ye€G and A€ (0,1 be such
that y,qF, then ye A, A(y)+A>1. Since
A is aleft ided of G, we have Xy € A. Thus
F(xy) =5~ 1f A<EE, then F(Xy) >4 and
o (xy), eF. If A>E&, then
F(xy)+A+k>L+2+k=1 and hence
(xy), q.F. Therefore (xy), € vq,F.

2 Let X,yeG and 4€(0,1] be such that
y,eF.  Then F(y)>A>0.  Thus
F(y)25¢ and so ye A. It follows that
Xy e A. Thus F(xy)>3*. 1f A<EE, then
F(xy) >4 andso (xy), € F. If A>2X, then
F(xy)+A+k>L+EE+k=1 and hence
(xy), q.F. Therefore (xy), € vo,F.

3.20. Propostion If {F},., is a family of

iel

(e,€vQq,) -fuzzy bi-idedls of an AG -groupoid
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G, then (| F isan (€€ V@) -fuzzy bi-ideal of
iel

G.

Proof: Let {F},

fuzzy bi-idedlsof G. Let X,y € G. Then

be a family of (€,evq,)-

(ﬂ E] 00) = AFO9) 2 AR A F) AEh

{almen5) oo

=(ﬂ E](x)A(ﬂ E](W%.

iel

Let X,¥,Z2€ G. Then

N F ()2 = AR((9)2) 2 AR AF(2) Aﬂ)
| el 2

{2

(oot

Thus () F is an (€,€ vq,)-fuzzy bi-ideal of
iel

G.

3.21. Lemma The intersection of any family
(€,€VvQ) fuzzy left (resp. right) ideds of ‘an
AG-groupoid G is an (€€ VvQ,)-fuzzy. left
(resp. right) ideal of G.

Proof: Follows from Proposition 3.20.

322. Lemma The wunion of @ any family
(€,€VvQ,) fuzzy left (resp. right) idedls of an
AG-groupoid G istan (€,€Vv0Q,)-fuzzy left
(resp. right) ideal of G.

3.23. Definition A fuzzy subset F of an AG-
groupoid G iscalled an (€, € vQ, ) -fuzzy interior
ideal of G if it satisfies the following conditions:
(1D (VX ye S)(VA, 4, € (01)(x, € F and
Y, € F = 0OW)ings, 1y € V&F),

(12) (Wxaye9(vie0U)a, eF-((xa)y), € va,F).

3.24. Theorem. Let A beaninterior ideal and F
afuzzy subset of G defined asfollows:

F(x)= > LK jf X.eA,
Ootherwise.

Then
@) F isan (g,evq,)-fuzzy interior ideal of G.

2) F isan (g,e vq,)-fuzzy interior ideal of G

Proof: (1) Let X,8,Y € G and A €(0,1] besuch
that 8,gF. Then a€ A and F(a)+ A +k>1.
Since A is an interior idead of G, we have
(xa)y € A. Thus F((x@)y) > 5%. If 1<Lk,
then F((x@)y)> 1 and o ((x@)y), € F. If
A>3, then F((xa)y)+A+k>5k+Ek k=1
and so ((xa)y),q.F. Therefore ((xa)y), € v, F.

2 Let X,8,YyeG and 4€(0,1] be such that
a,eF. Then ac A and F(@)+A+k>1
Since A is an interior idea of G, we have
(xa)y.e A. Thus F((xa)y) = 5%, If A<LE,
then F((X@)y)> 14 and so ((x@)y), eF. If
A>EE, then F((xa)y)+A+k>2E+Ekik=1
and so ((xa)y),q.F. Therefore ((xa)y), € vg,F.

The remaining proof is a consequence of the proof
of Proposition 3.3.

If we take K =0 in Theorem 3.24, then we have
the following corollary:

3.25. Corollary [33] Let A beaninterior ideal and
F afuzzy subset of G defined as follows:

>0.5if xe A
F(x)= .
0 otherwise.

Then
@ F isan (q,e vQ) -fuzzy interior idedl of G.
2) F isan (€,€ vQ)-fuzzy interior idea of G.

3.26. Theorem Let F be a fuzzy subset of G.
Then F isan (€€ VvQ,)-fuzzy interior ided of

G if and only if the following conditions are
satisfied:

(13) (vx,y € G)(vk €[0,1))(F(xy) = min{F(x), F(y). 59),
(14) (Vx,ay € G)(vk €[0,2))(F((xa)y) = min{F(a),5}).

