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Abstract

Purpose: Ouraim in this paper is to study generalized composition operators on «- Bloéh andiQx ., (p, g) spaces.

Methods: By the help of generalized composition operators, we act between severdllasses of weighted function
spaces. Some important results obtained by using modified Nevanlinna counting, function.

Results: The boundedness and compactness of the generalized compositiop@perator Cf; acting between two
different Mobius invariant spaces Qx, (p, g) and Q, (p, q) are studied.

Conclusions: Our results in this paper extend, generalize and improve a lotief previqus results.

Keywords: Q. (p, q) spaces, Holomorphic functions, and Weighted Bloch spate

Introduction and preliminaries

Let ¢ be an analytic self-map of the unit disk A = {z €
C : |z| < 1} in the complex plane C and let dA(z) Jbe
the Euclidean area element on A. Associated with ¢, ithe
composition operator Cy is defined by

Cop=fod,

for f analytic on A. It maps analytic functions f toanalytic
functions. The problem of boundedness and compactness
of Cy has been studied in many fun€tionspaces. The first
setting was in the Hardy space H?, the space of functions
analytic on A (see [1]). Madigan and Matheson (see [2])
gave a characterization of the compact composition oper-
ators on the Bloch spaceyB. Tjanix(see [3]) gave a Carleson
measure characterizationdof compact operators Cy on
Besov spaces B,(1 < p\& 00). Bourdon, Cima and Mathe-
son in [4] and Smith in [5] investigated the same problem
on BMOA. Li and Wulan in [6] gave a characterization
of compact operators Cy on Qg and F(p,q,s) spaces.
Also, very recently in [7,8], there are some characteriza-
tions for the composition operators Cs in holomorphic
F(p,q,s) spaces.
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For a € A'the Mobius transformations ¢,(z) is defined
by

for z € A.

a—z
Pa(2) = ——,
1—-az

The following identity is easily verified:

(1 —la»)(A - |z*)
|1 — az|?

= (1—zP)lg, ).
1)

Note that ¢,(¢,(2)) = z and thus ¢ Y(z) = @a(2). For
a,z € A and 0 < r < 1, the pseudo-hyperbolic disc
A(a,r) is defined by A(a,r) = {z € A : |p,(2)| < r}.
Denote by

1—|.(2)* =

1
l9a(2)]

1—az

g(z,a) = log = log

zZ—a

the Green’s function of A with logarithmic singularity at
ac A.

Definition 1.1. [9] Let f be an analytic function in A and
let0 < a < o0 If

Ifllpe = sug(l — 2% (2)] < o0,

then f belongs to the a—Bloch space B*. The space B' is
called the Bloch space B. Now, given a reasonable func-

tion w (0,1] > [0,00), the weighted Bloch space B,
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(see [10]) is defined as the set of all analytic functions f on
A satisfying

(1= IzD|f' @] < Co(1 — Iz]),

Jor some fixed C = Cy > 0. In the special case where
w = 1, B, reduces to the classical Bloch space 3. Here, the
word “reasonable” is a non-mathematical term; it was just
intended to mean that the “not too bad” and the function
satisfy some natural conditions.

Now, we introduce the following definitions:

zZ €A,

Definition 1.2. For a given reasonable function w
(0,1] - [0, 00) and for 0 < a < 00. An analytic function f
on A is said to belong to the « —weighted Bloch space 35, if

1-|z I)"‘
Ifll e = sup —————
zeA @(1 —

lf()|<oo

Definition 1.3. For a given reasonable function w
(0,1] = [0,00) and for 0 < a < 00. An analytic function
fon A is said to belong to the little weighted Bloch space

B0 if

g, = Jim 5D

A o1 lf()l

In this paper we study genemlzzed compact composi-
tion operator on the spaces Qg (p,q), we will define
and discuss properties of these spaces. A particulargclass
of Mobius-invariant function spaces, the so-called Qg
spaces, has attracted a lot of attention in récent years.

Definition 1.4. For a nondecreasing’ function, K
[0,00) =[0,00),0 < p < 00, —2 <Ng < O0Oand for a
given reasonable function w : (0, LJ=7(0,00), an analytic
function fin A is said to belong to\the spate Qk (v, q) if

K(g(z a)
1% g = sup/ @I - 1= T D

X dA(z) < oo.

