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Abstract

In this paper we study the structure of Clifford-Algebras C1, , associated with
a non degenerate symmetric bilinear form of signature (p, ¢), where p, g are positive
integer. Also we present a description of these algebras as matrix algebras, and
then we will discuss the periodicity of these algebras completely. As a consequence,
We create the related algebra matrix tables for these algebras, when 0 < p < 8 and
8 < g < 13. We also present an isomorphism between Clg,p and C’lqu.
Keywords: Tensor algebra, Exterior algebra, Clifford algebra, Quadratic form,
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1 Introduction

Given any vector space, V ,over a field, K, there is a special K-algebra, T'(V'), together
with a linear map, i : V' — T'(V), following the universal mapping property [1]. The
algebra, T'(V), is the tensor algebra of V. It may be constructed as the direct sum

T(V)= @ V& Where VY = K, and V® is the i-fold tensor product of V with itself.
>0
For every i > 0, there is a natural injection ¢, : V" — T(V) and in particular, an

injection ¢g : K — T(V). The multiplicative unit, 1, of T'(V') is the image, to(1), in
T(V) of the unit, 1, of the field K. Since every v € T(V') can be expressed as a finite
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sum v = v; + vy + ...+ v, where v; € V¥ and n; the are natural numbers with
n; # n; if i # j, to define multiplication in T'(V'), using bilinearity [1], it is enough to

define the multiplication V®™ x V& — y@(m+n) ~ Of course, this is defined by:
(M®..0UR).(W®...QW,) =V1Q...0 Uy QWL R ...R w.

It is important to note that multiplication in 7'(V') is not commutative. Also, the
unit, 1, of T(V) is not equal to 1, the unit of the field K. However, in view of the
injection ¢y : K — T(V), for the sake of notational simplicity, we will denote 1 by 1.
More generally, in view of the injections ¢, : V€™ — T(V'); we identify elements of V&
with their images in T'(V).

Most algebras of interest arise as well-chosen quotients of the tensor algebra T'(V).
This is true for the exterior algebra, A*V (also called Grassmann algebra), where we
take the quotient of 7'(V') modulo the ideal generated by all elements of the form v ® v,
where v € V, and for the symmetric algebra, Sym V', where we take the quotient of
T(V) modulo the ideal generated by all elements of the form v ® w — w ® v, where
v,w € V. A Clifford algebra may be viewed as a refinement of the exterior algebra,
in which we take the quotient of T'(V') modulo the ideal generated by all elements of
the form v ® v — @(v).1, where ® is the quadratic form associated with a symmetric
bilinear form, ¢ : V. x V — K, and -: K x T(V) — T(V') denotes the scalar product
of the algebra T(V"). For simplicity, let us assume that we are now dealing with real

algebras.

2 Preliminaries

Definition 2.1 Let V be a real finite-dimensional vector space. A quadratic form

on'V is a mapping ® : V — R such that

1. ®(\v) = N2®(v) forall NXeR, wveV.
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2. the mapping (z,y) — (®(z +y) — ®(z) — 2(y)) = @(x,y) of V x V into R is

bilinear.

Then @ is called the bilinear form associated to .
It is obvious from the definition that ¢ is symmetric:

o(z,y) =y, x)

and ¢(z,x) = ®(z).

Two elements x,y of V' such that ¢(x,y) = 0 are said to be orthogonal to each other.

Definition 2.2 Let V be a real finite-dimensional vector space together with a sym-
metric bilinear form ¢ : V. x V. — R, and associated quadratic form, ®(z) = ¢(x,x).
A Clifford algebra associated with V' and ® is a real algebra, CI(V,®), together with a
linear map, i : V. — CU(V,®) satisfying the condition (i(v))? = ®(v).1 for allv € V

and so that for every real algebra, Ay and every linear map, f:V — A, with
(f)2=®(w).l forall vevV,
there is a unique algebra homomorphism, f : CI(V,®) — A so that
f = foi,

as in the diagram below:

vV clv, @)
\

We use the notation, Au, for the product of a scalar, A € R and of an element, u,

i
A

in the algebra ClL(V,®) and juxtaposition, uv, for the multiplication of two elements,

u,v € Cl(V, D).
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By a familiar argument, any two Clifford algebras associated with V' and ® are
isomorphic.

