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Abstract

Non-polynomial sextic spline in off step points is used to solve special fifth or-
der linear boundary value problems. Associated boundary formulas are developed.
We compare our results with the results produced by non-polynomial sextic spline
method [10]. However, it is observed that our approach produce better numerical
solutions in the sense that max|e;| is a minimum.
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1 Introduction

The solution of fifth order boundary value problems are not very much found in the
analysis literature. Rashidinia et al. in [1,2] developed the spline approximate solutions
of fifth-order and eighth-order boundary- value problems.The conditions for existence
and uniqueness of solution of such boundary value problems are explained by theorems
presented in Agarwal [3]. Caglar et al. [4] solved third order linear and nonlinear
boundary value problems using fourth degree B-spline. Siddiqi and Twizell[5-8] devel-
oped the solutions of 6th,8th,10th and 12th order boundary value problems using the
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6th,8th,10th and 12th degree spline, respectively. Siddiqi and Ghazla Akram[9] Ap-
plied the quintic spline for solution of fourth order B.V.Ps.Siddiqi et al. [10] presented
non-polynomial sextic spline method for the solution of special case linear fifth-order
two-point boundary value problems. Siddiqi and Ghazla Akram[11] presented the so-
lutions of fifth-order linear boundary value problems using non-polynomial spline, This
method is second-order convergent, in [12] siraj-ul islam et al. given a method based
on sextic spline solution for the solution of fifth order boundary value problem in grid
points and also in [13] Khan et al. derived a numerical method based on non-polynomial
spline. Scott and Watts [15] described the numerical solution of linear BVP using
a combination of superposition and orthonormalization and in[16] described several
computer codes that were developed using the superposition and orthonormalization
technique and invariant imbedding. The basic/motivation of this paper is development
of boundary formulas. In this paper we used non-polynomial spline approximation to
develop a family of new numerical methods to obtain the solution of fifth-order dif-
ferential equation.The sextic:Non-polynomial spline function proposed in this paper,
have the form Ty = span{1,z, 22,23, 2%, cos(kz),sin(kx)} where k is the frequency of
the trigonometric part of the spline functions which can be real or pure imaginary
and which will be used to raise the accuracy of the method. Thus in each subinterval

z; <z < xi41, we have

span{1, z, 22, 2%, cos(|k|x), sin([k|)},

or

span{l,z, 2%, 23,2, 25 2%}, (whenk — 0).

In this manuscript the following fifth-order boundary value problem is consider:

vy (2) + g(@)y(z) = g(x), € [a,b], (1)
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with boundary conditions

y(a) = a0, yM(a) = a1, y¥(a) = az and y(b) = Bo, yV(b) =61,  (2)

where a;,7 =0,1,2 and (;,7 = 0, 1 are finite real constants and also the functions g(x)
and ¢(z) are continuous on [a,b]. In this paper, in Section 2, the new non-polynomial
spline methods in off step points are developed for solving equation (1) along with
boundary condition (2). The boundary formulas have been developed in Section 3
and the Section 4 dealing with numerical experiment, discussion and comparison with

method in [10].

2 Numerical methods

To develop the spline approximation to the solution-of fifth-order boundary-value prob-

lem (1)-(2), the given interval [a,b] is divided into n equal subintervals using the grid

Ti_1 = a+ (i — %)h,i =1,...,n, where h = b_T“. Consider the following non-polynomial

sextic spline S;(x) is each subinterval [z, 1,2, 1],i=1,...,n— 1,00 = a,r, = b,
2 2
Si(z) = a;cosk(r = ;) + bisink(z — x;) + c(x — )+ di(z — z)3+

ei($—$i)2+fi(ﬂf—$i)+gi, (3)

where a;, by, c;iyd;, e;; f; and g; are real finite and k is free parameter. The spline S is

defined in terms of its 1th and 2th derivatives and we denote these values at knots as:

_ (1)
) - yl_% ’ S@ (‘Tz—%
1 2 5
Si(xwr%) =Yirl Si( )(xi—i-%) =Ml Si( )<xi+%) = Mi—i—% ’ st )($i+%) =L,
for i=1,2,....,n— 1. (4)