Remark 1.1. [t should be remarked that our Qg (p,q)
classes are more general than many classes of analytic
functions. If o = 1, we obtain Qi (p,q) type spaces (cf.
[1L,12]). If g = p = 2, and w(t) = ¢, we obtain Qg spaces
as studied recently in [12-17] and others. If g = p = 2,
w(t) = tand K() = t*, we obtain Q, spaces as stud-
ied in [18-20] and others. If o = 1 and K(t) = t°, then
Qxw = F(p,q,s) classes (cf. [7,21]).

Definition 1.5. [22,23] Let f be an analytic function in A
andlet 1 <p < oo. If

If1i, = sup / If @ PQ — |27 2dA(z) < oo,

zeA

then f belongs to the Besov space By,
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In [21] Zhao gave the following definition:

Definition 1.6. Let f be an analytic function in A and let
O<p<oo —2<g<oo and 0 <s<oolf

1) = 512 /A I @ (1-121%)1¢ (2, a)dA(2) < o0,

then f € F(p,q,s). Moreover, if

hm f If'@PQ — 12151 (z,a)dA(z) = 0,

then f € Fo(p, q,9).

The spaces F(p, q, s) wefe intensively studied by Zhao in
[21] and Réittyd in [24]. Teis known from ([21], Theorem
2.10) that, for p &, 1, thespaces F(p,q,s) are Banach
spaces under thegorm

WAl = If leggs + [fCO0)].
Now,we define the following definition

Definition 1.7. Let f be an analytic function in A, o :
(0,1] > (©,00) and let 0 <p <00, —2 <q < 00 and
0 <s<wo0.If

p _ / V4 _ 2\q gS(Z, d)
g =500 [ @ — ey EE0
x dA(z) < o0,
then f € F,(p,q,s). Moreover, if
g(za)
li (1 - 1=—"—_dA(z) = 0,
|a\lm /lf(z)|( |z1%) o — 12D (2)

then f € Fyo(®,q,5).
Li and Stevic¢ in [25] defined the generalized composition
operator Ci as the follows:

(CH(@) = /f(d)(é))g(%‘)d%‘

When g = ¢', we see that this operator is essentially the
composition operator Cy. Therefore, Ci is a generalization
of the composition operator Cg.

We assume throughout this paper that

"k(ogt) 4 2)
/(; <Og )(1 r2)2 r < o,

The author [26] collected the following immediate rela-
tions of Q. (P, 9) and Qk,.,0p; )

q+2

(i) Qxw,q) C B, and
(i) Qo q) =B, , iff
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/11(1 L W A
A og a2 r < 00.

(iii) Fu(p,q,0) = Q0 (P, q), if K(0) > 0.

The following lemma is useful for our study (see [26]).

Lemma 1.1. Let K :[0,00) —[0,00),0 < p < 00, —2 <
q < ooandw: (0,1] - (0,00). Then
q+2
(i) f € B, ifand only if there exists R €
(0, 1) such that

K(g(z,a))
s '@l — |z))T—="""L_dA(z) < 00,
aEEA(a,R)V( =1l @P (1 —|z]) (
3)
q+2
(ii) f € B, ifand only if there exists R €
(0, 1) such that
) K(g(z,a))
1 @PA - 212D 4z = 0.
m A(%R)lf @1 —lz]) 012 (2)
(4)

Recall that a linear operator T : X — Y is said to be
compact if it takes bounded sets in X to sets in Y which have
compact closure. For Banach spaces X and Y of the space.of:
all analytic functions H(A), we call that T is compact from
X to Y if and only if for each bounded sequienceSxy} in X,
the sequence (Tx,) € Y contains a subsequerice.converging
to some limitin Y.

Results and discussions

Composition operators Cg 1 Q0P 9) —> QK30 (P, 9)

In this section, we characterize boundedness and com-
pactness of the generalized composition operator C‘g from

Qx,,0 (P, q) spaces t6 Qigw (P> 7) Spaces.
Now we are ready to\state and-prove the main results in
this section.

