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Abstract

partial metric spaces.

Purpose: The purpose of this paper is to study a common fixed point theorem for two maps in'partial metric spaces.
Methods: To prove Cauchy sequence, we used W — @ contractive method-and obtain common fixed points.
Results: We obtained a common fixed point result and illustrated with one example.

Conclusions: [tis concluded from the present study that one can generalize some results from metric spaces to
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Background

The notion of partial metric space was introduced by S.G.
Matthews [1] as a part of the study of denotational seman-
tics of data flow networks. In fact, it is widely recognized
that partial metric spaces play an important role in con-
structing models in the theory of computation ([2-9], etc).
Matthews [1], Oltra and Valero [10], Romaguera [11] and
Altun et al. [12] proved fixed-point theorems in partial
metric spaces for a single map.

In this paper, we obtain a unique common fixed-point
theorem for two self mappings satisfying a generalized
¥ — ¢ contractive condition in partial metric spaces. Our
result generalizes and improves a theorem of Altun et
al.[12] and some known theorems in partial metric spaces.

First, we recall some definitions and lemmas of partial
metric spaces.

Definition 1.1. [1] A partial metric on a non-empty set
Xisafunctionp : X x X — RT such that forallx,y,z € X:

p1) x=y<&pkxx)=pxy =p0yy,
p2) pxx) <px),p0,y) <pxy),
(p3) pxy) =pOy,x),
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(pa). p,y) < p(x,2) +p(z,y) — p(z,2).
(X, p) iscalled a partial metric space.

It is clear that [p(x,y) — p(y,2)| < p(x,2)Vx, ¥,z € X.

It is also clear that p(x,y) = 0 implies x = y from (p;)
and (p2). But if x =y, p(x, y) may not be zero. A basic
example of a partial metric space is the pair (R, p), where
p(x,y) = max{x,y} forall x,y € RT.

Each partial metric p on X generates 7g topology 7, on
X which bases on the family of open p-balls {B,(x,¢€)/
x € X,e > 0} forallx € X and € > 0, where B,(x,¢€) =
{y e X/p(x,y) < px,x) + €} forallx € Xand € > 0.

If p is a partial metric on X, then the function d), : X x
X — RT given by dp(x,y) = 2p(x,y) — p(x,x) — p(y,9) is
a metric on X.

Definition 1.2. [1] Let (X, p) be a partial metric space.

(a) A sequence {x,} in (X, p) is said to converge to a
pointx € X ifand only if p(x,x) = lim p(x, x,).
n— 00
(b) A sequence {x,} in (X, p) is said to be Cauchy
sequence if lim p(xy,,x,,) exists and is finite.
n,m— 00
(¢) (X,p) is said to be complete if every Cauchy

sequence {x,} in X converges, w.r. to T, to a point
x € X such that p(x,x) = lim  p(xy, x4,).
n,m— 00
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Lemma 1.3. [1] Let (X, p) be a partial metric space.

(a) {x} is a Cauchy sequence in (X, p) if and only if it is
a Cauchy sequence in the metric space (X, dp).
(b) (X, p)is complete if and only if the metric space
(X, dp) is complete. Furthermore, nlgrolo dp (X, %) =0
ifand only if p(x,x) = lim p(x,,x) = lim
n— 00 n,m—> 00
P&y Xm).

Note 1.4.If {x,} converges to x in (X,p), then
Jim pen,y) = pey)Vy €X.

Proof. Since {x,} converges to x, we have p(x,x) =
nlingop(xn,x). Now, p(x,y) < p(xu, %) + p(x,y) — p(x,x).
Letting n — oo, lim p(x,,y) < lim p(x,, %) + p(x,y) —

n— o0 n— o0

p(x,x). Thus, lirrolop(xn,y) < px,y). O
n—

Results and discussion

Theorem 2.1. Let (X,p) be a partial metric space
and let S,f : X — X be such that

(2.1.1) ¢ (p (Sx, Sy)) < 1//(M (x,y)) —¢ (M (x,y)) ,Vx,y €
X, where ¥ :[0,00) — [0, 00) is continuous, non-
decreasing and ¢ : [ 0, 00) — [0, 00) is lower semi-
continuous with ¢ (t) > 0 fort > 0 and M (x,y) =

max {p(fx, fy), p(fx, Sx), p(f, ), 5 [p (fr, Sy) +
p(y,Sx)]},

(2.1.2) S(X) C f(X) andf(X) is a complete subspace of
X, and

(2.1.3) the pair (f,S) is weakly compatible. Then, S and f
have a unique common fixed point in X.

