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Abstract

equations.

Purpose: The purpose of this paper is to research the solution of the perturbed coupled Korteweg-de Vries (KdV)

Methods: The results are obtained through researching a system of corresponding.partial differential equations
which approximates the perturbed coupled KdV equations and the symmetry-method.

Results: The symmetry structure and the corresponding general approximate symmetry reduction are derived. Then,
using the symmetry reduction, the infinite series solutions are obtained.

Conclusions: The approximate symmetry reduction approach canbe used to search for similar results of other
perturbed nonlinear differential equations with small parameters.
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Background

It is well known that nonlinear dynamical systems emerge
in various fields, such as fluid mechanics, plasma physics,
biology, hydrodynamics and optical fibers. The nonlinear
phenomena which occurred in such fields are often related
to some nonlinear wave equations: In general, one often
chooses to exactly solve the related unperturbed partial
differential systems as the beginning point of research.
However, many nonlinear partial differential equations
(PDEs) are, of course, approximations in their derivation,
i.e. higher order terms, and dissipation may have been
neglected. In order to better understand such phenom-
ena as well as further apply them in practical scientific
research, it is important to study the properties of the per-
turbed PDEs. The approximate symmetry perturbation
approach [1] is a powerful method for such substitu-
tions and has been applied to many classical PDEs [2-7].
Maybe in theory it is not difficult, however, the concrete
study shows that it, indeed, is not a trivial work to con-
struct the different-order perturbation solutions and even
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give the general formulae. During the computations, one
must make appropriate choices not only on the type of
the solution functions but also on the parameters which
occurred during the computations, such as some integral
constants, to render the solutions physically meaningful
and have correct asymptotic forms. Next, we take the
coupled Korteweg-de Vries (KdV) equations [8,9] as an
example, which reads

Up + Uygr + 20ty + (uv), = 0, (1a)
Vi + Varx + 205 + (uv), = 0. (1b)

The model equation (Equation 1) is important to describe
many kinds of physical systems and atmosphere [10],
especially, for a two-layer fluid system. To describe the
real two-layer fluid system, we have to introduce some
types of physical effects, say, the viscosity. In this letter, we
consider the above coupled KdV equations

Ut + Uyxy + 2utiy + (UV)x + €tiyy = 0, (2a)
Ve 4 Vg + 200x + (V)4 + €V = 0. (2b)

in terms of approximate symmetry reduction method.
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Results and discussion

Substituting Equation 14 into Equation 15 and eliminating
ujr and vjy (j = 0,1,---) in terms of Equation 13 result
in determining equations by vanishing all coefficients of
different partial derivatives of u#; and v; for the unknown
functions X, T, U; and V; (j = 0, 1, - - -), which have the
solution

X =ax+xg, T = 3at + ty, Uy = (—2a—Db)vo—+cuy,
Vo = bvg + (—¢c — 2a)ug, Uy = crug + (a + o)
+divg — 2a + b)vi, V1 = —ciug — (¢ + 2a)u;
—divo + (a+ b)vi, Uy = caup + c1uy
+ (¢ + 2a)uy + dyvy + divi — (2a + b)vy,

Vo = —coug — crur — (¢ + 2a)uy — dovg — ding
+ (2a + b)VZr ......... B
j—1
Uj = (c+ja)u; — 2a + b)V/' + Z(cj_iu,- + d/_ivi),
i=0

Vi = —(c+2a)u; + (b + ja)v;
j—1
- Z(C/’ﬂ'ui +dji—ivi) -, (3)

i=0

where a, b, ¢, xo, to, ¢j and d; are arbitrary constants. The
sum items in the general formula of UJ; and.V; are, respec-
tively, the turn of u; and v}, so we just suppose ¢; = 0.and
d; = 0. Subsequently, solving the characteristic equations

dx dt

dx dug _ dw _duy Ay
X T U W U U;
(4)

leads to the similarity solutions to Equation 2 which can
be distinguished in the following two subcases:

Case 1. When a # 0, and to be convenient, we let xg =
0 and ¢y = 0, the similarity solutions are

