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Abstract

Mathematical modeling of Tornado paved the way in understanding the cause
[1], basic structure [2], and the dynamical behavior aspect [3] of the Tornado in the
present model. Modeling in Tornado have been basically focused onto estimating
the flow parameters such as velocity [radial, Azimuthal, and axial] and pressure
across the rotational axis so that, one can estimate the speed with which Tornado
is moving and amount of pressure it-can induce onto the structure. Studies from
mathematical aspects have been incorporated to include nonlinear aspect of the
flow phenomena in the Tornado and studying rotational velocity and radial velocity
aspect [4].
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1 Introduction

Thunder storms act as earth’s cooling agent by drawing hot, moist from the ground.
When temperatures vary greatly between the ground and atmosphere this air rises
rapidly condenses and forms thunder heads. This heated updraft collides with higher
cold air and creates turbulent winds surrounding it. These are forced into a violent
upward spin and referred as Tornadoes.Cyclones or Tornadoes are quite destructive in

nature. The exact cause of such phenomena is still under investigations however by
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and large the phenomenon is attributed due to atmospheric and metrological varia-
tions in the region it gets affected. Once the Epicenter of this Tornado is located, the
speed with which it proceeds and the destruction it may cause can be estimated and
forecasted which will then help the evacuation teams for getting prepared in case of
eventualities. It is estimated that, the destruction of property in USA alone exceeds
few million dollar every year due to this Tornado in addition to the casualties to hu-
man lives. Studies pertaining to Tornadoes help in understanding the basic causes and
helps in protective measures. The other models on Tornadoes[5] have studies effects
of axial and radial velocity over a spread angle (r/z). The model also aims at estimat-
ing of pressure variations across the Tornado. The method adopted basically of series
solution approach to the order of variation principles. Rotational (Azimuthal) aspect
of velocity has not been studied here in Takhar’s [5] Works however, the concept of
swirl velocity has been introduced based on theory of Circulation. One of the basic
motivations behind the present studies is to develop a model which accounts numerical
approach incorporating most of the futures of the non-linear models [6] and also incor-
porates effects of exact solutions in it. The model has been developed using order of
magnitude analysis developed by [7] and computational aspect by numerical approach.
The structure and dynamics of Tornado has been modeled in the present investigations.
The flow parameters such as velocities (Radial, Azimuthal, and Axial), pressure, and
swirl velocity have been-analyzed by the method of order of magnitude analysis. Use
of MATLAB software has been made use of for the numerical computation of flow vari-
ables. The results have been compared with other theoretical and experimental works.

The shortcomings in the literature have been cited.

2 Analysis

Steady axi-symmetrical vortex motion in a cylindrical frame of reference (r, 6, z) with

the origin fixed in a position relative to the source has been considered in the present
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analysis. The flow diagram is depicted in Figurel.

A%—w(alxlal velocity)

Azimuthal velocity

r-u(radial velocity)

Figure 1 : Azimutal velocity with distance:

The velocity with respect to r,0, and z-direction are assumed to be u, v, and w
respectively. The presence of Coriolis force is accounted (initially at the time of devel-
opment of the model) due to rotational aspect of the fluid at the model. However this
is neglected at later stages when compared with the rotational motion of the Tornado.
The velocity is assumed to be the function of rrand z due to axi-symmetric nature of

the Tornado. The governing equations of motion are

Ip/a(t) + V.(pv) =0 (1)
p%: = —VP+ F + uV?v (2)

Where p, P, and F'; u, vy w, are air density, pressure , body force , radial velocity, Az-

imuthal and vertical velocity respectively. The equation (2) can be solved by numerical

methods.
(1/r)(ru)r + we =0 (3)
wiy + ws — R — 200 = —(1/p)pr + vy + Uy —uf® Yus)  (4)
uv, + wo, + wv/r 4+ 200 = V(v + 110 — v/7% 4+ v,,) (5)
ww, + ww,+ = —(1/p)p. + v(wyr + 1/rw, + w,) (6)

Where u, v, and w are called Radial, Azimuthal, and Axial velocity respectively, p,v,

and ) are air density, kinematic viscosity, and angular velocity respectively and u, =
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Ou/Or. Initial conditions required for solving the equations (3) to (6) are assumed as
at r =0 we have u=v =0, w # 0(finite),w, = 0,p, = 0(finite),p, =0  (7)

Conservation of mass and momentum have been related by order of magnitude analysis
approached proposed by Makofski [7]. Following magnitude analysis has been adopted

in the present model. In the order of magnitude we define:
u~Uv=V,w~Wr~R (8)
equation (3) simplifies to
(1/R).(RU/R)+W/Z=0= U/R+W/Z =0 9)

Ro= Rossby number= Inertial force/Coriolis force= (V.W/Z)/Q.U= V/(R.Q). It is to
be noted that when Ro > 1, Cfy = 0 where C} is Coriolis force (=Q.U). Under the
assumption of order of magnitude analysis, governing equations (3-6) can be simplified

to

)P = (p.M?/v?.22).h(n),it)n = (M2 )v.2).r, )L = r.o = MY?.g(n),iv)¥ = v.z.f(n)