Proof: (11) < (13) followsfrom Theorem 3.4.
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(12) = (14). If there exist X,a,Y € G such that
F((xa)y) < min{F(a),5}. Choose A€ (0,]]
such that F((xa)y)<A<min{F(a),55}.
Then a,eF but F((xay)<A and
Flwayy) + A +k <+ 4 k=1 =

((20Q)Y) yinprny = ((za)y) € Vg, F, @ contradiction.
Hence F((xa)y)=>min{F(a),%} for al
X,a,yeG.

(149 =2 Asume tha F((xa)y)>
min{F(a),5}. Let @, eF for 41€(0]].

Then F(@)>4 and by hypothess,

F((xa)y) > min{F(a),%} > min{ﬂ,%}.

If A>3, then F((xa)y)>Lf and s
F(xa)y)+A+k>E+E+k=1, it
follows that ((x@)y), G F. If F((xa)y) <,
then F((x@)y) > 1 andso ((Xa)y), € F. Thus
(x@y)evgF and F is an (g,€Vvq,)-

fuzzy interior ideal of G.

If we take K =0 in Theorem 3.26, then we have
the following corollary:

3.27. Corollary (cf. [33]) Let F be afuzzy subset
of G. Then F isan (g€ VvQ) -fuzzy interior

ideal of G if and only if the following conditions
are satisfied:

(1) (¥, € G)(F(xy) =min{FOO;F(y), 05}),
@ (X.ayeG)(H((xa)y)=mn{Ha) 05).

3.28. Theorem A fuzzy subset F is an
(g€ \/qk) -fuzzy interior ideal of G if and only if
U(F;2)(# @) is an interior ideal of G for all
Ae(0,5].

Proof: Suppose that F is an (€,€VvQ,) -fuzzy
interior ideal of G and let X,@,Y € G be such
that acU(F;A) for some A€ (0,55]. Then

F(@>A1 and by hypothesis

F((xa)y) = min{F(a),%} > min{l,%} =A

Hence (xa)yeU(F;A). Conversely, assume
that U (F;A)(# @) is an interior ideal of G for
dl 2e(0,54]. 1f XxayeG such tha
F((xa)y) < min{F(a),'5*}, choose Ae(0,5¢

such that F((xa)y) <A <min{F(a),5}.
Thus aeU(F;A) but (xaygU(F;1), a
contradiction. Hence F((xa)y)> min{F(a),%}

foral X,8, Y€ G and ke[0,1). The remaining
proof is a consequence of the Theorem 3.5.
Therefore F isan (€,€ vQ,) -fuzzy interior ideal

of G.

If we take K =0 in Theorem 3.28, then we have
the following corollary:

3.29. Corollary (cf. [33]) A fuzzy subset F isan
(€, vQ)-fuzzy interior ideal of G if and only if

U (F;A)(# @) _isan interior idea of G for all
1€(0,0.5].

3.30. Remark A fuzzy subset F of an AG-
groupoid G is an (€,€ vQ,) -fuzzy interior ideal
of G if and only if it satisfies conditions (I 3) and
(14) of Theorem 3.26.

3.31. Propostion Every (€,€)-fuzzy interior
ideal of G isan (€,€ Q) -fuzzy interior ideal of
G.

Proof: It is straightforward.

3.32. Proposition Every (€VQ,,€VvQ,)-fuzzy
interior ideal of G isan (€,€ vQ,) -fuzzy interior
ideal of G.

Proof: The proof is straightforward.

3.33. Lemma A non-empty subset A of G isa
generalized bi-ideal if and only if the characteristic

function F, of A is an (ge€VvQ,)-fuzzy
generalized bi-ideal of G.

Proof: The proof is straightforward.

3.34. Lemma A non-empty subset A of G isan
interior ideal if and only if the characteristic
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function F, of A isan (€,€ V0, ) -fuzzy interior
ideal of G.

Proof: The proof is straightforward.
Note that, every (€,€ V() -fuzzy idedl of G is

an (€,€VvQ,)-fuzzy interior ided. Similarly,
evey (€,evQ)-fuzzy bi-ided is an

(€,€VvQ,) fuzzy generdlized bi-ided of G. In

the following propositions, we prove that the
converses of the above statements are true.

3.35. Proposition If G is an intraregular AG-
groupoid, then every (€,€VvQ,)-fuzzy interior

ideal isan (€,€ vQ,) -fuzzy idedl of G.

