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Abstract

In this paper, by considering the notions of dual right and dual left stabilizers in
bounded BC K-algebras, we obtain some related results. After that we investigate
the relationship between the dual left(right) stabilizers and dual ideals in bounded
BCK-algebras. Then we define a class of special bounded BC K-algebras called
dual normal BCK-algebras. Finally we prove that the dual semisimple bounded
BCK-algebras and dual J-semisimple bounded BC K-algebras are all dual nor-
mals.
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1 Introduction

The study of BC'K-algebras was initiated by Y. Imai and K-Iseki [3] in 1966 as a
generalization of the concept of set-theoretic difference and propositional calculus. Since
then a great deal of literature has been produced on the theory of BC K-algebras, in
particular, emphasis seems to have been put on the ideal theory of BC'K-algebras. Dual
ideals are important in bounded BC K-algebras. In 1986, the notion of dual ideals in
bounded BCK-algebras was introduced by J. Meng [8] and gave certain properties of
it. In 1997, Y. Huang and Z. Chen [2] introduced the notions of right and left stabilizers
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and normal BC K-algebras. Now, in this paper we define the dual left and dual right

stabilizers and dual normal BC' K-algebras, as mentioned in the abstract.

2 Preliminaries

We give herein the basic notions on BC K-algebras. For further information, we refer to
the book [11]. By a BC'K-algebra we mean an algebra (X, ,0) of type (2,0) satisfying
the following axioms: for every z,y,z € X,

(1) ((z*y) (2% 2)) x (zxy) =0, (ii) (% (zxy))xy =0,

(iii) z * 2 =0,

(iv)zxy=yxx=0=x=y,

(v) Oxx=0.

We can define a partial ordering < by z < y if and only if x xy = 0. In a BCK-
algebra X, the following hold: for all x,y,z € X
(a) zx0=u
(b) x xy < x,
(©) (@y)+ 2= (w%2) %y,
(d) z <yimplieszxz<yxzand zxy < zxx, (e) z* (x* (x*xy)) =z *xy.

A BCK-algebra X is said to be commutative if z % (x xy) = y * (y * x), for all

x,y € X. A subalgebra of X is a nonempty subset A of X such that z xy € A, for all
x,y € A. A nonempty subset A of X is called an ideal of X if it satisfies (i) 0 € A
(i) Ve e X)(Vye A) (zxyec A= x € A).
If there is an element 1 of X satisfying x < 1, for all x € X, then the element 1 is called
unit of X. A BCK-algebra with unit is called bounded . In a bounded BC K-algebra
with unit 1, we denote 1%z by Nz and NA = {Nz € X| z € A}, forall ) # A C X.
A bounded BCK-algebra X is called involutory if NNz = x, for all z € X.
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A nonempty subset D of a bounded BCK-algebra X is called a dual ideal if
(i)1eD
(ii) N(Nx * Ny) € D and y € D imply that = € D, for any z,y € X.

For brevity, we need the following notation in a BC'K-algebra X: for all z,y € X

and n € R(natural numbers),

ey =z, zly=zxy, .., z"Ty=(z«"y) xy

3 Dual stabilizers in bounded BC K-algebras

In the sequel let X be a bounded BC K-algebra with unit 1 , unless otherwise specified.

Definition 3.1 Let A be a nonempty subset of X. Then the sets
DA;={z € X| NaxNx = Na,Va € A}
and
DA, ={zx € X| Nx*xNa= Nzx,Va e A}

are called the dual left and dual right stabilizers of A, respectively and the set DA =
DA, N DA, is called the dual stabilizer of A.
For convenience the dual stabilizer, dual left and dual right stabilizers of a single element

set A= {a} are denoted by DS,, DL, and DR,, respectively.

Theorem 3.2 Let X be an involutory BCK-algebra and A be a nonempty subset
of X. Then:
(i) N(DA) = (NA);, N(DA,) = (NA): and N(DA) = (NAY",
(it) N(Aj) = D(NA);, N(A};) = D(NA), and N(A*) = D(NA).

