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Exact solutions for some of the fractional differential
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iteration method
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Abstract

In this paper, the modification of He’s variational iteration method (MVIM)
is developed to solve fractional ordinary differential equations and fractional par-
tial differential equations. It is used the free choice of initial approximation to
propose the reliable modification of He’s variational iteration method. Some of
the fractional differential equations are examined to illustrate the effectiveness and
convenience of the method. The results show that the proposed method has accel-
erated convergence.
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1 Introduction

The variational iteration method was first proposed by [9, 8, 10]. This method has
been shown to effectively, easily and accurately solve a large class of nonlinear prob-
lems. Generally, one or two iterations lead to highly accurate solutions.This method

is, in fact, a modification of the general Lagrange multiplier method into an iteration
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method. Applications of the method have been enlarged due to its flexibility, conve-
nience and efficiency. The VIM was first applied to autonomous ordinary differential
systems, delay differential equations, and fractional differential equations by He et al
[9, 10, 18]. The convergence of the method is systematically discussed by Tatari and
Dehghan [16], Odibat [15]. In this paper we propose the reliable modification of He’s
VIM [6] for the fractional ordinary differential equations and fractional partial differ-
ential equations by constructing an initial trial-function without unknown parameters

so that one iteration leads to exact solution.

2 Basic definitions

We give some basic definitions and properties of the fractional calculus theory which
are used further in this paper.

Definition 2.1: A real function f(z), x>0, is said to be in the space Cy, i € R,
if there exists a real number p > u such that f(z) = 2P fi(x), where fi(z) € C[0,1).
Clearly C, C Cp if B < pa.

Definition 2.2: A function f(x), = > 0, is said to be in the space C}*, m € N U {0},
if /M e C,.

Definition 2.3: The left sided Riemann —Liouville fractional integral operator of order

a > 0 of a function f € Cp,, p > —1, is defined as [7]

apy_ Lo f()
Jf(x)_I‘(a)/g (x—t)l—adt’ a>0, x>0,

I f(x) = f(z). (1)

Definition 2.4: Let f € C™, m € N U{0}, then the Caputo fractional derivative of
f(x) is defined as [13, 3]

Do Jrmefm(z) m—1<a<m, méeN, 0
Drm ) .
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Hence, we have the following properties [7, 1, 13, 3]:

1L JYJVf=JF a,v>0, feCu, p>D0.
F(fy—i_l) xa—l-'y

2'JQ$WZI‘(0<—|—7+1) , a>0v>—-1, x> 0. (3)
3. JYDf(x) = f(z) — mz_l f(k)(0+)f:, x>0, m—1<a<m.
k=0 ’
Lemma 2.5: If 0 < a < 1 then
JOD f(x) = f(x) — f(0). (4)

Proof: Let 0 < o < 1. From (1)—(2), we have m = 1 and

JoDO f(z) = JUf () = F(ll) | syt = (o) - (0. (5)

The Caputo fractional derivative [7] is considered here, because it allows traditional
initial and boundary conditions to be included in the formulation of the problem. For
more information on the mathematical properties of fractional derivatives and integrals,

one can consult the mentioned references.

3 Analysis of the modified variational method

In this section, we first present a brief review of He’s variational iteration method. Then
we will propese the reliable modification of the VIM [9] for solving fractional differential
equations by constructing an initial trial-function without unknown parameters. Here,

we consider the following fractional functional equation
Lu+ Ru+ Nu = g(z), (6)

where L is the fractional order derivative, R is a linear differential operator, N rep-
resents the nonlinear terms, and g is the source term. By using (3) and applying the

inverse operator J% to both sides of (6), and using the given conditions, we obtain

m—1
u=f—J[Ru] — J*[Nu] + > u®)(0F)
k=0

zk

yv (7)
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where the function f represents the terms arising from integrating the source term g
and from using the given conditions, all are assumed to be prescribed.
The basic character of He’s method is the construction of a correction functional

for (6), which reads
Upt1(T) = up(z) + /Ox A(8)[Lun(s) + Riy(s) + Ny (s) — g(s)]ds, (8)

where A is a Lagrange multiplier which can be identified optimally via variational
theory [9], uy, is the nth approximate solution, and u,, denotes a restricted variation,
i.e., 0ty = 0.