Proof: Let F be an (€,€VvQ,)-fuzzy interior
ideal of G. Let a,beG. Since G is an intra
regular, there exiss X,ye€G such that

a=(xa’)y. Thus,

F(ab) = F(((xa’)y)b) = F((by)(xa’)) = F((by)(x(aa)))

= F((by)(a(xa)) = F((by)a(xa))) > F(a) A%,

Similarly, we can show that
F(ab)>F(b)ALf and hence, F  is an
(€,€ vq,) fuzzy ideal of G.

3.36. Proposition If G is an intrasregular AG-
(e,evq,) fuzzy
generdized bi-ided is an (€,€VvQ,)-fuzzy bi-
ideal of G.

groupoid.  Then  every

Proof: Let F be an (€e€VvQ)-fuzzy
generalized bi-ideal of G. Let a,be G. Since G
is intraregular, there exist X,y € G such that

a=(xa’)y. Thus,

F(ab) = F(((xa*)y)b) = F ((xa’)(ey))b)
= F(((ye)(@*x)b) = F((a*((ye)x))b)
= F(((aa)((ye)x))b) = F(((x(ye))(aa))b)

= F((a((x(ye)a))b) > F(a) A F(b) A%,

Thus, F is an (geVvQ)-fuzzy AG-

subgroupoid of G and consequently, F is an
(€,€VvQ,) fuzzy bi-idea of G.
In Propositions 3.35 and 3.36, if we take G as
regular, then the concepts of (€,€VvQ,)-fuzzy
idedls, (€,€Vv0Q,)-fuzzy interior ideds,
(e,evq,) fuzzy generalized bi-ideals and
(€,€ vq,) -fuzzy bi-idedls coincide.

4. Upper and lower partsof fuzzy ideals of type
(€evq).

In this section, we define the upper/lower parts of
an (€,€vQ,)-fuzzy left (resp. right) ideal and
(€,€VvQ,) -fuzzy - bi-idels and characterize
regular and intra-regular  AG-groupoids in terms
of lower parts of (€,€VvQ,)-fuzzy left (resp.
right). ideal and (€,€ Vv, ) -fuzzy right idedls and
(€,€ vQ,) fuzzy left ideals.

4.1. Definition Let F and H be afuzzy subset of
G. Then the fuzzy subsets Ek,

(FAHY (F VS H) (o H) L F o (F A H)*(F v H)'
and (F o* H)* of G are defined asfollows:

F 601X Fk(x):F(x)A%,

(FA*H)Y :G—>[0,1|x— (FA*H)(X) = (FA H)(X)/\%,

(FV*H) 1G> [0, x = (Fv¥ H)(X) = (Fv H)(x) A%,

(FH) :G > [0,3] | x > (F H)(X) = (Fo H)(X) A%,

and

ko ‘ 1-k
F:Go[01|x—F (x):F(x)vT
1-k

(FAH)" :G >[04 |x > (FAH)(X) = (FA H)(x)v7,

(FV*H) :G—=[0,1]|x — (FV* H)(X) = (Fv H)(x) v%,

(FSHY* : G —[0,2] | X > (Fo* H)(x) = (Fo H)(x)v%,

fordl XeG .

4.2. Lemma Let F and H be fuzzy subsets of
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G. Then the following hold:

_ Loy (=K ok

0 (F A H):[F ~H )
i) (FVeHY :(Ek vﬁk),
(iii) (F oK H ) = [Ek oﬁk].
Proof: The proof follows from [26].

43. Lemma Let F and H be fuzzy subsets of
G. Then the following hold:

i) (FAH) :[ﬁk/\ Iilk}
kLK
(if) (kaH)+=[F vH j
LkoLk
(iii) (FokH)E(F oH j if X#Yyz and
(FokH)+:[|§kolilkJ if X=yz

Proof: The proof follows from [26].
Let A beanon-empty subset of G, then the upper

and lower parts of the characteristic function F,f
of A aredefined asfollows:

e if xe A

0 otherwise.

En:G [0 |xes F () {1 If xe A
A:G [0 x> Fa() =1~ .
£ otherwise.

Fi:e—>[o,1]|XHFi(x)={

44. LemmaLet A and B be non-empty subsets
of G. Then the following hold:

(1) (Fo A Fy)™ = Fane,

@ (Fav¥ Fy)” = F v,

@ (Foo*Fy) ~Fre.

Proof: The proofs of (1) and (2) are obvious.