Proof (i) By Definition 2.4, we have

(NA); ={z € X| hxx=h,Yhe NA}
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={zx € X| Naxx = Na,Va € A}

Now let z € N(DA;). Then z = Nt, for some t € DA; and so Na * Nt = Na, for all
a € A. Thus Na*z = Na, for alla € A, ie. z € (NA)]. Therefore N(DA;) C (NA)].
Now let z € (NA);. Then Naxz = Na, for all a € A and so by hypothesis Nax NNz =
Na, for all @ € A. Hence Nz € DA;. Since X is involutory, then z € N(DA)),
ie. (NA); € N(DA;). Therefore N(DA;) = (NA);. By similar above argument,
we obtain N(DA,) = (NA)!. By hypothesis we have N(DA) = N(DA; N DA,) =
N(DA)NN(DA,) = (NA);N(NA); = (NA)*.
(ii) The proof is similar to (i).

The following example shows that the condition ” X is an involutory BC' K-algebra”

in the above theorem is necessary.

Example 3.3 Let X = {0,a,b,c,d,e, f,1} and let x operation be given by the fol-

lowing table

* 0 a b c d e f 1
0 0 0 0 0 0 0 0 0
a a 0 0 0 a 0 0 0
b b a 0 0 b a 0 0
& c a a 0 c a a 0
d d d d d 0 0 0 0
e e d d d a 0 0 0
f f e d d b a 0 0

e e d c a a 0

Then (X, *,0) is a bounded BCK -algebra with unit 1 and it is not involutory, because
1x(1xb)=1%xe=a#b.

Consider A = {c}. Then NA = {d}. Sincebxd =">b andd«b=4d, sob e (NA):N
(NA); = (NA)*. Also we have b ¢ NX = {l,e,d,c,a}, thus b ¢ N(DA,) and
b N(DA;). Therefore N(DA;) # (NA);, N(DA,) # (NA): and N(DA) # (NA)*.
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If consider B = {d}. Then NB = {c}. Since (1% f)*x(1xc) =axd=a=1xf

and (1xc)x (1xf) =d*xa=d=1%c, then f € DINB), N D(NB); = D(NB).

So f ¢ NX implies that f ¢ N(B}) and f ¢ N(B}). Therefore N(B}) # D(NB),,

N(B?) # D(NB), and N(B*) # D(NB).

Theorem 3.4 Let A be a nonempty subset of X. Then DA; is a dual ideal of X .

Proof Let N(Nzx Ny) € DA; and y € DA;. Then for alla € A

Na=Nax NN(Nzx Ny)=(Nax Ny)*x NN(Nz* Ny)

= (Nax NN(Nz* Ny))« Ny

= (NNN(Nz x Ny) *xa)* Ny

= (N(Nz* Ny)*a)* Ny

= (Nax (Nz* Ny))* Ny

= (Nax Ny) x (Nz * Ny)

< Nax Nx
Thus Na < Na*x Nz, for all a € A. Also we have Na * Nx < Na, so Na * Nx = Na,
for all a € A, i.e. x € DA;. Therefore DA, is a dual ideal of X.

The following example shows that DA, is not a dual ideal in general.

Example 3.5 Let X = {0,1,2,3,4} and let x operation be given by the following
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table
* 0 1 2 3 4
0 0 0 0 0 0
1 1 0 1 0 0
2 2 2 0 0 0
3 3 3 3 0 0
4 4 3 4 1 0

Then (X, *,0) is a bounded BCK -algebra with unit 4. Consider A = {3}, it is easy to
check that DA, = {1,4}. Now we see that 4 ((4%3)*(4x1)) =4 € DA, and 1 € DA,
but 3 ¢ DA,. Hence DA, is not a dual ideal of X.

The following example shows that DA, and DA; are not subalgebras of a bounded
BCK-algebra X in general.

Example 3.6 Let X = {0,1,2,3} and x operation be given by the

* 0 1 2 3
0 0 0 0 0
1 1 0 1 0
2 2 2 0 0
3 3 2 1 0

Then (X, *,0) is a bounded BCK -algebra with unit 3. Put A = {1,2}, then DA, =
{3} = DAy, it is clear that DA, and DA; are not subalgebras of X .

Theorem 3.7 Let X be a commutative bounded BCK -algebra and A be a nonempty
subset of X. Then
(i) DA, = DA; = DA,
(ii) DA, and DA; are dual ideals of X.

Proof The proof of (i) follows from the definition of commutative and the proof of

(ii) follows from Theorem 3.4 and (i).
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Lemma 3.8 Let x € X. Then NNz =1 if and only if x = 1.

Proof Let NNz = 1. Put 1 xx = a, so by hypothesis we get that 1 * a = 1. Hence
0=axa=(lxx)xa=(1l%a)*xx=1xx=a. Then 1 xx =0 and so x = 1. The proof

of the converse is easy.