To solve (6) by He’s VIM, we first determine the Lagrange multiplier A that will
be identified optimally via integration by parts. Then the successive approximations
up(x), n > 0, of the solution u(x) will be readily obtained upon using the obtained
Lagrange multiplier and by using any selective function ug. The approximation wug
may be selected by any function that just satisfies at least the initial and boundary
conditions. With determined \; then several approximations wu,(x), n > 0, follow

immediately. Consequently, the exact solution may be obtained by using

lim up,(z) = u(z). 9)

n—oo
In summary, we have the following variational iteration formula for (7)
uo(x) is an arbitrary initial guess,
g1 (2) = (@) + J A(S)[Litn(5) + Run(s) + Nun(s) — g(s))ds,
or equivalently, for (7), according to [17]:
uo(z) is an arbitrary initial guess,
unt1(@) = f(2) = Ly [Run(2)] = Ly [Nun (@),

where the multiplier Lagrange A, has been identified.
It is important to note that He’s VIM suggests that the ug usually defined by

a suitable trial-function with some unknown parameters or any other function that
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satisfies at least the initial and boundary conditions. This assumption made by He
[11, 12] and others will be slightly varied, as will be seen in the discussion.

The MVIM, that was introduced by Ghorbani et al [6], can be established based on
the assumption that the function f(x) of the iterative relation (11) can be divided into

two parts, namely fo(x) and fi(x). Under this assumption, we set

f(@) = fo(z) + f1(=). (12)

According to the assumption, (12), and by the relationship (11), we construct the

following variational iteration formula

() = fo(x)
m— k

ur(z) = f(z) — J*[Rfo(x)] — T[N fo(x Z )2 (13)

unt1(z) = f(x) — J*[Ruy (@) = J*[Nun(z Z kl ’

where the multiplier Lagranges A, has:been identified. An important observation that
can be made here is that the success of the proposed method depends mainly on the
proper choice of the functions fy and fi. As will be seen from the examples below,
the selection of ug will result in a reduction of the computational work and accelerate
the convergence. Furthermore, this proper selection of the components ug and u; may
provide the solution by using one iteration only. To give a clear overview of the content
of this study, we have chosen several fractional differential equations with the various

boundary conditions.

4 Some examples

In this section, to demonstrate the effectiveness of the modification, we give chosen

several the fractional ordinary differential and fractional partial differential equations.
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Example 4.1 Consider the following linear fractional differential equation, [5]
Diy(a) = 2 — y(o) + oo
L(3)

y(0) = 0. (14)

By assuming L D3 and applying the inverse operator L, ! to both sides of (14), we
= L) ;3. By selecting yo(x) = fo(x) = z%; we have

rG)®

have fo(r) = 2% and fi(z)

Yo(z) =
F(3) 5 1l 9 2
yl(x):xQ—i— 2z — J2xt =1
r(%)
yn-l-l(x) =z, n=>1 (15)
In view of (15), it follows that
y(x) = 22, (16)

where is the exact solution of (14). It is neteworthy to conclude here that the exact

solution was determined by using only one iteration
Example 4.2 Consider the following fractional partial differential equation, [2],

oy(z.t) . 0"%y(x,t)

y(x,0) =2%, 0<z<1,

y(0,t) =0, y(1l,t)=e"", t>0, (17)
on a finite domain 0 < x < 1, and
d(z) = F(Z'Q)a:zg, g(x,t) = —(1 4+ z)e tad. (18)
We rewrite (17) in the form
@@:H§§?+F&) (1 + o)k, (19)
3¢t and fi(x,t) = ?f;e 2,

By using the modified technique, we obtain fo(z,t) =
t) = fo(w,t) = 23~ to find

and by applying boundary conditions, we select yo(z,

yO(ma t) = :U3€_ta
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3 , ., 6 9. 6 3 4
y1(z,t) = 23e™t + 2letp? 4 J5] (—ze™)]
F(%) F(%) F(% x%
3r(¢ 3r (¢
+40(0,8) + yo, (0, t)z = 2’ ™" + gf)e_th — li’)e_txz +040=2a%"",
I'(5) I'(5)
Yni1(z,t) =23, n>1. (20)
In view of (20), it follows that
y(z,t) = et (21)

is the exact solution of (17). The results show that high accuracy of MVIM.