To show the existence of CI(V, ®), observe that T'(V)/U does the job, where U is
the ideal of T'(V') generated by all elements of the form v ® v — ®(v).1, where v € V
The map i : V — CI(V, ®) is the composition

VL>T(V)i>T(UV)

where 7 is the natural quotient map. We often denote the Clifford algebra CI(V,®)
simply by Cl(®).
Observe that when ® = 0 is the quadratic form identically zero everywhere, then the

Clifford algebra C1(V,0) is just the exterior algebra, A*V.

Remark: As in the case of the tensor-algebra, the unit of the algebra CI(®) and
the unit of the field R are not equal.
Since

O(u+ v) — P(u) — P(v) = 2¢(u,v)

and

(i(w4v))? = i(u)? +i(v)® +i(u)i(v) +i(v)i(u),

using the fact that

We get:

As a consequence, if (ui,...,uy) is an orthogonal basis w.r.t. (which means that

o(uj,u) = 0 for all j # k ), we have:

i(uj)i(ug) + i(ug)i(uj) =0  for all j# k.
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Proposition 2.3 For every vector space, V', of finite dimension n, the mapi:V —

Cl(®) is injective. Given a basis (e1, €2, ...,e,) of V the 2™ — 1 products
i(el)i(62)~--i(ek), 1< <ig<... <1 <n,
and 1 form a basis of Cl(®). Thus, Cl(®) has dimension 2".

Proof. See[4].

Remark: Since i is injective, for simplicity of notation, from now on, we write u
for i(u) Proposition 2.3 implies that if (eq, e,...,e,) is anorthogonal basis of V, then

Cl(®) is the algebra presented by the generators (ey, ez, ..., €,) and the relations

e? =®(ej).l, 1<j<n, and eje=—epej, 1<j, k<n, j#k.

In other words, Clifford algebra C1(®) consists of certain kinds of ”polynomials,” linear
combinations of monomials of the form >3 ; Aje s, where J = {i1, i2, ..., } is any subset
(possibly empty) of {1,...,n} with 1.<4; < iz <--- < iy < n, and the monomial e; is

the "product”e;, e;, ... €, .

Definition 2.4 The even-graded elements (the elements of C1°(®) ) are those gen-
erated by 1 and the basis elements consisting of an even number of factors, e; €, - . . €iyk,
and the odd-graded elements (the elements of C1'(®)) are those generated by the basis

elements consisting of an odd number of factors, €; €, ... €iy ;-

Remark: we assume that ® is the quadratic form on R"defined by
B(x1,. .. 2n) = — (22 + ...+ 22)
Let Cl,, denote the Clifford algebra Cl(®).
Example 2.5 Cl; is spanned by the basis (1,e1). We have

e% = —1.
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Under the bijection

e1—1

Cly is isomorphic to the algebra of complex numbers, .

Example 2.6 Let (e1,e2) be the canonical basis of R2, then Clo is spanned by the

basis by (1,e1,e9,e1€2). Furthermore, we have:

2
1

[\ \o}
I

|

—_
—
@™
[y

D
[}
S~—r
[\
I

|

—_

ege] = —ejeg, e =-—1, e

Under the bijection

ey — 1, €9 j, e1€9 — k,
it 1s eastly checked that the quaternion identities
P=2=k==-1  ij=—ji=k gk = —kj =1, ki = —ik =j

hold, and thus, Cla, is isomorphic to the algebra of quaternions, M.

Definition 2.7 For every non degenerate quadratic form ® over R there is an or-

thogonal basis with respect to which ® is given by
(I)(xla---7$p+q) :I'%‘i‘—'-x;— (x123+1 ++x123+q)

where p and q only depend on ® . The quadratic form corresponding to (p,q) is denoted
®,, , and we call (p, q) the signature of O, ,. Let n = p+q We denote the Clifford algebra
associated with R and ®, , where has ¢, , signature (p,q) by Clp, 4. Note that with

this new notation, Cl, = Cly,.