(3) Let Xe AB. Then F,z3(X)=1 and hence
EE\B(X) =1InLE =LK gSince xe AB, we

2
have X=ab for some ac A and be B. Thus

(FR) 0=(F oFB)(xM%:{V (FA(y)AFB(Z))}A%
X=yz

> (F@ARO)AE
Since a€ A and b e B, wehave F,(a) =1 and
Fs(b) =1 and so
(F, FB)*(x)z(FA(a)AFs(b))A%qlAl)A%:%.
—k
Thus, (Faof ) (X)=5=Fams(X). Let
X¢ AB, then Fj(X)=0 and hence,

Eig(x)zoA%zo. Let X =Yz, then

(F S F) () = (F, OFB)(x)A% {V (FA(y)AFB(z))}%.

x=yz

Since X=YzZ,if yeA and zeB, then
yze AB and so X€ AB. Thisisa contradiction.
If Yy Aand Z€ B, then

|:\/ (FA(y)/\FB(Z)):|/\1_2k:|:V (O/\l):|/\1_2k:0

X=Yi X=yz

Hence, Fls(x)=0=(F, o* F,)"(x). Similarly, for
yeAand z¢ B, wehave Fl,(x) = 0= (F, " Fy) (x).

45. Lemma The lower part EI/: of the
characteristic  function F) of A is an
(€,€ vQ,) -fuzzy bi-ideal of G if and only if A
isabi-ideal of G.

Proof: Let A be a bi-ided of G. Then, by

—k
Theorem 2.1 and 3.7, F a isan (€,€ vQ, ) -fuzzy

—k
bi-ideal of G . Conversely, assume that F a isan
(€,€vq,) -fuzzy bi-ided of G. Let X,y e G.If

X,y € A, then EI;(X) =X and EI,(A(y) =Lk,
Since Fa isan (€,€ vq,) fuzzy bi-idea of G,
we have FA09)2FAARM) A% =2 |t follows
tht Fa(xy)=%L ad o XyeA. Let
X,Zze A and a€G. Then, E;(x):% and

—k

Fa(2) =5<. Now,
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FA((xa)z)>FA(x)AFA(Z)A%:%_
Hence FA((Xa)Z) L and o (xa)ze A.

Therefore A isabi-ideal of G.

46. Lemma The lower part E; of the
characteristic  function F)X of A is an
(e,e \/qk)-fuzzy left (resp. right)-ideal of G if
and only if A isaleft (resp. right)-ideal of G.
Proof: The proof follows from Lemma4.5.

In the following proposition, we show that, if F is
an (€,€ Q) -fuzzy bi-ideal of G , then F " isa
fuzzy bi-ideal of G.

4.7. Proposition If F isan (g,€ V() -fuzzy bi-

—k
ideal of G, then F isafuzzy bi-idedl of G.

Proof: Let X,y €G. Since F isan (€,€VvQ,)-
fuzzy  bi-ideal of G, we hae
FOV2FO)ARYASS 4t follows  thet

F(xy) /\ — > F(x) A F(y) A— (F(x) —] A(F(y) A %) and

hence F (y)=F()AF (). For XazeG, we

have  F((x@)2) = F(Xx) AFZ) A%

F(xa)2) A 2 F(X) AF(Z) Atk = (F(X) /\%) /\(F(Z) /\%) , and

o F@2)>F)AF @ Conseguently, F ' is
afuzzy bi-ideal of G.

4.8. Lemma [34] Let G be an AG-groupoid such
that (X€)G=XG for adl XeG. Then the
following are equivalent:

(1) G isregular,

(20 RNL =RL for every right ideal R and left
ideal L of G.

49. Lemma Let G be an AG-groupoid, F an
(€,€evq,) fuzzy right ided, and H an

(e,evq,) fuzzy left idedl of G. Then
(F“H) <(FA*H).

Proof: Let XeG. Then e Hy () =(FeH) A%k =0akE=0,

if X#YZ and hence (FH (x)=0<(FA Hy (x).
Otherwise,

(Fo HY (0 = (FaH)(0) A 5

= { v (F(y) A H(Z))}A%
x2yz

Ll 5o 5t

Since F isan (€,€Vvq,) -fuzzy right ideal and
H an (€,€VvQ,)-fuzzy left ided of G, and

X =Yz, we have F(x):F(yz)>F(y)
and H (X) = H(yz) > H(Z) A ££. Hence,

1-k 1-k 1-k
LXZ{(F‘”“TJ [”WT]H“T

<{ F(x) A H(X):|/\%

{ v (FA H)(X):|/\%

X=yz

—(F/\H)(X)A > —(F/\ H) (x).

Thus, (F o H)™ < (F A* H)".