Theorem 3.9 If0€ AC X, then DA; = DA, = DA = {1}.

Proof It is clear that 1 € DA; N DA,. Now let x € DA,, then Nz x* Na = Nz, for all
ac€ A andso 0= Nz x1= Nz*NO= Nz. Thus x = 1. Therefore DA, = {1}. Let
xz € DA;. Then Nax Nz = Na, for all a € A. Hence N0« Nz = NO, i.e. NNz =1
and so by Lemma 3.8, x = 1. Thus DA; = {1}. Therefore DA = {1}.

Theorem 3.10 If A = {1}, then DA; = DA, = DA = X.

Proof Let z € X. Then N2 = Nz+x0=Nz*Nland N1=0=0%Nz=N1xNz.
Soze€ DA;N DA, = DA. Therefore DA; = DA, = DA = X.

Theorem 3.11 Let A be a nonempty subset of X. If DA = X or DA, = X or
DA =X, then A= {1}.

Proof Let DA, = X and a € A C X. Then a € DA, implies that 0 = Na* Na = Na
and so a = 1. Therefore A = {1}. Similarly, DA; = X or DA = X implies that
A={1}.

Theorem 3.12 Let A be a nonempty subset of X. Then 0 € DA;U DA, U DA if
and only if A = {1}.

Proof Let 0 € DA;UDA, UDA. Then NNa =1, for all a € A, and so by Lemma
3.8 A = {1}. Conversely, let A = {1}. Then by Theorem 3.10, it is clear that 0 €
DA;UDA, UDA.
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Theorem 3.13 Let A be a nonempty subset of X. Then DA;(DA,,DA) is a sub-
algebra of X if and only if A = {1}.

Proof The proof follows from Theorems 3.10 and 3.12.

Theorem 3.14 If Noz =1, for allz € X — {1}, then DA, = DA; = DA = {1}, for
any nonempty subset A # {1} of X.

Proof Straightforward.

Theorem 3.15 Let ) # A C X. If there exists a € A such that Na = 1, then
DA, =DA;, = DA = {1}.

Proof Let x € DA,. Then NxxNt = Nz, forallt € A. Putt = a, then Nx = Nxx1 =
0, and so x = 1. Thus DA, = {1}. Similarly we can get that DA; = DA = {1}.

Theorem 3.16 Let a € X — {0,1} and Nz = 1, for all x € X — {a,1}. Then
DA, = DA; = DA = {1}, for any nonempty subset A # {1} of X.

Proof First we show that 1 xa = a. Let 1 xa = ¢ and ¢ # a. Since 1 xa # 1, then
¢ # 1 and also a # 1 implies that ¢ # 0. Then 0 = c*xc = (1*xa)*c= (1*xc)*xa = 1x*a,
so a = 1, which is not true. Thus 1 *x a = a. Now we consider two cases:

Case i: a ¢ A. If v € DA,, then (1 xx)* (1*xb) = 1xx, for all b € A. Thus we
get that 1 x 2 = 0, hence z = 1. Therefore DA, = {1}. Also x € DA; implies that
(1xb)*(1%x) = 1xb, for all b € A, thus we get that NNz = 1. Then x = 1, by Lemma
3.8, and so DA; = {1}.

Caseii: a € A. If A € {a, 1}, then similar to above argument we get that DA, = DA; =
DA={1}. f A= {a} or A= {a,1}. Then z € DA, implies that (1*z)*(1xa) = 1xzx.
Since a # 0, so x # a. If x # 1, then we get that 1% a = 1, hence a = 1, which is not
true. Then z =1 and so DA, = {1}. Similarly we can get that DA; = DA = {1}.
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Theorem 3.17 For all x,y,y1,Y2, ... Yn € X,

NN((..((Nzxy1) *y2) *...) % yn) = (..((Nz *y1) % y2) % ...) * yp

also NN(Nz " y) = Nx «" y.

Proof It is clear that NN ((...((Nz s y1) *y2) % ...) % ypn) < (..((Nx *y1) *y2) * ...) * Yp.
Now

((.((Nzxy1) *y2) *...) % yn) * NN((...((Nz xy1) *y2) * ...) * Yp)

(. (((Nx s NN((-..((Nz xy1) * y2) * ...) k Ypn)) kY1) * Y2) * ...) * Ypn
(.(((NNN((...((Nx s y1) ,y2) % ...) x Yp) ¥ T) kY1) * Y2) % ...) * Y

( (N (N syp) ,ky2) ko) % Yn)) ¥ ) % Y1) % Y2) * ...) * Y

=((..((Nzxy1) *xy2) *...) % yn) * ((..(Nz*y1) *y2) *...) xyp) =0
Therefore NN ((...((Nzxy1) *y2) % ...) % yn) = (..((Nz * y1) * y2) * ...) * Yp.