_ (2a + bz) Qo) 4 Py (g)th+c3-22*a
t3
_ (c+ 2&12)Q0(§) Pyt bici2a
t3
w =5 PLE) + Qat+BE) bl)Q1($)’
£3
_ (2a + ¢)Q1(§)
v = — —_—,
¢3
uy = £ Pz(E) + (2a+ b)Qx(§),
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Uz = t“éif“pg(g) + (2a + b)Qs(6)t3,
Vs = "5 Py(E) + (2a + ¢)Q3(8)E3,
b+c+(}+2)
=t ”“ P& + Qa+ Q@)1
......... (5)

with the similarity variable £ = . Hence, the perturba-
,:?
tion series solution to Equation 2 is

_ Zej[ b+¢+(1+2) P(S) + (Za—l-b)Q](g)t 3 ],

j=0
(62)
=S I [E=ER® + Cat Q@ ],
j=0
(6b)

The similarity reduction equations related to similarity
solution equations are

P, b 2a)P,
O (€9 : Pocee = APoQoe + 5305 _ +cg—|— a) o
a
(7a)
Quece = BQQue + 3 + 20 (7b)
. £P
O(€") : Prege =AY (QiP1-s + 15
i=0
(c+b+3a)P
+ cg—aa)l — POSS; (7C)
Quees = BZ (QiQi-z + SQ31§
+ % — Qoge» (7d)
2 £P
O(€%) : Poggs =AY (QiPr-i)s + 325
i=0
+ b + 4a)P:
+ % - Plgé; (7e)
2 4 Q
Qee =B ; E(Qin—‘ 5 Qs

(76)
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3
§Ps
O(€) : Paggr =AY (QiPs_): + Tf
i=0
n (c+ b+ 5a)Ps

— Poysg, 7
3 s (7g)

3
1
Q3scee = B Z E(QiQ3—i)§ + EQTBE
i=0

1
- §Q3 — Qas, (7h)

j
, EP;
O(¢): Pge =AY (QP-)s + T'E
i=0
(c+b+(G+2)a)p;
+
3a

— Pj_1z¢, (7i)

1 £Q
Qese =B ) 5 (QiQie + 3~

i=0

j— 2
- }TQj - Qj_1t¢, (7))

where A = —b—c—4a and B = —2b —2c—8a are integral
constants,and P_; = Q_1; = 0.

Case2. (1). a=0, b+ c #0: Welet ty = 1, then the
similarity solutions are

wj = ePH L E ) +bGi(€), v = —eP T F(§) +0G;(§)
(8)

with the similarity variable £ = x — xot, where F; and
G;j (j = 0,1,..) are arbitrary functions of £.
Accordingly, the similarity reduction equations
related to similarity solution equations are

O(%) : Fosge = — (b + ©)(FoGo)s + %oFos
— (b + ©)Fy, (9a)
Gozes = —2(b + ¢)GoGos + x0Gos  (9b)
O(eY) : Fiege = —(b + ¢)(FoG1 + F1Go)e
+xoF1e — (b + o) F1 — Fogs,

(9¢c)
Gléfé = —2(b+C) (GOGI)S +x0G1§ _GOES’
(9d)
2
O(ez) : FZEES =—(b+o Z(FiGZ—i)g + xOFzg
i=0

— b+ o)F, — Flgg, (9e)

Page 3 of 5

Gogge = —2(b + 0)(GoGa)e
—2(b+ 0)G1G1e +x0Gae — Giee,

(9f)
3
O(€%) : Faggr = —(b+¢) Y (FiG3_)s + xoFs
i=0
— (b +o)F3 — Fag, %9g)
Gaees = —2(b+ ) (G1G2 + GoG3)e
+ x0Gss — Gase, (9h)

O(€) : Fiees = =(b + ) Y _(FiGj_i)e + x0Fje
=0
— b+ OF — Fi1ge, (%)
j
Gieze==(b+0) Y _(GiGj_i)s + %G
i=0

— Gj_1ez, 9j)

withF_1 =0and G_; = 0.
(2). a=0, b+ c = 0:In this case, the similarity solutions
are

uj = Fj(§), vi = G;(§) (10)

with the similarity variable & = x — mt, where m is an
arbitrary constant, and here, Fjand G; (j =0, 1, - -+ .)
are also arbitrary functions of . The reduction
equations related to similarity solution equations are