Example 4.3 Consider the following linear fractional differential equation, [4],

40320 I'G+%) 4o -9 3 a 3
DY — 8—a 2 4— T 1 < A3
y(x) F(9—a)$ 3F(5—%)$ 2y (a+ )+(21‘2 x*)° —y(x)z,
y(0) =0, (22)
where a € (0,1). By using MVIM, we get,
fole) = a* —sad A S,
ap She 4\3 ap(S g 4\2y3
fiw) = JRGERS] = J(Sat — 2ty
= J[(a¥— 37T 4 %xa)%]. (23)

select yo(z) = fo(z) = a® —B2*+2 + 322, we have

o

yo(r) = ab — 327732

[S1[)

a a 9
y() = 2® — 3% 2 + Zﬂ:‘”‘ + J¥(2® - 322 + Zfﬂa)%] — J%yo(x)

Ynp1(z) = 2% = 32*T2 + “2% n > 1. (24)
In view of (24), it follows that
a 9
y(z) = 2% — 322 + Zxa, (25)

where is the exact solution of (22). Again the results highlight the accelerated conver-

gence of the proposed method.


www.SID.ir

58 Mathematical Sciences Vol. 5, No. 1 (2011)

5 Conclusion

In this work, we successfully proposed the reliable modification of He’s variational itera-
tion method. The ideas have been shown to be computationally efficient in applying the
proposed technique to several fractional ordinary differential equation and fractional
partial differential equation that are important in research. In all cases of the applied
fields, we obtained excellent performances that may lead to a promising approach for

many applications.

References

[1] Carpinteri A., Mainardi F. Fractals and Fractional Calculus in Continuum Me-

chanics, Springer Verlag, Wien, New York, 1997.

[2] Charles Tadjeran A., Mark M., Meerschaert B., Hans-Peter Scheffler C. (2006) ” A
second-order accurate numerical approximation for the fractional diffusion equa-

tion,” Journal of Computational Physics 213, 205213.

[3] Diethelm K. (1997) ” An algorithm for the numerical solution of differential equa-

tions of fractional order,” Electron. Trans. Numer. Anal.; 5, 16.

[4] Diethelma K., Fordb J. M., Fordc N. J., Weilbeera M. (2006) ”Pitfalls in fast
numerical solvers for fractional differential equations,” J. Comput. Appl. Math.,

186, 482-503.

[5] Diethelm K., Ford N.J. (2002) ” Analysis of fractional differential equations,” J.
Math. Anal. Appl., 265, 22948.

[6] Ghorbani A., Saberi-Nadjafi J. (2009) ” An effective modification of He’s variational
iteration method,” Nonlinear Analysis: Real World Applications, 10, 2828-2833.


www.SID.ir

S. Irandoust-pakchin 59

[7]

[11]

[12]

Gorenflo R., Mainardi F. (1997) ”Fractional calculus: integral and differential
equations of fractional order,” in: A. Carpinteri, F. Mainardi (Eds.), Fractals and

Fractional Calculus in Continuum Mechanics, Springer, New York, 223276.

He J.H. (1997) ” A new approach to linear partial differential equations,” Commun.

Nonlinear Sci. Numer. Simul., 2, 230235.

He J.H., (1999) ”Some applications of nonlinear fractional differential equation

and their approximations,” Bull. Sci. Technol., 15, 8690.

He J.H., (1997) ”Variational iteration method for delay differential equations,”

Commun. Nonlinear Sci. Numer. Simul., 2, 235236.

He J.H., (2006) ” Variational iteration method (VIM) Some resent results and new
interpretations,” J. Comput. Appl. Math. doi:10.1016/j.cam..07.009.

He J.H., (2006) ”Variational iteration method: New development and applica-
tions,” Comput. Math. Appl.; dei:10.1016/j.camwa..12.083.

Mainardi F. (1997) ?Fractional calculus: some basic problems in continuum and
statistical mechanics,” in: A. Carpinteri, F. Mainardi (Eds.), Fractals and Frac-

tional Calculus in Continuum Mechanics, Springer, New York, pp. 291348.

Miller K.S.;»Ross B. An Introduction to the Fractional Calculus and Fractional
Differential Equations, Wiley, New York, 1993.

Odibat Z.M., (2010) ” A study on the convergence of variational iteration method,”
Mathematical and Computer Modelling, doi:10.1016/j.mcm..12.034.

Tatari M., Dehghan M. (2007) ”On the convergence of He’s variational iteration
method,” J. Comput. Appl. Math., 207, 121-128.

Xu L. (2006) ”Variational iteration method for solving integral equations,” Com-

put. Math. Appl., doi:10.1016/j.camwa..12.053.


www.SID.ir

60 Mathematical Sciences Vol. 5, No. 1 (2011)

[18] Yulita Molliq R., Noorani M.S.M., Hashim I. (2009) ” Variational iteration method
for fractional heat- and wave-like equations,” Nonlinear Analysis: Real World

Applications, 10, 185418609.


www.SID.ir