—~

Put y1 =y = ... = yn =y, we get that NN(Nz " y) = Nz «" y.
Theorem 3.18 Let D be a dual ideal of X. Then NNz € D if and only if x € D.

Proof Let x € D. Since N(NNNz+« Nz) = N(Nzx* Nz)=1€ D and = € D, then
NNz € D. Conversely, let NNz € D, since NNz < x and so x € D.

Theorem 3.19 Let A be a nonempty subset of X. Then
(i) [4] N DA, = {1},
(i) DA, = D[A],,
(iii) if DA, is a dual ideal of X, then DA = DA,.

Proof (i) Let € [A]N DA,. Then by x € [A], there exists aj,ag, ...,a, € A such
that (...((Nxz % Nay) * Nag) * ...) * Na,, = 0, moreover by x € DA,, Nx = Nz * Na,, =
(Nz % Nap—1) * Nay, = ... = (..((Nz * Nay) * Nag) * ...) * Na, = 0, so Nz = 0, i.e.
x = 1. Therefore [A] N DA, = {1}.

(ii) Let « € D[A],. Since A C [A], then Nz * Na = Nz, for all a € A. Hence x € DA,.
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On the other hand, suppose that x € DA,.. So Nx * Na = Nz, for all a € A. For any
a € [A], there exists a1, as, ...,an, € A, such that (...((Na* Naj) * Nag) *...) * Na, = 0.
By hypothesis we have (...((Nz % Naj) * Nag) % ...) * Na, = Nz. So

Nz« (Nxx Na) = ((...((Nx* Nay) * Nag) x...) * Na,) * (Nx * Na)
= (...((Nz*x (Nz* Na)) * Naj) * Nag) *...) * Nay,
< (...((Nax Naj)* Nag) *...)* Nay, =0

Namely, Nx < Nx % Na, and so Nz« Na = Nz, for all a € [A]. Hence x € D[A],.
(iii) It is clear that DA C DA,. Now let x € DA,. So by Lemma 3.18 NNz € DA,
and NNa € [A], for all a € A. Since Na* (Nax Nz) < Nz and Nax(Nax Nz) < Na,
for all a € A, then NNz < N(Na % (Na x Nz)) and NNa < N(Na* (Na *x Nx)).
Thus by hypothesis we get that N(Na * (Na x Nx)) € [A]N DA, = {1}, by (i). Then
N(Nax (Nax Nz)) =1 and so by Theorem 3.17, Na * (Na* Nz) = NN(Na* (Na *
Nz)) = N1 =0, for all a € A. Hence Na * Nx = Na, for all a € A . Thus x € DA,
ie. v € DA, NDA; = DA. Therefore DA = DA,.

Theorem 3.20 Let A and B be nonempty subsets of X. Then
(i) ANDA; =0 or {1}, ANDA, =0 or {1} and ANDA =0 or {1},
(i) if A C B, then DB; C DA;, DB, C DA, and DB C DA,
(iii) A C D(DA,);ND(DA;), and A C D(DA),
(iv) DA, = D(D(DA),)i, DA, = D(D(DA,),), and DA = D(D(DA)),
(v) D(AUB); = DA;NDA;, D(AUB), = DA, N DA, and D(AUB)=DANDB,
(vi) DA; = () DL4, DA, = (| DRy and DA = (] DS,.

acA acA acA

Proof (i) Let AN DA; # 0. Then there exists x € AN DA; and so Nx x Nz = Nz,

i.e. Nx = 0. Therefore z = 1. The proof of the other parts is similar.
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(ii) Let « € DB;. Then Nbx Nx = Nb, Vb € B. Since A C B, Nbx Nx = Nb, Vb € A.
So x € DA;. Similarly DB, C DA, and DB C DA.

(iii) Let a € A. Then Nx «x Na = Nz, Vo € DA, and Nax Ny = Na, Yy € DA,.
So a € D(DA,); N D(DAy),. Therefore A C D(DA,); N D(DA;),. Since DA C DA,
and DA C DA, then by (ii) D(DA,); € D(DA); and D(DA4;), € D(DA),. Hence
AC DDA, ND(DA;), C D(DA);ND(DA), = D(DA).