Assuming y(x) to be the exact solution of the boundary value problem (1) and y; be an

approximation to y(z;), obtained by the spline S(x;), we can obtained the coefficients
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in (3) in the following form

Csc(%)(—Li7%+Li+%)

a; = 2K5 )
SeC(g)(—Li7%+Li+%)
by = — kb ’

¢i = —gigs [(—6hk + 2(=3 + h2k)Cot(8) + (6 + h?k?)Csc(6))L,_
(6 + 12k?)Cos(8))Cisc(B) Ly g + K (h(6m_y + h(2M,_s + My, 1)) £:6(s; 1 + ;1))

ei = — 55 [(6hk + (6 — B2k*)Cot(0) — 6Csc(0))L;_1 — (—6% 2h2 k24
(6008(9))086(9)Li+% + k5(hmi_% + hQM._% + 6yi_% —4 6yi+%))],

1= (=6+ 2h2k2+

fi= =g R (R (M;_y — My 1) + 24(y;_1 +y;,1)) — (24 + B2K*)(L,_y + Ly 1)Tan(0)],
9i = —gars [(—30hk + (=78 + 4h*k?)Cot(6) — (18 + thQ)Csc(G))Li_% + (78 — 4h%k2>+
(18 4+ thQ)Cos(G))Csc(Q)LH% + k5(h(30mi_% +4hM;. 1 — hMi_%) + T8y, 1+ 18yi+%)}.
where § = kh and i = 1,2,...,n — 1. Applying the Continuity condition of the second,
third and fourth derivatives at (xi_%,yi_%), that is Sz(i)l (%_%) = i(’\) (xi_%), where
A = 1,3 and 4, yields the following equations:
1

5 2 2
hk(k (6hmi_% +6hmi_% +h Mi_% —h Mi—% + 12yi_% — 123/1’—%))_

L;_3(6hk + (=124 h2k2)Tan(g)) — L;_1(6hk + (=12 + h2k2)Tcm(g)) =0, (5

1 5
TLk‘ (k‘ (12mi—% + 12mi_% + h(3Mi_% + 8Mi_% + MH—%) + 12(3/2‘—% - yi_%))—l—
0 0 2,9 0
Li_%(hk‘(—ll + hkCot(i)) + 4Tan(§)) — 2Li_%(6hk + (=124 h7k )Tcm(§))+

Li+%(—3h2k200t(g) —2(—6+ h2kz2)Tcm(g))) =0, (6)

1
- ((—24hk +8(=3+ h?k*)Cot(0) + (24 + 4h*k* + h4k4)05c(0))Li_% —

2hk(—12 4 hk((6 + h*E*)Cot () + 6Csc(0)))L;_1 + (4(6 + h?k?)Cot(6)+
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)=

G(M-_% _2Mi—%+Mi+%))):0' (7)

2

(—24+8h2k2+h4k4)Csc(0)Li+% +4k5(h(6mi_% —6m;_1 —h(=2M;_s+M; 1+M,,

1
2 2 2

In order to eliminate m’s,M’s and T’s in the above equation (5)-(7) get nine additional
equation ¢ is replaced by ¢ — 1,7 + 1,7 + 2, in each of the Eqs.(5), (6) and (7). After

lengthy calculations, the following recurrence relation is obtained:
~Y;—5 +5y;_3 — 10y, 1 +10y;, 1 —Dy;y 8 +y;, 5

=L, s + BL;_3 + L1 + L1 +BL s + oLy s,

i=3,5,...,n—3, (8)
Where
_ L tey Lol coste))cseo)
=gl 3" Ty ¢ s,
1. 1 3 i 1 3
B = (ﬂ T 93 @)CSC(G) + (_@ + ﬁ + ?)COt(G)’

= (ot 2)C50l0) F (= + o + =)Cot(6).