4.10. Theorem Let G be an AG-groupoid such
tha (x€G=XG for adl X€G. Then G is

regular if and only if for every (€,€VvQ,)-fuzzy
rightideal F ,and (€,€ Q) -fuzzy leftidea H
of G, wehave (F A* H) =(Fo*H)".

Proof: Let aeG and F be an (€,€VvQ,)-

fuzzy right ideal and H an (€,€ () -fuzzy left

ideal of G. Since G isregular, there exists Xe G
such that & = (ax)a. Then

1-k —b++/b*—

(FokH)’(a)=(FoH)(a)A%—[v(F(y)AH(z»} Lhbe?

> (F@) A H@) AT > (@ AH@) ALK

Hence, (F A¥ H)™ < (F o* H )_. On the other
hand, (FKHY) <(F A¥H)~.
Thus,(F A¥H) " = (Fo*HJ.

Conversely, assume that for every (€,€Vv(Q)-

fuzzy right idel F and (€,€Vv Q) -fuzzy left
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idel H of G, wehave (F A" H) =(Fo*HJ.
To prove that G is regular, by Lemma 4.8, it is

enough to prove that RN L =RL for every right
ideal R and left ideal L of G. Let Xe RN L. Then
Xe R and Xe L. SinceRisaright ideal and L

—k
a left idea of G. By Lemma 4.6, Fr is an
—k
(e,evq,)-fuzzy right ided and FL an

(€,€ Q) fuzzy left ideal of G. By hypothesis,
we have

(ReoR) 00 =(RAR) (9 =(Fre)AFLG0).

Snce XeR ad Xel, we have

—k —k
Fr(X) =35 and Fr(X)=5E. It follows that,

( “F ) (X) LK and by Lemma 4.4, (3), we

( ):E:;L. Hence, we have

FRL(X) LK and it follows that X e RL and so
RNLc RL . On the other hand, RL € R L.

Thus, RNL=RL, and consequently, G is
regular.

4.11. LemmaLet G bean AG-groupoid and F
(resp. H) an (€,€vQ,) -fuzzy right (resp. left)
ide of G. Then (FoX1)” <F (resp.
Lo H) < HY).

Proof: Let F bean (€,€VvQ,)-fuzzy right ideal
of G andlet XeG. Then

(F o 1) (9 = (Fol)(x)Au 0n %:Osfk(x), if x% yz

Otherwise, (Fo“l)’(x)=<Fol><x>A%{%(Fwwz»}%. Since
F isan (g€ VvQ) -fuzzy right ideal of G and
X =Yz, we have F(X)=F(yz) > F(y) ALk
and 1(z)=1foradl ze G.Thus,

{v (F(y)/\l(Z)):|/\1_2kS F(X)/\% —F“(x).

x=yz
Hence, (Fokl)_SEk.
(e,evq) fuzzy left ided H of G, we

Similarly, for an

have(lo* H)™ < H .

4.12. LemmaLet G be an AG-groupoid and F
(resp. H) an (€,€VvQ,) -fuzzy right (resp. left)
idel of G. Then (Fo"F) <F'( resp.
(HoH) <H").

Proof: Let F bean (€,€ V() -fuzzy right ideal
of G.Since F<land F<F, Lemma4.9, we
have (Fo*F) <(Fo*1)". Since F is an
(€,€vq,) fuzzy right-ideal of G, by Lemma
411 we have (Fo 1) <F". Thus,
(F*F) <F .
(€,evq,) fuzzy left ided H of G we have,
(Ho*H) <H

In a similar way, for an

4.13. Proposition If G isaregular AG-groupoid,
then for every (€,€VvQ,)-fuzzy right idea F
(resp. left ide H) of G, we have
(FoKF) =F (rep.(Ho"H) =H")

Proof: Let a€G. Since G isregular, there exists
X suchthat @ = (ax)a. Then

(F ) (@)= (FoP@ A 2 F

{y (F) F(z))}%

> (@) Fl@) 1 ¢

:(F(BX)A_TI(] [F(a)A%)

Since F isan (€,€VvQ,) -fuzzy right idedl of
G and a=(ax)a, we have

F(@=F((ax)a) = F(ax) ALk > F(a) A 5

Thus, F(@) A< =F(ax) A

Therefore, (F *F)(a)>F'(a). On the
other hand, by Lemma 412 we have
(Fo"F) (a) <F (a) and consequently, we

have (F o* F) (a) = Ek(a). In a similar way,
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for an (€,€ V0, ) -fuzzy left ided H of aregular
AG-groupoid G, we have, (Ho"H) ()= H' (@).