(iv) By (iii) we get that DA; C D(D(DA;),); and DA, C D(D(DA,);),. Also by
(ii) and (iii) we have D(D(DA,);), € DA, and D(D(DA4;),); € DA;. Therefore
DA; = D(D(DA)),); and DA, = D(D(DA,);),, similar to argument in (iii) we can get
that DA = D(D(DA)).

(v) Since A,B C (AU B), then D(AUB); € DA;N DB;. Now let x € DA; N DBy,
then Na x Nx = Na, YVa € A and Nb*x Nx = Nb, Vb € B. Thus Na * Nx = Na,
Va € (AUB) ie. © € D(AU B);. Therefore D(AU B); = DA; N DA;. Similarly
D(AUB), = DA, NDA,, also D(AUB) = D(AUB),ND(AUB); = (DA, NDB,)N
(DA,N DB)) = DAN DB.

(vi) The proof is similar to the proof of part (v).

The following example shows that A is a dual ideal, but DA, is not a dual ideal.

Example 3.21 Let X ={0,1,2,3,4} in which * is defined by the table

* 0 1 2 3 4
0 0 0 0 0 0
1 1 0 0 0 0
2 2 1 0 0 0
3 3 3 3 0 0
4 4 3 3 1 0

Then (X, *,0) is a bounded BCK -algebra with unit 4. Also A ={3,4} is a dual ideal,
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but DA, = {1,2,4} is not a dual ideal, because 4 x ((4%3) x (4% 2)) =4 € DA, and
2€ DA, but 3¢ DA,.

Theorem 3.22 If A is a dual ideal of X, then DA is a dual ideal of X .

Proof Let N(Nz x Ny) € DA and y € DA. Then by Theorem 3.4 we get that
x € DA;. Since A is a dual ideal, then NNa € A, for all a € A. Also x € DA; implies
that NNz € DA;. We have NNz < N(Nzx(Nz+xNa)) and NNa < N(Nzx(NxxNa)).
Then by hypothesis we get that N(Nx * (Nx *x Na)) € AN DA; = {1}, by Theorem
3.20(i) and so N(Nz % (Nx * Na)) = 1, for all a € A. Hence, by Theorem 3.17 ,
Nx = Nzxx* Na, ie x € DA,. Therefore x € DA.

Theorem 3.23 Let A and B be two dual ideals of X. Then AN B = {1} if and
only if AC DB.

Proof Let ANB = {1} and a € A. Since NNa < N(Na* (Na* Nb)) and NNb <
N(Na* (Nax* Nb)), for all b € B, also NNa € A and NNb € B, thus by hypothesis
we get that N(Na * (Na* Nb)) € AN B = {1}. Then N(Na* (Na* Nb)) =1 and
so Na x (Na * Nb) = 0, by Theorem 3.17. Therefore Na = Na x Nb, for all b € B.
Similarly, we can get that Nb* Na = Nb, for all b € B, then a € DB.

Conversely, let A C DB. Consider x € AN B. Then Nz * Nb = Nz, for all b € B and
so0 0 = Nz« Nz = Nz. Thus z = 1. Therefore AN B = {1}.

Theorem 3.24 A be a dual ideal of X. Then DA; = DA C DA,. In particular, if
DA, is a dual ideal of X, DA = DA; = DA,.

Proof We have DA C DA;. Since DA; and A are dual ideals and DA; N A = {1} by
Theorem 3.20(i), then DA; C DA, by Theorem 3.23. Therefore DA; = DA C DA,.
In particular, if DA, is a dual ideal of X, then by Theorem 3.19(iii) we get that
DA = DA,. Therefore DA = DA; = DA,.
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4 Dual normal BC K-algebras

Definition 4.1 A bounded BCK -algebra X is called dual normal, if the dual right
stabilizer DR, of any element a € X is a dual ideal of X.

The following theorem follows from Theorems 3.10, 3.14 and 3.16.

Theorem 4.2 Under each of the following conditions, X is dual normal.
(1) Nz =1, forallz € X — {1},
(i1) a € X —{0,1} and Nz =1, for allz € X — {a,1}.

According to Theorem 3.7 any commutative bounded BC K-algebra is a dual normal

BC K-algebra, but the converse may not be true.

