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Abstract

The purpose of this research is to examine the effect of polarization for the prob-
lem of pure azimuthal shear of an elastic dielectric material. The present problem
is investigated in context of finite deformation theory. In this paper, the author
studied the effect of polarization on the stresses for Neoprene rubber and compare
the results with elastic material (Mooney-Rivlin material) graphically. Twisting of
a rigid cylinder in an infinite elastic medium is considered as a special case in this
research.
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1 Introduction

A dielectric material is a substance that is a poor conductor of electricity, but an effi-
cient supporter of electrostatic fields. If the flow of current between opposite electric
charge poles is kept to a minimum while the electrostatic lines of flux are not impeded
or interrupted, an electrostatic field can store energy. Due to this property dielectric

materials are vital component of capacitors, electronic devices which can store charge.
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Eringen [1] gave modified form of Toupin’s theory [2] of elastic dielectric and obtained
specific forms of the basic field equations, the boundary conditions and the constitutive
equations that must satisfies the stress, electrical and polarization fields by using a vari-
ational principle in electroelastostatics. Recently authors [3-5] and Singh and Verma
[19] have investigated some basic problems of practical interest for circular cylinders
composed of isotropic hyperelastic incompressible materials by using this theory. The
problem of circular shearing (azimuthal shear) of a compressible hyperelastic cylinder
has been studied by Ertepinar [6], Haughton [11], Jiang and Ogden [12], Polgnone
and Horgan [9], Simmonds and Warne [7], Tao et al. [8], Wineman and Waldron [10],
Dorfmann and Ogden [20-21]. Shear problems in circular cylinders for incompress-
ible materials with limiting chain extensibility have been investigated by Horgan and
Saccomandi [13-14]. The present research is related to examine the effect of polariza-
tion to the problem of azimuthal shear of a hollow circular dielectric cylindrical tube.
The inner surface of the tube is bonded to a rigid cylinder and uniformly distributed
azimuthal shear traction is applied to the outer surface of the tube with zero radial
traction maintained at the same surface. The formulation of the problem is based on
the theory of finite elastic deformations [15-18]. We show the effect of polarization
on the normal stresses and compare the results with elastic material (neo-Hookean)

material graphically.

2 Fundamental Equations

The basic equations of an incompressible, homogeneous, isotropic, hyperelastic dielec-
tric can be classified in the following three groups:

(a). Field Equations.

LEy— o1 =0, (2)

0V2¢p — div P = —qf, in Vg, (3)
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where tf is the Cauchy stress tensor, p is the volume density, f; is the body force
per unit mass, ;F} is the local electrostatic field, ¢y is the material constant, ¢ is the
electrostatics potential, D is the polarization vector, gy is the volume free charge, Vy is
the volume that the dielectric occupies. Semicolon and comma indicate the covariant
and partial derivatives respectively.
(b). Boundary Conditions.

£ ]lmx = 0, (4)

leod® — Pllng +wp =0, on Su, (5)

where ny, is the exterior normal to Sy, Sy is the surface enclosing the dielectric volume,
wy is the free surface charge, the double bracket stands for discontinuity across the

surface .The Cauchy stress tensor tf is defined as
téﬁ =L téc +Mm tfa (6)

Mty = eo(¢Fdy —1/26™ ¢ md}), (7)

where Mtﬁ’C is the Maxwell stress tensor.

(c). Constitutive Equations.

0x ox X o0x
k_ ¢k - -2 k -1 k pm
i = =p0 42 G ) =g AT e P g

32 32

—2 k PmP -1 k PmP

ox 0x 0x
k k k k l
LEF =2} 9oL + 1815 +0; 78[6]]37 (9)

where p is the arbitrary hydrostatic pressure, 5lk is a Kronecker delta, 3 = (1[4, I2, Iy, I5, I¢)

-1

and I's are the invariants based on Finger’s strain measure ~'c¢ and polarization

P .These are given by

[IT = Iy = 2gtmr- T —ten =g

k—1 k km— llfln
-[211:5[ Cl, II: 5 C 6 Ing m D

m?


www.SID.ir

250 Mathematical Sciences Vol. 3, No. 3 (2009)

I, ="t PP, Iy ="t ~tmplp, Is = P2. (10)

m

The deformation tensors cf and *1059 are given by

—1 k KMk
o = frG" 2Ty,

of = Gy XM xE (11)

Where G, fi; are the metric tensor, X “ and z* are the co-ordinates in the undeformed

and deformed states respectively.

