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Abstract

In this paper we obtain a Presic type unique common fixed point theorem for
three maps and obtain the main theorem of Ciric and Presic as corollary.
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1 Introduction

In 1932, Banach [ 1 | proved the following theorem

Theorem 1.1 Let (X,d) be a complete metric space and T : X — X be satisfying
d(Tz,Ty) < a d(z,y) for all z,y € X, where 0 < a < 1. Then T has a unique fized

point in X .

Consider the k-th order nonlinear difference equation
(A) zpyr = f(zny ooy Tpyg—1),m €N
with the initial values xg, x1,...,xx € X, where (X, d) is a metric space, k € N,k > 1
and f: X*¥ — X.

Equation (A) can be studied by means of a fixed point theory in view of the fact that

x* € X is asolution of (A) if and only if z* is a fixed point of f,that is, 2* = f(z*, ..., ).
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One of the most important results on this direction has been obtained by S.B.Presic

in [3] by generalizing the Banach contraction mapping principle.

Theorem 1.2 (/3]). Let (X,d) be a complete metric space, k a positive integer and

T: X* — X a mapping satisfying the following contractive type condition

(1.2.1)d(T(x1, 2, ..., xx), T (T2, X3, vy Tht 1))

< qud(z1, x2) + qed(z2, x3) + ... + qrd(x), Tht1)

for every xi,x9,x3,..., 2k, xpy1 in X, where q,qo,...,q are non -negative constants
such that g1 +q2 + ... + q1 < 1.

Then there exists a unique point x in X such that T(z,x,...,z) = x.

Moreover, if x1,xa, ...,z are arbitrary points in X and forn € N ,

Ttk = T(Tn,Tps1, ..., Tnik—1) then the sequence {x,} is convergent and limz, =

T(limzy, limxy, ..., limz,).
Ciric and Presic [2 | generalized Theorem 1.2 as follows:

Theorem 1.3 Let (X,d) be a complete metric space , k a positive integer and T :

X* — X a mapping satisfying the following contractive type condition

(1.3.1)d(T(CE1, Ly euey xk), T(.TQ, T3y euny $k+1))

< A maz{d(z;, riv1)/1 <i < k}

for every x1,x2,x3, ..., Xk, Trr1 in X, where A € (0,1) is constant .

Then there exists a point x in X such that T(xz,z,x,...,x) = T.

Moreover, if x1,xs, ...,z are arbitrary points in X and for n € N,

Ttk = T(TpyTptty oo, Tnik—1) then the sequence {x,} is convergent and limz, =
T(limzy, limxy, ..., limz,).

If in addition, we suppose that on diagonal A C X*,

(1.3.2)d(T(u, uy ..., u), T(v,v,...,v)) < d(u,v) holds for all u,v € X, with u # v,

then x is the unique point in X with T'(z,x,x,...,x) = x.
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Now in this paper we extend and generalize the above theorems for three maps .

Definition 1.4 Let X be a non empty set and T : X?* — X, f: X — X . (f,T)
is said to be 2k- weakly compatible pair, if f(T(p,p,...,p)) =T (fp, fp, ..., fp) whenever
p € X such that fp="T(p,p,....D).

2 Main Theorem

Theorem 2.1 Let (X,d) be a metric space,k a positive integer and S, T : X2k
X, f: X — X be mappings satisfying

(2.1.1)d(S(x1, w2, . T2p—1, T2k), T (22, 3, ..., T2k, T2kt 1))

< A maz{d(fz;, friy1)/1 <i <2k}

for all x1, 2,23, ..., Tog, Topr1 0 X,

(2.1.2)d(T (Y1, Y25 - Y2k—15Y2k )5 S (Y2, Y35 -0y Y2k'r Y2kt 1))
< X maz{d(fyi, fyir1)/1 < i < 2k}

for all y1,9y2,y3, ..., Y2k, Yor+1 0 X, where 0 < \ < 1.

(2.1.3) d(S(u,u,...,u), T(v,v,...,v)) < d(fu, fv) Yu,v e X with u# v,

(2.1.4) Suppose that f(X) is complete and either (f,S) or (f,T) is 2k-weakly compatible
pair.

Then there exists a unique point p € X such that fp=p=S(p,p,....,p) =T (p,p,...,p).

Proof. Suppose x1,x9, ..., o are arbitrary points in X and for n € N ,define
fropron—1 = S(®an—1,T2n, T2n11, - T2n 2k —2) and

frokron = T(Tan, Tant1, Tant2, -+ T2nt2k—1) -

Let ay, = d(fxp, frny1) . Let 6 = A2k and K = max{a1 /0%, az/0?, ..., agy /0?F}.
Claim: oy, < KO0" for alln e N (2.1.5)
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By selection of K we have a,, < K0" for n =1,2,...,2k.

Now g1 = d(frok+1, frok+2)
=d(S(x1,x2, ..., xop—1, Tok ), T(2, 3, ..., Tok, Tok11))
< dmax{d(fx;, frit1) i =1,2,...,2k} by(2.1.1)
= dmaz{ai, ag, ..., 00k—1, Q2 }
< Amaz{K0', K62, ..., K6* 1 Ko>*}
=AK0 =0%*K0 as 0 = \/?*
— K2+

Thus agp+1 < KQ2k+1,

Similarly

g2 = d(frokt2, frorts)
= d(T(w2,73, ..., Tok, Topi1), S(T3, T4, oy Tokt1, T2py2))
< dmaz{d(fzi, friy1) 11 =2,3,...,2k + 1} by(2.1.2)
= dmaz{a; :i=2,3,...,2k+ 1}
< Imaz{K6? K63, .. Ko* K> 1
= MK0?=0*K6? as 0= \/*

—  KpPkt2

Thus A2f+4-2 < K02k+2.
Hence the claim is true .