V= TGy g tse 90 T3 Tgs/°

3 Development of the boundary formulas

To obtain unique solution of the system(8) we need five more equations to be associated
with it, so that we need to consider the following boundary conditions. In order to

obtain the fifth-order boundary formula we define the following identities:

dyyo + Zakyk+1 +chy(() —h5Zb'yk+1 + t1, (9)
k=0
5
d 0Y0 + Z akyk;+1 + C//hyO h5 Z bk:yk+ + t27 (10)
k=0
6 8 ;
///y0 + Z ak Yys i C///hy( ) + d0h3 ( =Ko Z be](c_:l + t3, (11)
k=0 k=0 2
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5

yo + Z akyk+n 9 + C*hyé = h5 Z b*yk+ 9 +tn—2, (12)
k=0 k=0

0 Yo + Z U Ypogn—1 + hys) = n° Z b**y,(jz r Hino, (13)
k=0 k=0

where all of the coefficients are real parameters to be determined. In order to obtain

the fifth-order accuracy ,Then we have:

3675 1225 44l 75 WD 13 23647 5 BSOS )
Y07 5816Y3 281675 281675 T 23167 352 6920001674 2306867273
23555 74795 18655 2961
(5) 9(15) _ y(;) (5) +t1, (14)
1153433672 " 3460300872 ~ 2306867272 23068672
15920415 1865115 6L4G84T . 851405 1068235
Y0~ 3738044 Y3 T 100236873 ~ 136947275 T 5461847 ~ 873894475
45045 (1) .5, (5 D5A0A5086865 (5 16713930285 (5)
am3002 M0 = MWL~ oSiseTRene V2 T 111854832 U
89499736057 (5 8388932991 (57 53690933205 (5  (s)
idiiddudald O30S0 (5 _ 220905500 ¢ 15
74330328 V1 T 559209416 V3 soasersese Uy YR T (19)
 15TIGT26026992841, | 87S37238848332605  1572825655433447
Yo 24342416896 3 24342416396 '3 1058365952 73
17464220101208385 ~ 243557180886615 1325266916385, ()
24342416896~ 3 1738744064 73 " Y% 760700528 0
2388583980T1205 ;) _ 5 ) L030105548910790041 (5)  $43T858206963977261 ¢
24342416896 Yoo =L 18694976176128 73 130864833232896 3
TO0GA9960235861641 (5) _ 14631792463257019 ) . 5) (s . ()
_ ts. (16
130864833232896 7% 130864833232806 72 Y +y13)+y1§)+ 3 (16)
1068235 H105 6146847 1865115 15920415

“a7asoaa’—5 " sag1sai T a360472% % " 10923685~ s7ssoad Ui

15045 1) _ s () BIOOB2I066T ) 8350830459 5
273002"n n—12 7 8948678656 “n—% T 559292416 Jn—2
89473837063 (5) 16843614675 (s) 53339057007 ® 6

SIR1I8S 703 200218010 (5) 2990 T . 17
1474339328 Yn-1 T 1118584832 Yn-2 ~ 8048678656 Un-2 T Un-y T2 (17)

Yn —
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75 4 L1225 8675 L 105,
2816773 ~ 2816775 T 2816773 2816773 ' " 35a"Un
_ h5(— 2961 (5) 18655  (5) _ 74795 (5 23555 (5) _

23068672"n—4% T 23068672 5 ~ 34603008 “n—5 * 1153433673

318045 () 213647 (5

23068672/n-3 ~ 69206016 n-4) Tt (18)
where
t = —roiSomgesh 16 s
ty = — 1008378085 1y, (1)
ts = %33219919569352813631673766289205506801 hlly(()n) , (19)
tn-z = — 0 N .,
U L

The local truncation error eorresponding to the method (8) is given by

5 1
ti = (1— (2a+28+29)n%y + (57— 7250+ 98+ Ry
23 1 9) 227 11 (11)
(62 1 Ry — 156250+ 7293 + 64~) ) h Ly
{152 ~ 2926250+ 818+ 7))y + ({95536 ~ 93040 ¢ -+ 7295 +647)h "y,

631
13271040 5160960

o (3906250 + 65615 + )3y "

+O(h'Y),i=3,4,...,n — 3. (20)

Case(i): If me choose o = 55,8 = £5,7 = 55 the truncation errors(20) with be

O(h7).