(10)
Analytical approach adopted by Takhar [5] has been incorporated while arriving onto
equation (10).Where P,I",v, andp are pressure, swirl velocity, air viscosity, and air

density respectively. And
M = /OOO(VV2 + P/p—v.W,)rdr (11)
We have also assumed ¥ is stream function and is related to u and w as
u=—(1/r).V,, w=(1/r).V, (12)

equation (10) for ¥ is used for getting radial(u), and axial velocity (w)components.
That is
w=—(1/r)v.f —vz M2 (w22 = f = f/n=uz/MY/? (13)
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w=(1/r):, = (M2 2))
v=M"2g/r=g/n=(v.z/M)uv
Substituting eqn.(9) eqn.(4), we get [ It is assumed that Cy = Oand(R/Z) < 1]
U?/R+W.U/Z—-V?/R—0=—P/(p.R) +0
Assuming vU/R? > vU/Z?, eqn.(16) reduces to
V?/R = P/(p.R)
Equation (17) can be written in differential form as
V2 = (1/p)p,
Governing equations (3)-(6) simplifies to
(1/r)(ru), +s =0
—v*fr = 2Qu= —(1/p)ps
vy, + wu, + wo)r = v(vp + 1/170, — v/7°)

wwy + ww,+ = —(1/p)p. + v(wpy + 1/rw,)

It is assumed that, Coriolis force is small in comparison to other forces, and

V:JT/V:W:/T2

105

(17)

(23)

The other comparative analysis has also been used (which is referred in Takhar’s [5]

research works) while arriving onto egs. (21) and (22).

3 Estimation of velocity:
Substituting for p from eqn.(10)(i) in eqn.(20), we get

92 — 773.]1,

(24)


www.SID.ir

106 Mathematical Sciences Vol. 5, No. 2 (2011)

Where h’ = dh/dn. Similarly substituting for v from eqn.(10)(iii) in eqn.(21) and also
u and w from eqgs.(13) and (14) in eqn.(10) and substituting we get

ng" —¢ +fg =0 (25)

Similarly equation (22) can be simplified with the help of eqn.(13) and (14) to
"= = /= +nf") =0 f = 2P h =t = 2f + ' +nf"] (26)

We need to solve three equations [eqs.(23)-(25)] in three unknowns [f, g, and h]. Use
of MATLAB Software has been made use of while solving system of Equations [23-25].
Initial condition [eqn.(7)] has been made use while solving for f, g; and h. Having known
f, g, and h by numerical approach, u, v, and w can be computed by using equation (13)
and eqn.(14) respectively. The variation of u, v, and w has been observed withn. It is
assumed that the value of M=1, z =1000m for-the computational purpose. Density and
kinetic viscosity which have been listed in Table.1 has been used for the computation
purpose in the present model. The data on air density and kinetic viscosity used are

for the temperature of 40c.

4 Results

The results of proportional radial (u), Azimuthal (v), and of axial velocity (w) are
shown in Fig.2 [the results need to be multiplied or divided by respective parameters
for getting velocities|. The variation has been observed with 7 (rate of r/z). It is
observed that, radial velocity has fluctuations over increased 7 (Fig.2a). The magnitude
of velocity is very negligible and almost approximates to zero. The results on Azimuthal
velocity (Fig.2b) indicates that, velocity increases to maximum value at n=10 and then
decrease to 0.22 as i approaches to 50. The maximum Azimuthal velocity related with
the present model is 20m/s.

The result on axial velocity (Fig.2c) indicates that velocity decreases with increase

in 7. The maximum axial velocity (non dimensional) found is 0.1 along the z-axis. The
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results of radial and axial velocities have been compared with the results of Takhar
[5] and shown in respective figures of radial and Azimuthal velocities [Fig.2a and 2c].
The results on radial velocity have found no significance with present approach whereas
the results on axial velocity have been found to be lower in comparison to Takhar [5]
works. The discrepancy in the results are mainly attributed due to approach adopted by
Takhar [5] is somewhat approximate in nature (adaptation of Blasius series approach)

whereas the present model, it accounts for numerical approach.

The results on axial velocity could not be compared due to non-availability of Takhar
works on Azimuthal velocity. In order to compare our model; the results of the present
model has been compared to that of experimental results on Tornado captured through
satellite images of Stockton (USA) Tornado [8] [Fig.3]. The results of the present
findings have been lower in comparison to ‘the experimental observations. However
the trend of Azimuthal velocity of the present model have found to be matching very
nice to that observed experimentally. This justifies that, the approach adopted in the
present model is acceptable. The lower values can be justified that, the model can be
improved by adding parameters like Coriolis force, Turbulence parameters. It could be
said here that additional experimentations is also required to justify the accuracy of

the experimental results also.

In addition to the velocities, the model has also been computed for swirl velocity
and for the pressure variations. The computed results have been shown in Fig.4a and
Fig.4b. The results indicate that swirl velocity and pressure increases with increase
in 17 and found that the present computed results is greater than the one reported by
Takhar’s model [5] on swirl velocity and on pressure. The simulated graph of Tornado
in 3D for the present model has been drawn by using equation of 7 =(M'/2/(5.z)).r and
MATLAB Software and shown in Fig.4. The simulated graph depicts exact replica of

the Tornado with all the relevant parameters accounted for the computational purpose.
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5 Conclusion

Steady axi-symmetric Tornado flow has been modeled in the present investigations.
Order of magnitude analysis has been used for the solving the flow variables. Numerical
method has been chosen for the computational purpose. The computed results have
been compared with other theoretical and experimental findings. The results of present
findings have found to be in good agreement with the experimental findings however

they found to be lower in comparison to that of other theoretical works.

Table.1: Data of flow parameters.

Temperature p(kg/m?) kinetic viscosity(y x 1079)

0 1.293 13.3
20 1.205 15.11
40 1.127 16.97
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Figure 2(a~c) : Variation of non-dimensional radial, Azimuthal, and axial velocity.
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Figure 3 : Variation of Azimuthal velocity with radius.
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Figure 4(a-b): Variation of pressure and swirl velocity.
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Figure 5 : The graph of simulated tornado.
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