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Abstract

In this paper an analytical solution is presented to solve Darcy-Brinkman equa-
tion for fully developed forced convection in a porous channel surrounded by two
isoflux parallel plates, using homotopy perturbation method (HPM). The results
show an excellent agreement between HPM and exact solution of the equation in
various values of key parameters.
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1 Introduction

Forced convection in porous media is so important for researchers due to its wide ap-
plications such as electronic cooling, solar collectors and ground water studies. There
is convenient information about this topic in [1-8]. Fully developed Forced convection
in channels has been considered by many authors to investigate fluid flow and heat

transfer characteristics in channels filled with porous media with various cross sections.
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For instance, Kaviany [9] studied laminar flow in a porous channel bounded by two
isoflux parallel plates numerically by use of Brinkman extended Darcy model. Vafai
and Kim [10] using this model, analytically considered forced convection in thermally
fully developed flow between two flat plates. Amiri and Vafai [11] considered the effects
of non-thermal equilibrium and dispersion on the fully develop flow and heat transfer
characteristic in a channel filled with a porous medium with variable porosity numeri-
cally. Hung et al. [12] studied on fully developed forced convection in a homogeneous
porous medium and a closed form solutions obtained for the temperature distributions
in the transverse direction. Nield et al. [13] considered forced convection in a chan-
nel filled with fluid-saturated porous medium with isothermal or isoflux boundaries.
Haji-Sheikh and Vafai [14] used Brinkman’s model to analyze flow and heat transfer in
porous media imbedded inside various-shaped ducts and presented an exacta solution
for both rectangular and circular ducts. Nield [15] considered, thermally developing
forced convection in a porous medium inside a parallel plate channel with uniform wall
temperature and axial conduction and viscous dissipation effects. Hooman et al [16]
examined first and the second law characteristics of fully developed forced convection
inside a porous-saturated duct of rectangular cross-section by use of Darcy—Brinkman

flow model.

Homotopy Perturbation Method (HPM) is a brilliant methods that introduced by
He [17, 18]. These days it has been utilized by many researchers to find an analytical
solution of linear and non-linear ordinary and partial differential equations (ODEs and
PDEs). For example, Dehghan and Shakeri [19] by use of this method solved Partial
differential equation arising in modeling of flow in porous media. Siddiqui et al. Ganji
and sadighi [20] solved nonlinear heat transfer and porous media equations by use of
HPM and variational iteration method, and found a convincable agreement between
these methods and exact solution. Biazar et al. [21] solved general form of porous
medium equation by HPM and compared with the Adomian decomposition with a

very good agreement between them. There are many other related works in [22-25].
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The main goal of this paper is to solve Darcy-Brinkman momentum equation for
fully developed forced convection in a porous channel bounded by two isoflux parallel
plates, using homotopy perturbation method. Further more the effect of some existed
parameters in the equation are considered on the dimensionless velocity profile and

Nusselt number.

2 The Basic of Homotopy Perturbation Method

Following equations denotes the fundamental of the HPM

A(u) = f(r) r e, (1)

—)=0recl. (2)

where f(r) is a known analytical function, A is a general differential operator, B is a
boundary operator, 8% symbolize differentiation along the normal vector drawn out-

ward from 2, and I is boundary of the domain 2.

A(r) would be separated to two linear and nonlinear parts. Hence, Eq. 1 can be
rewritten as follows:

L(u)+ N (u)— f(r)=0. (3)
Then the Homotopy perturbation structure is shown as follows:

D(g,p) = (1 —p)[L(g9) — L(uo)] + p[A(g) — f(r)] =0, r€Q, pel0,1], (4

where

g(r,p): Q2 x[0,1] = R (5)

In Eq. 4, p € [0,1] is an embedding parameter which increases from 0 to 1 and is the

initial guess of Eq. 1 that satisfies boundary conditions. Due to Eq. 4, we have:

D(g,O):L(g)—L(’LLo):O, (6)
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D(g,1) = A(g) — f(r) = 0. (7)

By using the perturbation technique, we assume that the solution of Eq. 4 can be

written as a power series in p, as following:

g =90+ g1p+ g2p® + g3p° + ... ®)

By assuming p = 1, we will have:
u=Ilimg=gog+g1+9g2+9g3+.... 9)
p—1

3 Governing equations

Figure 1 shows a schematic of fully developed flow in porous channel bounded by two

isoflux parallel plates.

Tmpermeable and isoflux

“I 77 4==——%) Parous media
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Figure 1. Schematic of a flow in a channel filled with porous media.

The governing equations of a viscous and incompressible fluid in fully developed flow

and heat transfer conditions introduces as:

dp d>u pu
_ eff—s —— =0, 10

where ;1 and p are viscosity and density of fluid, respectively. Also, pcry is the effec-

tive viscosity of the fluid in the porous medium. K, u and p are permeability, form
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coefficient, velocity and pressure, respectively. So, the dimensionless variables are:

Yy =2 g= 1Y (11)

H’ PeH’ GH?’