4.14. Corollary In regular AG-groupoids, for an
(e,evq,) fuzzy ided F of G, we have

(F*F) =F".

4.15. Lemma [34] Let G be an AG-groupoid
such that (X€)G = XG for dl Xe€G. Then the
following statements are equivalent:

(1) G isintra-regular,

(20 RN L c LR for every right ideal R and Ieft
ideal L of G.

4.16. Theorem Let G be an AG-groupoid such
that (X€)G = XG for dl XeG. Then Gisintra-

regular if and only if for every (€,€VvQ,)-fuzzy
right ideal F and (€, vq,) -fuzzy left ideal H
of G, wehave (F A*H) <(H“F)".

Proof Let a€G and F bean (€,€VvQ,) -fuzzy
right ideal and H an (€,€ vQ,) -fuzzy left ideal
of G. Since G is intraregular, ~there exist

X,yeG such tha a=(xa’)y=(xa)(ay):
Then

(He* F) @=(HeP@ A"

=[Y(H(y)AF(z»}A%

> (H(xa) A F(ay)) /\%
Z(H(a)/\F(a))/\%.
Hence, (F A" H) < (H o“ F .
Conversely, assume that for every (€,€Vv(Q,)-
fuzzy right idel F and (€,€VvQ,) -fuzzy left
idel H of G, we have (FA“H) <(F<"H). To

prove that G isintra-regular, by Lemma4.15, it is
enough to prove that

RN L < LRforeveryrightideal Randleftideal L of G.

Let Xe RNL. Then Xe R and Xe L. SinceR
isarightideal and L aleft ideal of G by Lemma

—k
46, Fr is an (€,€VvQ,)-fuzzy right ideal and

—k
FL an (g,€VvQ,)-fuzzy left ided of G. By
hypothesis, we have

(FL Ok FR)_ (X) < (FR /\k FL )_(X) = (EE(X) /\Et (X))

: =X 1-k

Since Xe R and Xe L, we have Fr(X) =%5*
—k L

and  Fu(X)=5 It follows tha,

(FL ok FR)_(X) =LK and by Lemma 4.4, (3), we
- —k
have (FL o FR) =Fr. Hence, we have

—k
Fir(X) =2¢ and it follows that X € LR and so
RN L c LR. Thus, G isintra-regular.

4.17. Lemma [34] Let G be an AG-groupoid
such that (X€)G = XG for dl X€G. Then the
following statements are equivalent:

(1) G isregular and intra-regular,

(2 ROLc RLNLR for every right ideal R
and leftideal L of G.

4.18. Theorem Let G be an AG-groupoid such
tha (X6)G=XG for adl XeG. Then G is
regular and intra-regular if and only if for every
(€,€Vvq,) -fuzzy right ideal F and (€,€VvQ,)-
fuzzy leftideal H of G, we have

(FAH) <(Fo*HAH O FJ.

Proof: The proof is an immediate consequence of
Theorems 4.10 and 4.16.

5. Fuzzy ideals of type (;, ev q_k)

In this section, we define (E,qu_k) fuzzy bi-
idedls (resp. (€,€Vv Q) -fuzzy interior idedls)
in AG -groupoids and give some of their related
properties.

5.1. Definition A fuzzy subset F of G iscaled

an (€,€Vv Q) -fuzzy bi-ideal of G if it stisfies

the following conditions:
(BS)
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(V% Y €G) (Y, 2, € O (V) pins, 1y EF —> X, €V G F OF
Y, €V Gk F),

(BB) (vx.2.y €G)(VAyk, € (OM((X@)Y)ngs, 1 F = X;, € v GF

or y,lzévq_kF).

5.2. Theorem A fuzzy subset F of G is an
(e,eVv Q) -fuzzy bi-idea of G if and only if it

satisfies the following conditions:
(B7) (vx,y € G)(max{ F (xy), 5} = min{ F (x), F (y)}),

(B8) (vx,a,z e G)(max{F ((xa)2),%} = min{F(x),F (2)}).

Proof: (Bs)= (B7). If there exist X,yeG and
ke[0,1) be such that max{F(xy),5 < min{F(x),F(y)}.
Choose k< 7 <1 such that max{F(xy). 33 <A <min{Fx), Fy)},

then (Xy),eF bt X, €F ad Yy, €F. By
(B5), we have xlq_kF and yﬂq_kF. Then
(Fx)24 aad A+F(X)<1-k) o
(F(y) > A and A+ F(y) <1-K), whichimplies
that A < %, a contradiction.