Proof. Let xp € X. From (2.1.2), there exist sequences
{x,} and {y,} in X such thaty, = Sx,—1 = fx,n =

Case (i): Suppose y, =¥,41 for some n, then fz = Sz,

where z = x;,. Let us denote fz = Sz = «. From (2.1.3), we
have foo = Sa. Suppose S # «, then

Y (pSa, a)) = ¥ (p(Sa, Sz))
<Yy M(a,z)) — p(M(a, 2)).

M(a,z) = max {p(Sa, a), p(Sa, Sa), p(o, o),

1
3 [p(Sa, @) + p(a, Sa)]}
= p(Sa, &), from (p2).
Thus,

Y (p(Sa, a)) < ¥ (p(Sat, ) — ¢ (p(Sex, )
< Y (p(Sa, ), sincep(t) >0Vt >0.
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Hence, So =«. Thus, « is a common fixed point of f and
S. Suppose B is another common fixed point of f and S,

1
M(a, ,3) = max {P(a» ,3);17(01»01)»}7(/3» :3)’ E [P(Oly ,3)

+P(ﬂ»a)]}
= p(w, B), from (p3)

Y (p(a, B)) = ¥ (p(Sa, SB))
< Yy M(a, B)) — ¢ (M(a, B))
=V (p(a, B)) — d(p(a, B))
< ¥ (p(o, B)), sincep(t) > OVt > 0.
Hence, 8 = «. Thus, o is the unique common fixed

point of S and f.
Case (ii): Assume that y,; # y,41 for all n. Denote p,, =

P()/n,yn+1)~
Y (pw) =¥ (0O Ynt1))
=Y (p (Sxn—1, Sxy))
S (M xp—1,%0)) — ¢ (M (xy—-1,%n)) .

p(yn—lyyn)7p()’n—1yyn)yp0/myn+1);}
M(x,—_1,%,) =max .
(én—1, %) { %[p(yn—lyyn+1) +p(yn;yn)]

But

1 1
2 [P(J/nfl;yr&l) +P()/nyyn)] = 2 [P(Ynflyyn)
+P()/nyyn+1)]

< max{py-1,pu}-
Hence, M(x,—1,%,) = max{py—1,pn}. If p, is maxi-
mum, then

YV (pn) = ¥ (Pn) — ¢ (pn)
< Y (pn), sincep(t) >0Vt >D0.

Hence,

I/f(Pn) = 1/f(Pnfl) - ¢)(pn71)
< Y (pu-1)-

Since v is non-decreasing, we have p, < p,_1,n =
1,2,3,... Thus, {p,} is a non-increasing sequence of
non-negative real numbers and must converge to a real
number, say, k > 0. Letting n — oo in (1), we get ¥ (k) <
Y (k) — ¢ (k) so that ¢ (k) < 0. Hence, k = 0.

Thus,

(1)

lim p(ynyyn+1) =0 (2)
n— 00
Hence,

nlggo POnsyn) =0 = nlgrgo POnt1, Yyuy1) from (p2)  (3)
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From the definition of d, and (2) and (3), we have
nlglgo dp(yn; Yn+1) =0 (4)

Now, we prove that {y,} is a Cauchy sequence in (X, dp).
On contrary, suppose that {y,} is not Cauchy, then there
exists an € > 0 and monotone increasing sequences of
natural numbers {1} and {rn;} such that n; > my,

ApYm V) = € (5)
and
Ap Ymy» Ym—1) < € (6)
From (5),

€= dp()’mk;ynk)
E dp(ymk7yl’lk—l) + dp(yl’lk—byl’lk)
< €+ dp(Yn—1,9n) from (6).

Letting k — oo and using (4), we have
lim dp Yy yn) = €. (7)
k— 00

Letting k — oo and using (7) and (4) in |dy Yy Y +1) —
dp(ymkrynk)| = dp(ynk+1; ynk) we get

lim dp(ymk; ynk+l) = €. (8)
k— 00
From the definition of d,, (8) and (3), we have
. €
hm P()/mk; yl’lk+1) - - (9)
k—00 2

Letting k — oo and using (7) and (4)in [d, Gy —1,9n,) —
dp(ymk)ynk” E dp(ymk—lyymk) we get

lim dp(Ymy—1,ym) = €. (10)
k— 00
Hence, we have
) €
lim P()’mkflyynk) = - (11)
k—00 2
Letting k— oo and wusing (10) and (4) in

|dp()/nk—1; ymk—l)_dp(ymk—lyynk” S dp()’nk—lyynk) we get

lim dp()’nk—l,ymkfl) = €. (12)
k—o00
Hence, we have
. €
lim P()’nk—l,ymkfl) == (13)
k—00 2

Letting kK — oo and using (10) and (4) in |dy (Viz» Yy —2) —
dp(ynk7 ymk—1)| = dp(ymk—Z)ymk—l) we get

lim dy (Vs Yim—2) = €. (14)
k—00
Hence, we have
. €
lim p(ynkrymk72) == (15)
k—o00 2
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1// (P(ymk;ynk+l))