O(EO) : Fogee = mFoe — (2F + Go)Fos — FoGog,

(11a)
Gogge = mGog —(Fo+ 2Go)Gog —Foz Go,
(11b)
O(€') : Figge = mF1z — (2Fy + Go)Fie
— (2F1 + G1)Foe — Foge — FoGas
— F1Gog, (11¢)
Gieee = mGrz — (Fo + 2Go)Gie
— (F1 +2G1)Goe — Goee
— F1Go — Fos G,
O(EZ) . Fzggg = szg — Flgg

2

- Z[ (Fo—i + Go—)Gile, (11e)
=0

(11d)
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Gazee = mGaz — Gugs

2
— Y [(Fi+G)Gaile,  (11f)

i=0
0(63) 1 F3eee = mF3g — Foge
3
— > [(F3i+G3-)Gle, (11g)
i=0

Gaeee = mGze — Goge

3
— Y [F+G)Gs_]:, (11h)
i=0

O(€) : Figgr = mFjz — Fj_1z¢

]
Y [(Fi+GdGile, (1))
i=0
Gjgee = mGje — Gj-1z¢

j
- Z[ (Fi + G)Gj—ile

i=0

(11j)

with F.1 =0and G_; = 0.

Conclusions
In summary, by applying the approximate symmetry
reduction approach to perturbed coupled KdV equations
which is an important physical model to describe many
kinds of physical problems especially related to the two-
layer fluids with unavoidable viscosity, we have unearthed
that the similarity reduction solutions and similarity
equations of different orders are coincident in their forms.
Therefore, we summarize the infinite series solutions and
general formulae of the similarity equations.
Nonetheless, we have not mentioned the convergence
of infinite series solutions because of its difficulty. Actu-
ally, the convergence radius of the series is dependent on
the concrete exact solutions. However, it is still very dif-
ficult to get exact solutions for infinitely many reduction
equations. More details on this topic should be studied
further. The approximate symmetry reduction approach
can be used to search for similar results of other perturbed
nonlinear differential equations with small parameters,
and it is worthwhile to summarize a general principle
for the perturbed nonlinear differential equations holding
analogous results.

Methods

Approximate symmetry reduction approach to the
coupled KdV equations

With the perturbation theory, solutions of perturbed par-
tial differential equations can be expressed as a series
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containing a small parameter. Specifically, for Equation 2,
the solution can be supposed to be of the general
form

o0 o0
U= Ze’uj,v = Ze’v;,
j=0

j=0

(12)

with ; being functions of x and ¢ Substituting
Equation 12 into Equation 2 and vanishing the coeffi-
cients of €, we obtain a system of partial differential
equations

O(€®) & s + toxax + 2Wotox + (uov0)x =0, (13)
Vor 4 Voxxx + 2Vovox + (@ovo)x = 0, (13b)

O(e')  u1r +thrny + Uoxx + (oV1)x + (U1v0)x
+ 2(uou1)x = 0, (13¢)

Vit + Visga + Voxx + (Vot1)x + (V1to)x
+ 2(vov1)x =0, (13d)

2 2
O(€?) & uzs + Unpnx + (Z Miuz—i) + (Z MNZ—;’)
x i=0 x

i=0
+ Ulxx = 0’ (138)
2 2
Vot + Voxux + (Z ViV2i> + (Z uivzi)
i=0 x i=0 x
+ Vi =0, (13f)

J
O : i + Ujuwx + | Y ittj

J
+ Z UiVj—i
x i=0

i=0 X
+ Uji—1xx = 0, (lgg)
j j
Vit + Vixxx + Z Vivi—i | + Z UiVi—i
i=0 X i=0 ;
+ Vi—1ax = 0, (13h)

where we just let u_; = 0 and v_; = 0. The next crucial
step is to study the symmetry reduction of the above sys-
tem. To that end, we search for the Lie point symmetries in
the form

0j = Xujx + Tujy — U, j=0,1,---), (14a)

O—/ = XV}x + TV/'[ - ‘/j; (i = 0; 17 te )’ (14b)
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where X, T, U; and V; are functions with respect to x,
t, uj and v; (j = 0,1,---). The linearized equations for
Equation 2 are

00t + O0xxx + (1000)x + (#003) , + 2 (G010), = O,

(15a)