3 Formulation of The Problem

A thick incompressible circular cylindrical shell, carrying a uniform surface charge at the
inner surface, is elongated uniformly in the axial direction. For the cylindrical tube,with
inner surface bonded to a rigid cylinder and a uniformly distributed azimuthal shear
traction applied to the outer surface, the deformation is that of pure azimuthal shear

(no radial deformation) described by
r=R, 0=0+g(R), z=12, (12)

where the material and spatial cylindrical polar coordinates are denoted by (R, ©, Z)
and (1,0, z) respectively, with a < R <b .

Using (11), we can find the deformation tensors as

14+ R%¢? —Rg 0 1 Ry 0
llcril| = —Rq 1 0, Hflcsz =| Ry 14+R%?% 01, (13)
0 0 1 0 0 1

with the help of (10) and (13), we calculate the principal invariants

L= =3+R%? I3=1, IL,=P% I5=(1+R*¢*P? 1Is=P2. (14
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4 Electrostatic and Maxwell Fields

To determine the electrostatic field, we solve equation (3) with the boundary conditions
(4)and (5). We assume that electric field and polarization field have single component
ie.,E = [E(R),0,0], P = [P(R),0,0].

As a final result [18], we find

o= o, for 0<R<a
R
€ = —awy logR+/ P(R)dR—i—ﬁQ, for a<R<b

€0¢p = —awylog R, for R >b. (15)

The unknown constants o and (o are immaterial for electric and stress field. Using

(12), (15)2, (7), we obtain

1 aw
Mt = —uts = —mt} = 7(7’0 -

5o P)2. (16)

The equation Mﬁ = —grad¢ gives the Maxwell electric field as follows

1 aw
7<7f _

E'=
M e R

P2, yE*=0, uyE*=0. (17)

5 Local Electric and Stress Fields

Using equation (13), we obtain the local electric field from (9)

% oY 9%
1 _ oY= 2 12\Y= | U
LE _2[8I4+(1+Rg )8I5+816] :

0% ()X
LE? =2[Rg -~ + (2R¢ + R*¢*)~|P,  LE*=0. (18)
314 aI5
The local stress tensor from (8) for incompressible dielectric is obtained as

ox ox ox ox
1 11 o j0u  o0u 2 12y 92 o
ti=pt = p+2[(ah+28[2)+al4+(2+Rg )81513]’
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0 1)) 0
422 _ 9 2 12y Y& 9 2 12\ Y& 2/2P2
ta=pt —p+2[(1+ R%g )81 +(2+ R%g )M +R 81_5]

ox ox
13 =pt% = —p+2[—— + (2 + R*¢”
L3 =r D+ [81 +(2+Rg )812]
F5)>NG)Y %
2=t =2[—= + == 4+ R?¢?P2= 3 =0 2 =0. 19

By using (6),(18)and (19),the components of Cauchy stress tensor can be written in

the form

> ) )
ti=t"=—p+2(z=+2-)+ -+ (2+R**—

oY 1 awy
P?
o0l 8[2) 01y

_ p)2
015 I- 260(R )

82 ox 0¥, 1 aw
2422 _ 19l 4+ R2¢HEZ 4 (2 242 22p222 . py2
oY [ 1 aw
I L. 9 9 R2 2 - I py\2
0¥x 0% 9>
ty =p t'? =2 + R?¢”P? t8=0, rt3=0. 20
Lt9 —L [811 8]2 8]—5]7 LY 9 Lb2 ( )
The equations of force equilibrium with the vanishing body force are
ay 1.4
t;1 —t5) = 0. 21
ar T R( 1—t3) =0 (21)
ottt
— +2==0. 22
9R "R (22)
From (22), we have
d
ﬁ(R?t;) 0 (23)
we find, on integration (23), that
b2
th = —Tp (24)
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where T is the prescribed azimuthal shear stress on the outer boundary. On using

(20), we obtain a first order differential equation for g(R) , namely

oy 0% 0% b?
2Ry [~ + o + R*g*P* ] = T 25
9on, o, TR = et (25)
also
—- — = — 4+ =) (z==+2—F—)P" ——(— - P)] = 2
or R Gn o)~ an TRt T e T PVI=0 (20
Obtain g(R) from (25), subject to the boundary condition
g(a) =0 (27)
Integrating (27) from R to b and use of the boundary condition
=0 (28)

Yields
b_2 oy 0% oy oy 1 aw
1 _ “Ar2 2 v4 Rt N Yayp2 L awp 2
tl(R)_/R . [sg (811 +612) (8I4+28I5)P 260( . P)?|ds. (29)