= w (p(sxmk—lr ank))

< P()’mk—l,)’nk);P(ymk—l;ymk—Z);P(ynk’)’nk—l);

< ¢ | max 1
j[p(ymk—lfynk—l) +P0’nk;ymk—2)]

P()’mk—l,)’nk);P(ymk—l;ymk—Z);P(ynk’)’nk—l),
— ¢ |max 1 .

j[p(ymk—lfynk—l) +P()’nk;ymk—2)]

Letting k — oo and using (9), (11), (2), (13) and (15),
we get

€
2
v(3)=v G2 Gl-r(5)
It is a contradiction. Hence, {y,} is a Cauchy sequence in
(X, dp). Thus,

lim  dy(¥u, ym) = 0.

n,m— 00

(16)

Now d,u, ym) = 200mYm) — POn>Yn) — PG> Ym)-
Letting #, m — oo and using (16) and (3), we get

limoop(yn,ym) =0. (17)

n, m—

Suppose f(X) is complete. Since {yn} C f(X) is a Cauchy
sequence in the complete metric space (f(X),dp),
it follows that {yn} converges in (f(X),dp). Thus,
nli)rr;o dp(yu, v) = 0 for some v € f(X). There exists u € X

such that v = fu. From Lemma 1.3(b), we have

pv,v) = lim PO v) = lim P> Ym) (18)
n—00 n, m—0oQ
Now, from (17) and (18),
pv,v) = lim p(y,,v) =0. (19)
n—0o0

Now, suppose Su # v
p(Su,v) < p (Su, Sx,) + p (Sxn, v) — p (Sxy, Sxy1)
< p (S, Sxn) + P (Yynt1,v)
Y (p(Su,v)) < ¥ [p(Su, Sxn) + pOns1, V)] -

Letting n — o0, we have
¥ (p(Su,v))
<y ( lim p(Su, Sx,) + O) from (19)
n—> 00

= lim ¥ (p(Su, Sx,)), since ¥ is continuous
n—0o0

l[f max P(V,yn),P(Vy Su))p(ymyn+1)y
1
2 [PV, yu+1) + POn, Su)]

—(f) max p(Vryn)rp(V) SM):P()’n,yn+1),
%[P(V; Yn+1) +POn, Su)]

< lim
n—0o0
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— max nllg;op (V’yn) ,IJ(V: Su)) HIL)I%OP (yn:yn+1) ’
3 [nli)rrgop (v, yns1) + lim p (yn,Su)]

1 .
= max{ 0,p(v,Su),0, 5 [0 + nh_{rolop (yn, Su)] }
. 1.,
= p(v, Su), since 3 nlgrgop(yn, Su)

1
< EP(V, Su) from Note 1.4

Therefore,

U (p(Su,v)) < ¥ (p(Su,v)) — ¢ (p(Su,v))
< Y (p(Su,v)).
Hence, Su = v. Thus, fu = Su=v.
As in case (i), we can prove that v is the unique common

fixed point of S and f. The following example illustrates
our Theorem 2.1. O

Example 2.2. Let X =[0,1] and p(x,y) = max{x,y} for
allx,y € X. Let S,f : X — X be defined by

X 1 0 1
Sx = ‘i ?”x7é and fx = f lf e

3’ lf'le ) lf' x=1
Define ¢ :[0,00) —[0,00) by ¥(t) = t and ¢ =

[0,00) —[0,00) by ¢(t) = % Then, all conditions
(2.1.1),(2.1.2) and (2.1.3) are satisfied, and 0 is the unique

common fixed point of S and f.

Corollary 2.3. Theorem 2.1 holds with the condition
(2.1.1) is vreplaced by (2.3.1) p(Sx,Sy)<¢ (max

{ P, ), p(fx, Sx), p(fy, Sy),

Yx, y € X, where ¢ :
3 [p(fx Sy) + p(fy, Sx) }) Y 14
[0, 00) —[0, 00) is continuous and ¢(t) < t fort > 0.

Proof. Define Y (t) = t and@(f) =t — @) Yt > 0.
Then, the condition (2.3.1) implies the condition (2.1.1).
O

Corollary 2.4. Let (X, p) be a complete partial metric
space and F : X — X be a map such that p(Fx, Fy) <
¢ (max {p(x, y), p(x, Fx), p(y, ), 5 [p, F9) + p(ys E)]}),
Vx,y € X, where ¢ :[0,00) —[0,00) is continuous and
@(t) < tfort > 0. Then, F has a unique fixed point in X.

Remark 2.5. Altun et al. [12] proved the corollary 2.4
with an additional condition on ¢, namely, ¢ is non-
decreasing.
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