Example 4.3 Let X = {0,1,2,3,4} in which * is defined by the table

* 0 1 2 3 4
0 0 0 0 0 0
1 1 0 1 0 0
2 2 1 0 0 0
3 3 3 3 0 0
4 4 4 4 4 0

Then (X, *,0) is a bounded BC K -algebra with unit 4 and it is dual normal, by Theorem
4.2(1). But X is not commutative, because 4 (4% 2) =0#2=2x%(2x4).

Theorem 4.4 The following statements are equivalent:
(1) X is dual normal,
(1i) DR, € DL,, Ya € X,
(13i1) DR, = DL,, Ya € X,
(

v) Nz« Ny = Nx implies Ny« Nx = Ny, Vx,y € X.
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Proof (i) — (i7) Since X is dual normal, then for all a € X , DR, is a dual ideal of

X. So

DR, = Dl[a],, by Theorem 3.19(ii)

= Dla];, by Theorem 3.24

C DL,, by Theorem 3.20(ii)

(1i) — (iii) For any x € DL,, we have Na x Nz = Na, thus a € DR,. By (ii)
we have DR, C DL,, hence a € DL,. So Nz * Na = Nz, ie. * € DR,. Hence
DL, C DR,. Therefore DR, = DL,.

(¢4i) — (v) Assume that z,y € X and Nz * Ny = Nz. Then « € DR, = DL, and so
Nyx Nx = Ny.

(v) — (i) By hypothesis we have

DR,={re€ X | NexNa= Nz} ={x € X |Nax Nz =Na} =DL,
Since DL, is a dual ideal, then DR, is too. Therefore X is dual normal.

Definition 4.5 A bounded BCK -algebra X is called dual semisimple if every dual
ideal A of X is a sub-summand of X, i.e. there exists a dual ideal B of X such that
ANB ={1} and X = [AUB].

Consider Example 3.6. It is easy to check that 41 = {1,3} , Ay = {3,2}, A3 = {3} and
Ay ={0,1,2,3} are the only dual ideals of X. Also A1 N Ay = {3} and [A; A =
[{1,2,3}] = X. Thus X is dual semisimple.

Theorem 4.6 Fvery dual semisimple bounded BCK -algebra is dual normal.

Proof Let a € X. Then there exists a dual ideal B of X such that [a] N B = {1} and
X = [[aJUB]. By [a)n B = {1} and Theorem 3.23 we get that B C Dla] C DJal,.
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Since by Theorem 3.19(ii) D[a], = DR,, then B C DR,. Let x € DR,. Then by
x € X = [[a] U B] there exists n € N such that N(Nz *™ Na) € B. Since z € DR, ,
then Nzx"Na = Nz. Hence NNx € B and so z € B by Lemma 3.18. Thus B = DR,.

Therefore X is dual normal.

Theorem 4.7 Let [a] be a sub-summand of X, for any a € X. Then DR, is a

sub-summand of X, for any a € X.

Proof Let a € X. Then there exists dual ideal B of X such that X = [[a] | B] and
[a] N B = {1}. By the proof of Theorem 4.6, we get that B = DR,. Therefore DR, is

a sub-summand of X.

Theorem 4.8 et X be a finite bounded BC K -algebra. Then the following are equiv-
alent:
(i) X is dual normal,
(i) [a] is a sub-summand of X, for any a € X
(i1i) DRy is a sub-summand of X, for any a € X
(iv) There exists a fized natural number n such that Nx x (Ny *™ Nz) = Nz, for all
z,y € X,
(v) There exists a fized natural number n such that Nzx (Nx+Ny) < Nyx(Nyx" Nz),
forallxz,y € X,

(vi) X is dual semisimpel.

Proof (i)— (ii) Let a € X. Since forall z € X, ... < Nz +" Na < ... < Nz #? Na <
Nz Na and X is finite, then there exists n € X such that Nz +” Na = Nz «"! Na.
This show that by Theorem 3.17, NN(Nz %™ Na) * Na = NN(Nz ™ Na) and so
N(Nz ™ Na) € DR,, Since DR, is a dual ideal, then by Theorem 2.3, we get that
x € [[a) UDR,] i.e. X = [[a] UDR,]. Also by Theorem 3.19(i), [a] N DR, = {1}.
Therefore [a] is a sub-summand of X.