Case(ii): If me choose a = 0, 8 = 57,7 = 3 the truncation errors(20) with be O(h!!).
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4 Polynomial spline solution

The methods (8) along with boundary condition (14)-(18) when we ignore the trunca-
tion errors in (19) give a system of linear equations. ConsideringY = [y1,ys,...,y, 1]7and
2 2 2

C=lci,ca,..y cn_;}T, This system can be written the following matrix equation:
2 2 2

(A+h°BF)Y =C

where A =
ag ay  adf aj ay 0 0 0 0
ag af df ay al af 0 0 0
ag’ af" dff o) o) o af’ 0 0
-1 5 —10 10 -5 1 0 0 0
0 -1 5 —10 10 -5 1 0 0
0 0 (21)
0 0
0 0 0 -1 5 —10 10 -5 1
0 0 af aj aj aj aj ag
0 0 0 0 ay* az*®  az* al*  aj*
and

/ / / / / / /

0 bl b? b3 b4 5 bﬁ

/AN AN Vi 1 1/ 1 1"

bO bl b2 b3 b4 b5 b6 b7

(] (o} (o} O (e} (o] O (o] (e}

bO bl b2 b3 b4 b5 b6 b7 b8

a B v v B o«

0O o 8 v v B «

B = (22)

a B v v B «
by bg by by b3 b3 bY b

S,k *k Kk k% Kk *k *k
e ObE bR bE bE b b
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The vector C is defined by

_ ,5(_213647 318045 23555 74795 18655 2061
cL = h (692060169% + 2306867292 ~ 1153433692 T 3460300892 — 2306867292 T 230686729%)
1057, (1)
—@hyo — Yo,
— 15(,. _ 54045086865 16713930285 _ 89499736057 8388932991 _  _ 53690933205
c: = h (9% 8948678656 J2 1 Tiissedssz 92 ~ 4474330328 91 T 550202416 92 ~ 8048678656 JLL

1
"’9%) - 24753051952 hy((J ) Yo,

Ccs = h5( L — 10832115164261467 5 4 2540337475055785 5 — 11677088273220341 h % 1316026985450353 o
3 g§ 185034687774720 J5 27755203166208 735 92517343887360 35 15419557314560 75
_15013471080229577

350672533 hy(l) 26429938269 h3y(()3) — 4%

555104063324160 JLL T 913 +9175) 26889574 W0 - T 1720932736

Cipr =h(ag_s +Bg; s +79; 1 79,1 + B s +agis),
i=3,4,...,(n—3)

_ 53693210667 8389839489 _ 89473837063 16843614675

_ 15 53693210667 8389839489 89473837063 16843614675
Cn-3 = h (gn—§ 8948678656 In—LL T 550202416 Yn<2 ~ 4474339328 In—I T Tiisssdss2 In—2

53339057007 45045 3, (1)
8048678656 In—3 T In—1) T 2ms002 Y0 —Yn,
_ p5(_ 2961 18655 74795 23555 _ 318045
Cn—3 = h( 53068672 In— 1L T 53068672 In—2 — 34603008 In—1 T Ti5343369n—2 ~ 23068672 In—3
213647 105, (1)
— 0206016 9n—1) + 352790 " — Yn:

5 Numerical results

In this section the presented method are applied to the following test problems if choos-

ing (o, 8,7) = (2}1—0, %, %)and(a, B,v) = (0, i, %) we obtained the method of order

O(h?) and O(h®) respectively.

Problem 1. We Consider the following boundary-value problem

YO (2) + y(z)Sin(x) = Coslz](1 + Sin[z]) + Sin[z](Sin[z] — 1), 0 <z <1,

y(1) = Cos[1] + Sin[1],y'(1) = Cos[1] — Sin][1], (23)
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The exact solution for this problem is y(x) = Cos[x] + sin]z]. We solved this Problem

by the method of O(h?) and O(h®) with different values of h = %, %, 5—12 The maximum

absolute errors in the solutions are tabulated in Table 1 and compared with [10].