(B7)=(B5). Let  (Y)mnsiy€F . then
F(xy) <min{4, 4}

1t F(xy)>min{F(x),F(y)}, . then
min{F (x), F(y)} < min{4, 4,} and

consequently, F(X) <A, or F(y) <A, It follows
that XM;F or y,IZEF.

i) 1f F(xy) <min{F(x), F(y)}, thenby (B7),
we have 5> min{F(X),F(y)}. Let X, € F
o Yy, eF, " then. 4 <F(X) <EE o

A, SF(y) <EE It follows that Xﬂi;\/q_kF or
ylzévq_kF.

(B6) = (B8). 1f thee exist X,aYeG,
ke[0,D be such that
max{ F ((xa)y), %} < min{F(x), F(y)}.
Choose e such that
max{ F ((xa)y),%} < 4 < min{F(x), F(y)},
then ((x@)y),eF but X, €F and Y, € F. By
(B6), we have xﬂq_kF and yiq_kF. Then
(F(X)>A4  ad A+F(X)<1-K) or

(F(y)y24 and A+F(y)<1-K), which
impliesthat A S%, acontragiiction.
(B8) = (B6). Let ((Xa)Y)mings.z, EF . then
F((xa)y) <min{4,4,}.

) 1t F((xa)y)>min{F(x),F(y)}, then
min{F(x), F(y)} < min{4, 4.} and
consequently, F(X) <A, or F(Y) <A,. It follows
that XﬂdéF or yﬁzéF.

iy 1f F((xa)y)<min{F(x),F(y)}, then by
(B8), we have EE>min{F(x),F(y)}. Let

X, €F or Y:, €F, then 4 < F(X) <& or
A, <F(y) SE50 it follows that Xﬂiévq_kF or

yﬂzévq_kF.

If we take K =0 in Theorem 5.2, then we have the
following corollary:

5.3. Corollary [32] A fuzzy subset F of G isan
(e, v Q) -fuzzy bi-ideal of G if and only if it

satisfies the following conditions:

@ (vx,y e G)(max{F(xy),0.5 = min{F(x),F(y)}),
(2) (vx,a,ze G)(max{F ((xa)2),0.5 > min{F(x),F(2)}).

5.4. Definition A fuzzy subset F of G iscaled
an (€,evQ,)-fuzzy interior ideal of G if it
satisfies the following conditions:

(15) (vx,y €G) (YA, 2, € (O.) ()i 1 EF — X, € AF

ory, evgF),
(16) (vx,a,zeG)(YA, 4, € (0A)(xa)2),eF — a,ev G.F).

55. Theorem A fuzzy subset F of G is an

(e,€V Q) -fuzzy interior ideal of G if and only

if it satisfies the following conditions:
(17) (vx,y € G)(max{F (xy), %3} = min{F (x),F(Y)}),
(18) (vx,a,ze G)(max{F ((xa)2),5} > F(a)).

Proof: It is an immediate consequence of Theorem
5.2.

5.6. LenmaLet F be afuzzy subset of G. Then
U(F;A) isabi-ideal of G foral A e(5<,1] if

andonly if F isan (€,€v Q) -fuzzy bi-ideal.
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Proof: Assume that U (F; 1) is abi-ideal of G
for al Ae(5<,1]. If there exist X,y € G such
that max{ F(xy),5% < min{F (), F(y),*5} = 4,
then A4, e(®51, xyeU(F;4). But
F(xy)<A, impies xygU(F;4), a
contradiction. Hence condition (B7) isvalid.

If thee exist X Y,2eG such that
max{ F ((xy)2),55*} <min
{F(X),F(2.59=4,, then A,e(51,
x,zeU(F;4,). But F((xy)z) <A, implies
(xy)zgU(F;4,), a contradiction. Hence
condition (B8) isvalid.

Conversely, suppose that F satisfies conditions
(B7) and (B8). For X,y e U(F;A), by (B7)
We O8 max(F(xy), = > min(F(9, F(y) > 251K,
and 0 F(Xy)Zl. It follows that
xyeU(F;4). Lee XxzeU(F;A), then
F(X)>A4 and F(Z)>/1 By (B8), we get

max{ F ((xy)2), —} > min{F(x), F(2)} >,1>%

and so F((Xy)Z)Z/I. It follows that
(xy)zeU(F;A). Thus U (F; 1) isabi-ideal of
G foral Ae(5:,1].