6 Special Material

We consider a special type of dielectric material characterized by the strain energy

function X of the form
z3:061(11 —3) +042(12 —3)+O¢4I4+Oz5[5+046[6, (30)

where o's are constants. Now (2), (17), (18) gives polarization of the form

aw
pP= —Klﬁf, (31)

where

K1 = [2e0(ag — a5) — 171, (32)

and

2Rg[oy + (24 R*¢"*)as]P = 0. (33)
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Now as R, P,g’ > 0, therefore
[a + (2 + R*¢*)as] = 0. (34)

From equation (25), (30) and (31), we have

2

2Kia*wiasg” + 2Ry (a1 + ag) — 72 To=0. (35)
The quadratic equation (35) for Rg’ yields
Ry = —R*M3 + — \/R4M2 + b—To (36)
R My
where M3 = , M = a1 + as and My = 2K12a wfa5 .The positive sign is taken

here to ensure that ¢ > 0 . On integration of (36) and using the boundary condition

g(a) =0, we obtain

bT% M, ) a.o W(R)+
R) = i —R)+W(R)—W(a) —In{(= ) 37
o) = @ ) R W = W g 87
where
2 p4
WiR) =1+ ot (39)

Now we can write (29) by using (30), (31), (32) and (34) in the form

bbT 2K2w2
t}(R):_/R[ 09 — (2877 + 259" — L as +

(1+ K1)2a%?ds.  (39)

52 53¢
On using (36) in (39) we find that

b1y

b b2T, 1 b2T, 1
t%(R) - _/R[ 820( sMj + —[s1M3 + ﬁ;) - {252(—SM3 + 3 stM3 + o, )3
1 5 Ty azK%wf 1 ) 9 o
+2s(=sMy + stM3 + My Nt —(1 + K1)?a’wilds,  (40)

which on integration gives

1= PTG () + P (R + 50— T}
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1 a a
+eaP Kiwjos + ;(1 + K1)2w,2v{(3)2 - (E)z}
where
= 3R —bY) - = J(b) — J(R) — 2In{(=
£= ) 2M2[() (R) n{(b)(J(b)H}]
LIS oyt — a(myr) + M3 — 1) — SR L Ly
2 2T, 3 M, ‘b2 R?
2 3
32Ty M3 M.
22022 (2 (b) — R*W(R)) + cosh™' W (b) — cosh™ W (R)]
4 My 3
3
562 My, M R, W(R)+1
TP B+ W(R) - W)~ (P
where
b2TH M,
J(R) = /1
B =\ Sg
The remaining non-zero stresses are
1 a
t2 =t + B*ToM3(J(R) — 1) + 5(1 + KQ%?(E)Q

+2R*M3[J(R) — 1°[1 — R®M3(J(R) — 1)]a* Kiw}ass,

1
13 =t} + RM3[J(R) — 1122k}a’wias + — (1 + K1) wi ()%
0

€

=l e

255

(41)

(43)

(44)
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7 Special Case

If g—lzs = a5 = 0, then from (34)‘3—124 = a4 = 0 By using (30), we an write (25)as
b2

2Rg [ + o] = ﬁTo (45)

So that, on integrating (39) and use of the boundary condition g(a) = 0 , we obtain

the well known result

Ry =——[(-)"— (=) 46
9(R) %m+aﬂ&) ()] (46)
Thus, we find the non-zero normal stresses as
I b 11 a a
A2 0 (O 2 k020242 — (L2
1 8(a1+a2)[ (R)]+2€0( + K1) wrl(3)" = ()7,
1 T? b 1 a a
2 -2 0 132 221 4 K2w2(( 82 o (22
= S a3 g (L KOMHG + ()
1 T b 11 a a
=0 (D)1 4+ K)%2(-)?+ (=) 47
= s eyl ()T g (0 BRI+ () (47)

It is clearly seen from (47) that polarization effects normal stresses. To get numerical
results of the present problem the authors used the numerical for Neoprene rubber
(ep = 6.6) with aqy = 4,0 = 1,06 = .05,b = 2,a = .9,R = 1 . It is observed
from Figure 7.1 and Figure 7.2, that the radial stress is less compressive and hoop
stress is more tensile in case of dielectric material than elastic material (neo-Hookean
material) but most important is the effect of polarization on axial stress (Figure 7.3),
due to polarization axial stress becomes compressive in the region where azimuthal
shear stress (Tp) < .2777 , and tensile for remaining region.