Problem 2. We Consider the following boundary-value problem

(120Cos[z])  (20Cos[z]) n Cos[z]  (120Sin[z]) o (60Sin[z])

(5) _
YO ) +ay(a) = = ; - -

(5Sin[x])

5 +Sinfz], 1<z <2,
x

y(0) = Sin[1],4/(0) = Cos[1] — Sin[1],y® (0) = 5C0s[1] —3Sin[1],

Sin[2] Cos[2]  Sin[2]
1) = 1) = — 24
y(1) 5 v (1) 5 1 (24)
The exact solution for this problem is y(z) = S’%M We solved this problem by different

values of h = &, &, & with both the methods of O(h?)and O(hS) and the maximum
absolute errors are summarized in Table 2 and compared with [10].The results verify
that the max.Abs.error in solutionin case of our O(h®) are very accurate in comparison

with method in [10].

Problem 3. We Consider the following boundary-value problem

yONz) — y(z) = —(15 4 102)e®, 0 <z <1,

y(l) = O7y/(1) = —¢ (25)

The exact solution for this problem is y(x) = z(1 — x)e”. We solved this example
by different values of h = %, %, 5% The maximum absolute errors in solutions for
our methods are listed in Tables 3. Also we compare the maximum absolute errors
in our methods with the maximum absolute errors in [10].The results verify that the

max.Abs.error in solution in case of our O(h®) are very accurate in comparison with

method in [10].
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Problem 4. We Consider the following boundary-value problem
y®) () —y(x) = —eSinle] 4 eSi"[z]Cos[m] — 19¢%(Cos|x])?—
105 (Cos[z])® + €*(Cos|x])® + 40e” Cos[z] Sinlz]+
155 Coslz]) Sin[z] — 10e5™ (Cos[2])3 Sin[z]+

19¢®(Sin[z])? + 155 Cos[z] (Sinla])?, 0 <2< 1,

y(0) = 1,4(0) = 2,4(0) = =1,
y(1) = 5 4 eCos[1]Sin|1],
y'(1) = 5" Cos[1] + e(Cos[1])? +eCos[1]Sin[1] — e(Sin[1])?, (26)

The exact solution for this problem is y(z) = e5® 4 e*Cos[x]Sin[z]. We solved this
example by different values of h = %3, 516’ 5-12 The maximum absolute errors in solutions
for our methods are listed in<Tables 3. Also we compare the maximum absolute errors
in our methods with the maximum absolute errors in [10].The table shows that our

O(h®) method are more accurate with respect to the method in [10] .

Table 1: Observed maximum absolute errors for example (1)

h a=0,8=4, a=q50=25, [10]
_ 11 _ 92
Y= 7= 210

2.4299x 10~ 1! 2.1953x10~7 3.8657x10~7
1.1691x 1012 6.7417x1078 2.0206x10~8

gl &= gl-

9.3838x 10711 1.7739x 108 6.6482x 1078
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Table 2: Observed maximum absolute errors for example (2)

h a=0,8=4, a=q50=25, [10]
V=14 V=55

L 2.3382x1071% 5.2214x107%  4.2305x1077

3 6.7701x107'%  1.4694x107%  3.1230x107°

= 23792x107'1 3.7912x107%  3.2792x107°

Table 3: Observed maximum absolute errors for-example (3)

h a=0,8=4, a=q58=25, [10]
v=4 V=55

L 3.7572x107° 28453x107% . 1.3767ex10~*

% 1.8015x107  7.8018x107¢  7.1273x107°

& 3.1166x107'  1.9911x1076"  4.6950x 107"

Conclusion

We approximate solution of the fifth-order linear boundary-value problems by using
non-polynomial spline and obtained the new boundary conditions. The new methods of
order O(h?)and O(h®) enable us to approximate the solution at every point of the range
of integration. The application of the methods on the different kinds of test problems
shows that our methods produced better result in comparison with the methods in

[10].
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