Example 2.8 Let Cl,, = CI(RPT1,®,,), where ® has signature (p,q), and or-

thonormal basis is written as {e1,...,ep,€1,...,64} where €3 = - = (3127 =1, =
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ce= 52 = —1. Thus, we have:
CZL() =ROR with e = +£1;
Cl071 = ﬁ, with g1 = i;

0 1 1 0 0 1
Cl270 = Mg(?R), with €1 = y € = s €1€2 = N

1 0 0 —1 1 0
Cl(LQ = H, with g1 = 1 €9 = j, €1€2 = k;

. 0 1 0 —1 1 0

Cll,l = Mg(?R), with e = s g1 = 5 €181 =

1 0 1 0 0 —1

3 Main Results

It turns out that the real algebras Cl,, can be build up as tensor products of the
basic algebras ® , ¢ and H. According to [6], the description of the real algebras
Cly,4 as matrix algebras and the 8-periodicity was first discovered by Elie Cartan in
1908. Of course, Cartan used a very different notation. These facts were rediscovered
independently by [2] in the 1960’s (see Raoul Bott’s comments in Volume 2 of his
Collected papers.).

As mentioned in Example 2.3, we have:
Clo,l = ﬁ, Clo’g ZH, Cll,O =ROR, Clz,o = MQ(%),

And
Clig = Ma(R).

The key to the classification is the following lemma:
Lemma 3.1 We have the isomorphisms
Clont2 ~ Clyo® Cly 2
Clyy20 = Clyy @ Clag
Clpt1,g+1 = Clp g ® Cliy

for alln,p,q > 0.
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Proof. Let @, 2(z) = — ||]|?, where ||z || is the standard Euclidean norm on $"+2,

and let (eq,...,e,42) be an orthonormal basis for R"*2 under the standard Euclidean

/

inner product. We also let (e],...,¢€},) be a set of generators for Cl, ¢ and (ef,ey) be

a set of generators for Clys. We can define a linear map f : Rt2 Cly,o ® Clp2 by

its action on the basis (eq,...,e,42) as follows:
e, @ efel 1<i<n
fle) =4
loel, n+l1<i<n+2

1—n

Observe that for 1 <14, < n we have

fled) fleg) + flej) fle) = (eje) + ejef) @ (efeh)® = 22051 @ 1,

Since (e4)? = (ef)? = —1, elelj = —efje] and e;ej.= =ese;, for all i # j, and (e)? =1,

for all ¢ with 1 <7 <mn. Also forn+1 <14, j <n+ 2 we have

flei) fleg) + fleg) fle) = 1® (e n€fn +€f nein) = —20;1® 1,
and
flei) flex) + flen) flei) = 2¢} ® (eYezel_, + ef_nefey) =0,
forall1 <4, j<nandn+1<k<n+2 (sincee]_, =e¢ ore)_, =ei). Thus, we
have:

fx)P=—|z|?1®1 forall zeRN"2
and by the universal mapping property of Clg 42, we get an algebra map:
f:Clonsa — Clno ® Clys.
Since f maps onto a set of generators, it is surjective. However,
dim(Clopy2) = 2" = 2.2 = dim(Cl,,0)dim(Cly2) = dim(Clyo ® Cly2)
and f is an isomorphism.

The proof of the second identity is analogous. For the third identity, we have:

Tt al (@l T,

Dpg(21,.. . Tptg) = p+q
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Andlet (eq,...,€p41,€1,---,E4+1) be an orthogonal basis for RP 912 so that @, 1 4+1(e;) =
+1 and ®pt1441(e5) = =1 for i = 1,...,p+ 1 and j = 1,...,¢ + 1. Also, let
(€15 s €p €y -,€y) be a set of generators for Cly,, and (ef,€f) be a set of gener-

ators for Cl; 1.We define a linear map f : Rptat2 Clp,q ® Cly 1 by its action on the

basis as follows:
ei@ele] 1<i<p e@ele]l 1<j<q
f(el) - Z 1 . ’ f(ej) - ’ /! .
l®e] i=p+1 1®e] j=q+1

We can check that
f@)? =®pi1401(2).1®1  forall xc RPTI2

and we finish the proof as in the first case.
To apply this lemma, we need some further isomorphisms among various matrix alge-

bras.
Proposition 3.2 The following isomorphisms hold:
My (R) @ Myp(R) = My (R)  for all m,n >0
M, (R) ®r k = M, (k) forall K=¢ or K=H and all n >0

Copnl ~CaL
C @pll ~ M)

Proof. See[5].
Proposition 3.3 (Cartan/Bott) For alln > 0 we have the following isomorphisms:
Clo’nJrg ~ ClO,n ® Cl078

Cln—i—&O ~ Cln,O ® CZS,O

Furthermore,

Clos = Clgo = Myg(R).
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Proof. By Lemma 3.1 we have the isomorphisms:

Clong2 = Clppo ® Clo 2, Clpy2,0 ~ Clyn @ Cla,

and thus,

Clonts = Clyt6,00Clo 2 = Clypnta®Clag@Clyg = -+ - = Cly n@Cls 0@Cly 20C12 nRCl 2.