Now, by claim, for any n,p € N we have

d(fn, frntp) < d(fzn, foni1) + d(frntir, fonie) + oo+ d(fTnip-1, [Tnp)
= aptapt1+ ...+ anyp-1
< KO"+ Ko™t 4 .+ Kontel
< K[+ 60" 4 et ]

= KO0"/1-0—0 as n— o
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Hence {fx,} is a Cauchy sequence . Since f(X) is a complete , there exists z in f(X)
such that z = limfx,.
There exists p € X such that z = fp .

Then for any integer n, using (2.1.1) and (2.1.2),we have

d(S(p,p, -, p), frant2k-1)
=d(S(p,p, .., ), S(T2n—1, T2, -, Tont2k—2))
(S, p, - 0), TP, ps -y 2m-1)) + d(T(p, P, -y 2n-1), S(P, Py -y Py T2m—1, T2m))
+d(S(P, Dy s Ton—1,T20), T(Dy Py ooy Py T2n—15 T2ms T2n41))
+d(T (D, Py ooy Py T2n—15 T2ny T2n11)5 S(Dy Dy ovvy Py T2m—1, T2y L2041, L2012))
+... £ d(S(P: Py T2n—1, Tans s T2n42k—4), T(P, Ton—1, Ton, ., Tont2k—1, T2n+2k—3))
+d(T(p, T2n—1, T2n, s T2nt+2k—45 T2n+2k—3)5 S (T2n—1, T2y o T2n42k—35 T2n+2k—2))
< Md(fp, fron—1) + Amax{d(fp, fron—1),d(fron—1, fron)}
+Amaz{d(fp, fron—1), d(fran—1, fron), d(fron, fron+1)}
+Amaz{d(fp, fran—1), d(fr2n-1, fron), d(
+...
+Amax{d(fp, fron—1), d(fr2n—1, fran), -, d(fToni2k—a, fT2n12k-3)}

+Admaz{d(fp, fron—1),d(fron—1, fron), ..., d(fTont26—3, [Tont2k—2)}

Jon, fTong1), d(fTont1, frony2)}

Taking the limit as n — oo, we get d(S(p,p, ..., p), fr) < 0 so that

S(p,p,-p) = fp (i)-

Consider d(fp,T(p,p,...,p)) = d(S(p,p,....,0), T(p,p,....,p)) < A(0) =0

Thus T(p,p,...,p) = fp (ii).

Now suppose that (f,S) is 2k-weakly compatible pair. Then we have f(S(p,p,...,p)) =
S(fp. fp, s Ip)-

fp=f(fp) = f(S(p,p, . 0)) = S(fp, fp, ... fD).
Suppose fp # p. Then from (2.1.3) ,we have

d(f?p, fp) = d(S(fp, fp, s [D), T(p,p; ..., p)) < d(fp, fp). Tt is a contradiction.
Therefore fp = p. Now from (i) and (ii), we have fp = p = S(p,p, ....,p) = T(p, P, ..., D).
Uniqueness of p : Suppose there exists a point ¢ # p in X such that
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fa=aq=5a494.,9 =T(q4q4q,...,9).
Consider d(fp, fq) = d(S(p,p,...,p), d(T(q,q, ..,q)) < d(fp, fq) from (2.1.3)

It is a contradiction. Therefore ¢ = p.

When S =T and 2k is replaced by k in Theorem 2.1, we get the following .

Corollary 2.2 Let (X,d) be a metric space, k a positive integer and T : X* —
X, f: X — X be mappings satisfying

(2.2.1)d(T(x1, 2, ..., xk), T (T2, T3, .oy Th11))
< A maz{d(fz;, frip1)/1 <i <k}
for every x1,x9,x3, ..., Tk, Trr1 0 X, where A € (0,1)
(2.2.2)d(T(u, uy ..., w), T(v,v,...,v)) < d(fu, fv)Vu,v € X with u# v,
(2.2.3) Suppose that f(X) is complete and (f,T) is k-weakly compatible pair.
Then there exists a unique point p € X such that fp=p=T(p,p,...,p,p).

Remark : If f = I (Identity map) in Corollary (2.2), we get the main theorem of Ciric
and Presic [2].

3 Conclusion

In this paper , we can obtain an iterative method for solution of simultaneous nonlinear

difference equations f(x) = S(x,z,...,2) = z and f(x) = T(z,x,...,x) = x using

Theorem 2.1. Also we obtain the main theorem of Ciric and Presic [2] as a corollary.
Acknowledgement

The authors are very much thankful to the referees for their valuable suggestions in

preparing this manuscript.

References

[1] Banach S. (1932) ”Theoric les operations lineairar Manograic Mathematic Zne,”

Warsaw.


www.SID.ir

K.P.R. Rao et al. 279

[2] Ciric L.B., Presic S.B. (2007) ”On Presic type generalization of the Banach Con-
traction mapping principle,” Acta Math. Univ. Comenianae, Vol. LXXVI, 2, 143-
147.

[3] Presic S.B. (1965) ”Sur une classe d’inequations aux differences finite et. sur la

convergence de certaines suites,” Publ. de L’Inst. Math. Belgrade, 5(19), 75-78.


www.SID.ir

280 Mathematical Sciences Vol. 3, No. 3 (2009)


www.SID.ir