7=
By substitution Eq. (11) in Eq. 10, we will have the dimensionless form of the Eq. 10
with following boundry conditions:
d?u  w

1+ M———=0
+ diy?  Da

(12)

No-slip boundary condition at top wall and symmetry conditions at centerline are

defined as

a(1) =0, @(0)=0 (13)
Here, we have
_ Hefs oK
And also, the Peclet number Pe is defined as:
pCPHU
Pe="""— 15
= (15)
The bulk mean temperature and mean velocity are defined as:
1 H 1 [H2
T =-— Tdy, U=— / dy. 16
o N /0 uT dy 7, v (16)
Further dimensionless variable are introduced as:
— @ T-T,'
U= —, 0= —=—— 17
T T T, (17)

where T}, and T, are the bulk mean temperature and downstream wall temperature

respectively. The Nusselt number is determined as:

2qu/

Nu=— ¢
T Ky (T —To)

(18)

where ¢” is wall heat flux. Homogeneity and local thermal equilibrium is assumed. The

steady-state energy equation is:


www.SID.ir

116 Mathematical Sciences Vol. 5, No. 2 (2011)

where k, C), are thermal conductivity and specific heat, respectively. Due to the first

law of thermodynamics we have:

oT 2q"
or_ 2 20
or pCpHU
By substituting Eq.20 into Eq. 19 we have:
2q"u 0 0T
=K—(—). 21
Fodii 3y ( ay) (21)
Finally, the dimensionless form of Eq. 18 becomes:
0 _
25 TUNu=0, (22)
where the boundary conditions are:
dé
— — 0, 0 = 0 23
Bl =0 P (23)

4 Method of solution

To solve Eq. 12 the linear operator which is the linear part of the Eq. 8 is determined
as:

VS
L(Q) =M — 5o

(24)
where ( is an_auxiliary function. The second step is to guess an arbitrary initial
approximation as follows:

azm(g) - gQ -1, (25)
where subscript ini refers to an initial approximation of Eq. 12. According Eq. 8 and

HPM the following homotopy equation would be constructed as:

D(g,p) =

NP
)] +pl1+Mddgg(2y) _ggﬂ =0
(26)

d*tini(§)  Wini(9)
diy? Da
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Substituting Eq. 4 into Eq. 22 and equating the coefficient with identical power of p

we obtain a system of equations with n + 1 differential equations to be solved simulta-

neously; as follows where n is the order of p in Eq. 4.

Zeroth-order: ) 9
d nggy) _ }Egl a4 l;w—); —0. (27)
First order: ) 2
Second order: )
627292@) ]g\;gl =0 (29)
Third order: )
jyggz(y) - ]g\;(gl N 30)

(31)

And the boundary conditions are:
i>0

gi(1) =0, 4;(0) =0

Solving Eqgs. 27- 30 with corresponding boundary conditions, the following functions

can be obtained successively:
90(@) = gQ - 17 (32)
B DaerﬁpﬁfDae‘mbmfembmieﬁjmjLR(g)
g1 (y) “ 1 _ T ) (33)
eViivDa + ¢ Vi Da
where
R(y) = _Dae\/Ml\/D* — Dae_\/ﬁlx/ia +g2€m1\/D7 +g26_m1\/D77
92(¥) = g3(y) = 0. (34)
Finally, by summing up the results, and p — 1 we write the velocity profile as
Da <—e\/ﬁyx/m — e‘mg\/m + e\/ﬁlx/m + e_\/ﬁlx/m>
i T (35)
eV vVba 4+ ¢ Vi /Da

=0
Eq. 35 is the analytical solution of problem by use of HPM.
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5 Results

Due to Fig.2 and table 1, it is clear that there is a very good agreement between HPM
and exact solution of the Darcy Brinkman equation for fully developed forced convection
in a parallel plats channel imbedded with homogeneous porous medium i.e. HPM is
a reliable solution for this equation by convenience assumed initial approximation and

suitable choose of linear part.

Da=1,0.01.0.0001

0.5+

| HEMEsTss s

1 Exact solution
0.0 T T T T
i} 0z 04 0.6 0g 10

¥

Figure 2. Comparison of HPM results with exact solution in different values of Darcy number

(Da)

Figure 3. Velocity profile in various values of Da along the half channel height.
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As seen in the Fig.3, velocity profile becomes more flat by decreasing Da due to low

permeability that resists the flow.

Figure 4 illustrates the variation of Nusselt number versus Darcy number as well as
M. As seen, it is obvious from the figure that by increasing the value of M and Da the

value of Nusselt decreases.

5651

5159

Nu

4,657

4.158%
0.0

05 475 105

Da

Figure 4. variation of Nusselt number versus Darcy number and M.

6 Conclusion

Darcy Brinkman equation for fully developed forced convection in a porous saturated
parallel plate channel is solved analytically by use of HPM and compared with exact
solution which has been presented by Haji-Sheikh et al [14]. The results show a suitable
agreement between HPM and exact solution of the equation. Also it can be concluded
from the results that decreasing the Darcy number makes the velocity profile more flat

and decreases the velocity maxima while it leads to increasing the Nusselt.
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Tablel. Validity of HPM solution versus exact solution when § = 0

Da=1 Da=0.01 Da=0.0001
M Exact HPM Error| Exact HPM Error| Exact HPM Error
1 1.476246| 1.476246| 0 1.11101 | 1.11101 | O 1.010101| 1.010101| O
2 1.487819| 1.487819| 0 1.162737) 1.162737| 0 1.014345| 1.014345| 0
3 1.49181 | 1.49181 | 0 1.201965| 1.201965| 0 1.017626| 1.017626| 0
4 1.493831| 1.493831| 0 1.233128| 1.233128| 0 1.020408| 1.020408| 0
) 1.495052| 1.495052| 0 1.258491| 1.258491| 0 1.022872| 1.022872| 0
6 1.495869| 1.495869| 0 1.279517| 1.279517| 0 1.02511| 1.02511 | O
7 1.496455| 1.496455| 0 1.297216| 1.297216| 0 1.027177) 1.027177| 0
8 1.496895| 1.496895| 0 1.312311) 1.312311| 0 1.029108| 1.029108| 0
9 1.497238| 1.497238| 0 1.325331| 1.325331| 0 1.030928| 1.030928| 0
10 1.497513| 1.497513| 0 1.336675| 1.336675| 0 1.032655| 1.032655| 0
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