001 + Oters + (1000)s + (005),, + 2 (9gv0), = 0,
(15b)
01t + Olaxx + O0xx + (V001 + v100), + (00| + u107)
+ 2 (upo1 + u1090), =0, (15¢)
014 + Ol yux + O0x + (V001 + v100), + (00| + u107)

+2 (voo1 + v109), =0, (15d)

2 2
02t + O2xxx + O1ax + Z viog—i | + Z uiaé_i
i=0 x i=0 X
2
+2 Z uios—;| =0, (15€)
i=0 x
2 2
/ / / /
02t T Odxpx T Olyx + Z vioo—i | + Z Uioy_;
i=0 M i=0 x
2
+2(> vios ;) =0, (15f)
i=0 M
]
J J
/
Ojt + Ojxxx + Oj—1xx + Z vioj—i | + Z Uioj_;
i=0 4 i=0 .
J
+2[ Y wo | =0, (15g)
i=0 .
J J
I I ! I
Oj + Ojpxx T Oj_1ax + Z vioj—i | + Z uioj_;
i=0 . i=0 .
J
+2[ > v/, | =0, (15h)
i=0

X
which means that Equation 2 is invariant under the trans-
formations u; — u;+¢'ojand v; — Vj+e’aj’ G=0,1,---)
with an infinitesimal parameter €’.

Competing interests
The authors declare that they have no competing interests.

Authors’ contributions
XL drafted the manuscript. SP conceived the study and participated in its
design and coordination. Both authors read and approved the final manuscript.

Authors’ information
XL, with a Master’s degree, is a teacher while SP, with a Doctor's degree, is a
professor in Changshu Institute of Technology.

Page 5 of 5

Acknowledgements

The work was supported by the Special Funds of the National Natural Science
Foundation of China (Grant No. 11141003). The authors are indebted to Prof.
SY Lou for his helpful discussions.

Received: 6 April 2012 Accepted: 7 June 2012
Published: 18 July 2012

References

1. Fushchich, WI, Shtelen, WM: On approximate symmetry and approximate
solutions of the nonlinear wave equation with a small parameter. J. Phys.
A: Math. Gen. 22, 1.887-890 (1989)

2. Gao, G: A theory of interaction between dissipation and dispersion of
turbulence. Sci. Sinica (Ser A). 28, 616-627 (1985)

3. Malfliet, W, Hereman W: The tanh method: II. Perturbation technique for
conservative systems. Phys. Scr. 54, 569-575 (1996)

4. Marchant, TR, Smyth, NF: Pulse evolution for marangoni-bénard
convection. Math. Comput. Model. 28, 45-58 (1998)

5. Allen, MA, Rowlands, G: A solitary-wave solution to a perturbed KdV
equation. J. Plasma Phys. 64, 475-480 (2000)

6. Liu, XZ: Approximate similarity reductionfor perturbed
Kaup-Kupershmidt equation via Lie symmetry method and direct
method. Commun. Theor. Phys. 54, 797-802 (2010)

7. Liu, P, Li, ZL, Lo, SY:A class of coupled nonlinear Schrodinger equations:
Painlevé property, exact solutions, and application to atmospheric gravity
waves. Appl. Math. Mech.31, 1383-1404 (2010)

8. Lou,SY,Tong, B, Hu,HC, Tang, XY: Coupled KdV equations derived from
two-layer fluids. J. Phys. A: Math. Gen. 39, 513-527 (2006)

9. Qian, SP, Tian, LX: Modification of the Clarkson-Kruscal's direct method for
a coupled system. Chin. Phys. Lett. 24, 2720-2723 (2007)

10.  Dong, ZZ, Huang, F, Chen, Y: Symmetry reductions and exact solutions of
the two-layer model in atmosphere. Z. Naturforch. 66a, 75-86 (2011)

doi:10.1186/2251-7456-6-13

Cite this article as: Li and Qian: Approximate symmetry reduction to the
perturbed coupled KdV equations derived from two-layer fluids. Mathe-
matical Sciences 2012 6:13.

Submit your manuscript to a SpringerOpen®
journal and benefit from:

» Convenient online submission

» Rigorous peer review

» Immediate publication on acceptance

» Open access: articles freely available online
» High visibility within the field

» Retaining the copyright to your article

Submit your next manuscript at » springeropen.com