Since Clyo = H and Clyg = M>(R), by Proposition 3.1, we get:

01270 ® Cl072 ® Clz,() & Clo’g %H ®H & MQ(?R) X Mg(?}%) ~ M4(8%) X M4(§R) ~ Mlﬁ(%)

The second isomorphism is proved in a similar fashion.

Lemma 3.4 Clyy 44~ Cly, @ Ma) = Clygya.

Proof. We will prove the first isomorphism. Take A = Cl, , ® M>(# ), define
foRptha A

0 —k 0 —k

fle,) =e.® r=1,...,p, fles) = e-® , s=1,...

k0 k0

and on the remaining four basic vectors, define

0 —i 0 —j
f(ep-i-l) =1® ) f(€p+2) =1® 5

i 0 JE

0 1 1 0
flepts) =1® : flepra) =1®

1 0 0 —1

From all this, we can deduce the following Theorem:

Theorem 3.5 For 0 < p < 8 and 8 < q < 13 matriz representations of the Clifford
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algebras Cly, , are exhibited in the following table:

q—

p Mi6(R) Mi6(£) M6 () Mye(f) & My () Mo () Mea(£)

L Mis(R) ® Mis(R) M2 (%) M2 ({) Mo () M3z (H) & M32(H) Mea ()
M3z2(R) M3z (%) ® Ms2(R) Mea (%) Mea (L) Mea () Mea () © Mea ()
Ms2(0) Mea(R) Mea(R) @ Mea(R) Mi28(R) Mi28(0) M28 ()
Ms2(H) Mea () Mi28(R) Mi28(R) @ Mi12s(R) M256(R) Ms12(0)

M3z () © Ms2 () Me4 (IT) Mi2s(0) Mas6(R) Mas6(R) & Mase(R) Ms12(R)

Mea () Mea(J) © Mea () Mi2s () Maz56(L) Ms12(R) Ms12(R) ® Ms12(R)
Mi28(0) Mi2s () Mi2s () © Mios () Moas6 () Ms12 (@) Mio24(R)
Ma56(R) M2s6(L) Mas6 () Moase () © Mase () Ms12(H) Mio24(€)

Remark: A table of the Clifford algebras Cl,, for 0 < p,q <7 can be found in [7].
Lemma 3.6 We have the isomorphisms
Clpg ~ Clg,qﬂ
Clg+1,q ~ Clq,p
Clyt1,g = Clgy1p

for all p,q > 0.

Proof. Let (ey,...,epse1,...,6p) be an orthonormal basis for R4, We also let
(€15 -+ s €pEh5m - - Eqyq) be a set of generators for Clp411. We can define a linear map

R — Clg7q+1 by its action on the basis (e1,...,en,€1,...,&q) as follows:
flei) =ejegn i=1,...,p,
flej) =¢€jeqp 7=1....q

We have
flei) fleg) + fleg) flei) = eleg1€eqn + €hegiieien ) = €€ + esef = 20y,
And

f(ei) fleg) + fleg) flei) = leg1€jeqn + €ieqii€iegr1 = i€ + €585 = —20ij,
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And also
flei) f(e5) + fleg5) flei) = €§5;+15}5/q+1 + €9€;+1€;€Iq+1 = 625;‘ + 5;@;; = 0.
Thus, by the universal mapping property of Cl, ,, we get an algebra map:
fiClyg—CL ..

Since f maps onto a set of generators, it is surjective. However,

9p+q+1

dim(CL) 41 1) = = 2P = dim(Clp,)

and f is an isomorphism.

For the second identity we define f : RIP — Clg +1,4 OB basic vectors by:

fler) =erepipor=1,...,q,
fles) =€iepsy s8=1,...,p.
Then
2 rt L7 12 12 /2
fler): = erep€pepq = —€ e, = —€ = —1,
2 I 11 12 12 2
f(es) — 6sep+1€sep+1 = —&g€ p+1 — —Es = +17

The rest of the proof is like the previous part. For the third identity, according to the

previous parts, we have:

~ (70 ~
Clp+1,q ~ Clp+1,q+1 ~ Clq+17p-

Corollary: C’lgq = Clg’p.
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