5.7. Theorem A fuzzy subset F of G is an
(e,€v Q) -fuzzy bi-ideal of G if and only if
U(F;A)(# @) is abi-ideal of G, for all
Ae(FH ..

Proof: It is an immediate consequence of Theorem
5.2 and Lemmab.6.

5.8. Lemma Let F beafuzzy subset of G. Then
U(F;A) is an interior ideal of G for all

Ae (4] if and only if F isan (g, evqk)
fuzzy interior ideal.

Proof: The proof follows from Lemma 5.6.

59. Theorem A fuzzy subset F of G is an
(é,é\/q_k) -fuzzy interior ideal of G if and only
if U(F;A)(# @) isaninterior ided of G for all
Ae (BT

Proof: The proof follows from Theorem 5.5 and
Lemma5.8.

5.10. Definition [32] Let A,4,€(0,1] and
A, <A, then afuzzy subset F of G iscaled a

fuzzy bi-ideal with thresholds (4;,4,] of G if it

satisfies the following conditions:
(BY)(Vx, y € G)(max{F (xy), 4} = min{F (x), F(y), 4,}),
(BL1O)(VX, Y,z € G)(max{F ((xy)2), 4.} = min{F (xX),F(2),4,}).

5.11. Theorem [32] A fuzzy subset F of G isa
fuzzy bi-ideal with thresholds (4;,4,] of G if and
only if U(F;A)(# @) is abi-ideal of G for all
A <AL A,

5.12. Definition [33] Let A,4,€(0,1] and
A < A,, thenafuzzy subset F of G iscaled a

fuzzy interior ideal with thresholds (4;,4,] of G

if it satisfies the following conditions:
(19)(vx, y e G)(max{F (xy), 4} = min{F (x),F(y),2,}),
(120)(¥x,a,y € G)(max{F (xa@) y), 4} = min{F(a), 4,}).

5.13. Theorem [33] A fuzzy subset F of G isa
fuzzy interior ideal with thresholds (4;,4,] of G
if and only if U (F; A)(# @) isaninterior ideal of
G foral 4, <A< A4,.

5.14. Remark By Definition 5.10, we have the
following result: if F is a fuzzy bi-ideal with
thresholds (4, 4,] of G then we conclude the
following:

() F is an ordinary fuzzy bi-ideal (or fuzzy
interior ideal) of G when 4, =0,4, =1;

i) F is an (g,e€vQ)-fuzzy bi-ideal (or
(g,eVvQ) fuzzy interior ideal) of G when
A4=0,4,=05

i) F is an (g,ev()-fuzzy bi-idea (or
(;,;va)-fuzzy interior ideal) of G when
A, =051, =1,

(iv) F is an (g,€Vv0Q,)-fuzzy bi-ideal (or
(e,€VvQ,)-fuzzy interior ideal) of G when

/11:0'12:;
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v) F is an (g,ev0)-fuzzy bi-idea (or

(é,é\/q_k)-fuzzy interior ideal) of G when
A=t 0, =1,

6. Concluding remarks

In this paper, we study generalized fuzzy bi-ideals
(resp. ideals and interior idedls) and give different

characterization theorems of AG-groupoids in
teems of these notions. In particular, if
J={1]|21€(0,]] and U(F;A) isan empty set
or a bi-ideal (resp. an ideal or an interior ideal) of
G} , we get the answer to the following questions:

@) 1f J=(0,0.5], what kind of fuzzy bi-ideals
(resp. fuzzy idedls or fuzzy interior ideals) of G
will F be?

2 1f J=(0.51], what kind of fuzzy bi-ideals
(resp. fuzzy idedls or fuzzy interior ideals) of G
will F be?

@1t I=(, 4], (4,4, €(0,1]) what kind of
fuzzy bi-ideals (resp. fuzzy ideals or fuzzy interior
ideals) of G will F be?

@ 1f J= (O,%], what kind of fuzzy bi-ideals

(resp. fuzzy ideals or fuzzy interior ideals) of ‘G
will F be?
B If J= (%,1], what kind of fuzzy bi-ideals

(resp. fuzzy ideals or fuzzy interior ideals) of G
will F be?

In our future work, we want to study those AG-
groupoids for which each generalized fuzzy bi-ideal
(resp. each generalized fuzzy ided or interior ideal)
is idempotent. We will also define prime («, f) -

fuzzy bi-ideals (resp. prime (&, 5) -fuzzy ideals or
(a, p) fuzzy interior ideals) and establish an
(a, f) -fuzzy spectrum of AG-groupoids, where
a,p e{e q,evqeng.
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