To compare the predictions of the dielectric material, we first consider the dependence

of the relative angle of twist, defined by

Y = g(b), (48)
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on the prescribed azimuthal shear Ty , we have

To b

1
¢:Z(a1+a2) (a

which we write in the non-dimensional form

T

V="’ -1} (50)
where
n= §(> 1), (51)
and
T (aleoq) (52)

Thus, 1 depends on in a linear fashion. The result (52) also hold good for Mooney-
Rivlin material.

Another global stress measure worth comparing is the hoop stress at the outer boundary

2
F th _ tQ(b) , (53)
art+az o+ a

For the Mooney-Rivlin material, (47) yields
(54)

where the non-dimensional prescribed azimuthal shear stress T was defined in (52). For

dielectric material, we find from (47) that

—2
a T 1 1 a
Y=t ——(1+ Kl)Qw}(g)Q, (55)

T =
2 (041 + CMQ) €0

1 T3 1 2 2
-+ —(1 4+ K1)*w%(=
2 (a1 + ag) 60( ) f(b

Thus (55) shows hoop stress increases in the case of dielectric material due to polar-

ization.
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8 Displacement Boundary Conditions

It is of interest to consider a different boundary value from the preceding where the
traction boundary conditions on the outer surface are replaced by prescribed the angular

displacement. Thus, we now have the boundary conditions

g9(a) =0, g(b) = go, (56)

where gg > 0 is the prescribed angular displacement. The governing differential equa-

tion for g(R) is still given by (23), which on integration gives
Rt} = 2R3¢'[ay + aw] = K, (57)

where K is an unknown constant, to be determined in terms of gq .

For dielectric material, it follows from (56) and (57) that

2 b\2
n°— ()
9(R) = g0~ 3] (58)
And the normal stresses are
2
1_ 90 2 4, 11 2 2,09
B = 2an + ) BB + 2 L1+ KLy
2 (2 —1)2"'R €0 R’
2
3_ 90 2 4,31 2 2,09
t3 = 2(041-1-042)7(772_1)2(}%) +250(1+K1) wf(R) ) (59)

As from (59) only normal stresses depends upon in a quadratic fashion and have an
effect of dielectric and polarization. To get numerical results of the present problem the
authors used the numerical values for Neoprene rubber (¢p = 6.6) with a1 = .4, 9 =
d,a = .05,b = 2,a = 1,R = 1.5 . From Figure 8.1 and 8.2, shows the similar
results for different values of angle of twist. From Figure 8.3 axial stress is compressive

when the angle of twist (gg) < 19.945 degree and becomes tensile for the remaining
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region.In the absence of polarization, we obtain results similar to the results obtained
by Horgan and Saccomandi [14] for isotropic hyperelastic materials with limiting chain
extensibility. The boundary conditions (56) have been used by Jiang and Ogden [12]

for analysis of compressible materials.

9 Twisting of a Rigid Cylinder in an Infinite Elastic Medium

Another interesting set of boundary conditions, for a hollow tube surrounded by a rigid

casing, is
g9(a) = go, g(b) =0, (60)

In this case, integration of (57) for dielectric material gives

—2
g(R) — M (61)
Rz -1)
And the normal stresses are
= 2o +a0) 0 () Ll kb,
(n”*=1)2"R 0 R
B = 2an + ) 03+ 2Ly L,
( 2 1)2 R 0 f R
3= —2( + ag) 96 (2)4 + -1+ Kl)%ﬂ(l)2 (62)
3 P —12'R’ " 2¢ "R’

These solutions may be simplified on considering the limit as 7 — oo i.e. the boundary-
value problem corresponding to the twisting of a rigid cylinder of radius bonded to an

infinite elastic medium. In this case, we have from (61)

g(R) =% (63)

R
From (62) and (63), we get

— 11
t1 = —2(aq + a2)g*(R) + 55(1 + K1)wi(

==
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_ 31 1
2 _ 2 2 2 2
t; = 6(a1 + az)g (R)+§%(1+K1) wf(ﬁ) ;
23— _2 2R 314kl 4
ty = —2(on + a2)g”( )+260( + K;) wf(R) . (64)

From (64), shows the dependence of normal stresses on polarization. In the absence
of polarization, we obtain results similar to the results obtained by Horgan and Sac-
comandi [14] for isotropic hyperelastic materials with limiting chain extensibility also

from (64) axial and radial stresses are equal in the absence of radial electric field.
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