(ii)— (iii) It is proved in Theorem 4.7.


www.SID.ir

126 Mathematical Sciences Vol. 3, No. 2 (2009)

(iii) — (iv) Let z,y € X. Since DR, is a sub-summand of X, then there exists a dual
ideal A of X such that ANDR, = {1} and X = [DR,UA]. By argument in the last part
we get that there exists m = m(z,y) € N\ such that N(Ny «™ Nz) € DR,. Consider
T ={n=n(u,v) € X| N(Nux" Nv) € DR,,u,v € X}. Since X is finite, then T is a
finite set and so it has the greatest element, say n. Clearly N(Ny«" Nz) € DR,. Now
x € X = [AU DR,] implies that by Theorem 2.2 there exists x1,x2,....,x, € DR,
such that N((...((Nz x Nz1) * Nxg) * ...) *x Nx,) € A. On the other hand since
[x] " DR, = {1}, by Theorem 3.23 [x] C D(DR;), and thus by x € [z] C D(DR,) we
get that Nz x Nx; = Nz, for all 1 < ¢ < n. Hence NNz € A, so by Lemma 3.18,
x € A. Since AN DR, = {1}, then by Theorem 3.23 A C D(DR;), so z € A and
N(Ny«+" Nz) € DR, implies that Nz« NN(Ny «" Nx) = Nz. Therefore by Theorem
3.17, Nx « (Ny «™ Nx) = Nz.

(iv)— (v) Nx* (Nzx Ny) = (Nzx (Ny*" Nz))* (Nx* Ny) < Ny * (Ny*" «Nz), for
all z,y € X.

(v)— (vi) Let A be a dual ideal of X and x € DA,. Then Nxx Na = Nz, foralla € A
and so Nz*" Na = Nx. Hence by (v) we get that Nax(NaxNz) < Nxx(Nzx+" Na) =
Nxx Nx =0, that is, Na = Na* Nz and so x € DA;. Therefore DA, C DA;. Since A
is a dual ideal, then by Theorem 3.24, DA; C DA, and so DA, = DA,;. Hence by Theo-
rem 3.4 DA, is a dual ideal of X. Since X is finite , we suppose that A = {a1,aq, ..., ax}
and Nz ™ Na; = Nx «™*! Na;, where z € X, a; € A and n; = ni(x,a;) € R, for all
1<i<k Puty=N((..(Nx+" Nay)«"2 Nag) #™ ...) ¥ Nay by hypothesis and
Theorem 3.17 Ny = (...((Nx %™ Naj) *"2 Nag) %" ...) ¥ Nay) and so Ny = Ny Na,
for all a € A, that isy € DA, also ((...((Nx+™ Nay)*" Nag)*"3 ...)«™ Nay)* Ny = 0,
hence z € [AUDA,] i.e X = [AU DA,]. Also AN DA, = {1}, by Theorem 3.20(i).
Therefore X is dual semisimple.

(vi)— (i) It is proved in Theorem 4.6.
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Open problem. Is any infinite dual normal BC K-algebra a dual semisimple?

Definition 4.9 The dual J-radical , denoted by DJ(X), of a bounded BCK -algebra
X means the intersection of all maximal dual ideals of X. By Zorws Lemma the
collection of mazimal dual ideals of X is nonempty. If DJ(X) = {1}, then X is called

dual J-semisimple.

Consider bounded BC K-algebra X = {0,1,2,3,4} in Example 3.5. We can see that
the only dual ideals of X are {3,4}, {4} and X, so DJ(X) = {3,4}.

Bounded BC K-algebra X = {0,1,2,3} in Example 3.6 is a dual J-semisimple, because
the only dual ideals on X are {2,3}, {1,3}, {3} and X, so DJ(X) = {3}.

Theorem 4.10 Every dual J-semisimple bounded BCK -algebra is dual normal.

Proof On the contrary, let X do not be dual normal. Then 3 @ € X such that
DR, is not a dual ideal. Thus DR, C [DR,](proper containing). We show that
(DR,| 0 [a] # {1}.

If [DR,] N [a] = {1}, then by Theorem 3.23 [DR,| C DJa] C DJa],. Since by Theo-
rem 3.19 DR, = Dial,, then we get that [DR,] C DR,, which is impossible. Thus
[DR,]) N[a] # {1}. We choose 1 # b € [a] N [DR,]. Let M be a maximal dual ideal of
X. We consider the following cases:

Case (i): a € M, since b € [a] C M, then b € M.

Case (ii): a € M, then by maximality of M, X = [M U{a}]. We show that DR, C M.
Let x € DR, C X. Then there exists n € X such that N(Nz "™ Na) € M and so by
r € DR,, we get that NNx € M. Thus by Lemma 3.18, x € M and so DR, C M.
Hence b € M, since b € [DR,] C M. This show that 1 # b € DJ(X), a contradiction
with DJ(X) = {1}.

Open problem. Is any dual normal BC K-algebra a dual J-semisimple?
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Theorem 4.11 Let Y be a bounded BC K -algebra with unit 1. Then Y is a dual
normal BCK -algebra if and only if every subalgebra X of Y containing 1, is dual
normal BCK -algebra .

Proof (<) It is clear.
(=) Let a € X and let DR, and DR, be the dual right stabilizers of element a with

respect to X and Y, respectively . i.e.

DR, ={x € X| NzxNa= Nz}

and
DR, ={z €Y| NzxNa= Nz}.

Then DR, = DR, X. Now we show that DR, is a dual ideal of X. Let
z,y € X,N(NzxNy) € DR, and y € DR,. Since DR, C DR, and DR, is a dual
ideal of Y, so € DR,,. Also z € DR, X = DR, implies DR, is a dual ideal of X.

Therefore X is dual normal.

Let (Xj,*;,0;)(i € I) be an indexed family of BC K-algebras and HXi be the set
el
of all mapping f: 1 — U X; and f(i) € X; for all i € I.
el
For f,g € [[;c; Xi , we define fxg by
(f*g)(i) = f(i)*ig(i), for all i € I and 0 by 0(z) = 0;.

Then (H Xi,*,0) is a BCK-algebra. Also HXi is bounded if and only if every X; is
icl el
bounded.
Theorem 4.12 Let {I;};cr be an indexed family of subsets of bounded BCK -algebras

Xi(i € I). Then
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(i) if every I; is a dual ideal of X;(i € I), then HI,- is a dual ideal ofHXi,
iel el
(ii) ifHIi s a dual ideal ofHXi, then every I; is a dual ideal of X;.

i€l i€l

Proof (i) Let I; be a dual ideal of X; Vi € I and let N(Nz+Ny) € HIi and y € HIZ-.
i€l el
Then 1o (i (4)))*i(Lixiy (i) = 1(0)#i (1@ (2))i (1(0) xiy (1)) = Lx((Lxa)*(1xy))(4) €
I and y(i) € I;, for all i € I. So x(i) € I;. This shows z € HIZ-.
iel
(ii) Suppose that H I; is a dual ideal of H X;. Without loss of generality we show that
iel i€l

I; is a dual ideal of Xj. If 1;%;((15%;21)%;(1%;41)) € I; and y1 € I;, we define z and

y as follows

v ifi=j

(@)= ’

L ifit

. vy ifi=y
y(i) =

1, ifiAj

and so

Lixj(Lejmy)xj(1%j01))  ifi=3
Li if i # j

N(NzxNy)(i) =

Then N(Nz+xNy) € HIi and y € HIZ-. Thus z € Hli7 ie. 1 €lj.

i€l iel iel

Theorem 4.13 Let (X;,*;,0;,1;)(i € I) be an indexed family of bounded BCK -
algebras. Then every X; is dual normal BCK -algebra if and only if HXi is dual

iel

normal BCK -algebra.

Proof (=) Let f € HXZ'. Then

iel
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DRy ={g € [[ Xi | 1xg = (1xg)x(1xf)}

icl

={g € [T Xi | 1(0)xig(i) = (1(0)%ig(0))*i(1(0)*: f (1)), Vi € I}

iel

={g e [ Xi | Lixig(i) = (Lixig(i))%i (L% f(2)), Vi € T}

iel

={ge][Xilgli) € DR;,} =[] DRy,

i€l i€l
Since DRfm is a dual ideal of X;,Vi € I then by Theorem 4.12 we get that DRy =
H DRf(Z.) is a dual ideal of H X;.

i€l i€l

(<) Let a; € X;. Then we define f: I — UXZ- such that

el
a; ifi=j

1 ifi#j

f@@) =

So f € HXi‘ Similar to above we have DRy = H DRy, where,
iel iel
DR, ifi=y
DR;a) = J !
X; if i £

Since [ [;c; X; is dual normal , then DRy is a dual ideal of HXi . So by Theorem 4.12
el
DR, is a dual ideal of X;. Therefore X; is dual normal.
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