Theorem 2.1. Let w :7(0,1] > (0,00), let g € H(A)
and ¢ be an analytic self-map of A. IfC‘;(QKW ®»9) C

Qo). Then Cy ¢ Q@@ — Qo q) is
compact if and only if

lim sup f ¢ )¢ @@ (1 — |2
=17 geA J|p(2)|>t

K(g(z,a))
X a)((fi—lazl) x dA(z) =0, where f € XQi, 0.2

(5)

Proof. First assume that (5) holds. To show that Cg
is compact we consider {f,} C X, (pq- It suffices to

prove that {Cif,,} has a subsequence which converges in
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q+2

QK0 (P, q)- Since f, C Quyw®, @) C B’ (ct. [26]), for
z € A.

1 1
Pn(z) —fn(O)‘ = ‘/0 S/ (zt)zdt 5/0 If' (zt)||z|dt
/1 w(l — |tz])|z|dt
0

<Wfull a2 —
(1—221z2)7

B.?
< Clfull g2
B.?

Co(l—r) 1
= 21K (log %) Qiy,0®:q)

We know that {f,} is @ normal‘family. By passing to a
subsequence, we may assuune, without loss of generality,
that {f,} convergeséto 0 uniformly’'on compact subsets of
A. We must shew'that {C‘éfn} converges to 0 in the norm
I Nl iy () {GivenL€ne (0, 1), by (5), thereisa t € (0,1)
such that for allifanctions f, and for alla € A,

/ 166 Dg@ P (1 — 2f?yr-28E D)
FE™ T

X dA(Z)< € (6)

Byi(5)fand the fact that Ay = {z € A : |z] < ¢t} isa
compact subset of A, we see that ¢ € Q,,»(p,q), since
Z'€ Qi q), and also that {f,)} converges to 0 uniformly
on A;. Therefore, there exists an integer N > 1 such that
forn > N,

K@
f (6@ @@ P — 721 28&D)
6 @)=t ol —[2))
x dA@) < €8l g - @)
Thus (6) and (7) give
K; ,
/ L@ @ PRI — |zfy1-2EED)
¢ ()<t o — [2))

p
x dA(z) < 6(1 + ”¢”Q1<2,w(p,q)> ,

when #n > N. That is, ||C§;fn||Q1<2,w(p,q) — Oasn — oo.

Now suppose that C‘; : QroWq9) — Qre® q) is
compact. To verify (5) consider /' € Xq, (g and let
fs(z) = f(sz) fors € (0,1) and z € A. Note that f; — f
uniformly on compact subsets of A as s — 1. By [27] we
know that {f;,0 < s < 1} is bounded in Qg (p, q). Since
Cy is compact, ||C‘¢g)fs — C¢f||Q1<2,w(p,q) — O0ass — 1. That
is, for given € > 0 there exists s € (0, 1) such that

SuP/A fs (8() —f' (@ @)IPI¢" @ P 1g@ P (1 — |21*)1

acA

. K@z a)

o —12)) dA(z) < e.



Ahmed and Kamal Mathematical Sciences 2012, 6:14
http://www.iaumath.com/content/6/1/14

For ¢ € (0,1) and the above s the triangle inequality gives

acA

K> (g(z,a)) -~ /
X —=—""dA(Z) < € + ||f. |Iso SU
ol —|z]) s Ooaeg 6(2)|>t

) K> (g(z, a))
14 P(1 _ |,2\1 2\
x[¢'@Flg@P (L~ 1) T

sup /¢< y If (¢ @) P1¢' @) g2 1P (1 — |z*)
z)|>t

dA(z). (8)
We know that

K (g
Sup/¢() |¢/(Z)|p|g(z)|p(1 |z|2)qM
z)|>t

(1l —z])

acA

x dA@) < 1918 (e <

since Ci(QKl,w ®,9) C Qkyo (@, q). It will be shown that
for given € > 0 and |[fs/0 % > 0 there exists a 8 € (0,1)
such thatford <t <1

£y, I3 sup / o' @[ g (1 - 121%)?
ac lp(2)|>t

A
. K@ a)

o — |2 dA(z) < e.

=1
— 9 i — _ nzz"
Letn = 2,j = 1,2,.... Choose h,(z) = PYCEEIE and

q+2

we know that i, € B,f . It is easy to check that {/,}(is
q+2

a bounded family in Qx; . (p, q) since lS'w7 C Q0@ 9
(see [26]). Since Ci is compact and #, gonverges uni-
formly to 0 on compact subsets of A, we have

nlgrgo /2 © ¢||Q1<2,w(17:q) =0.

Thus, for any given € > 0, there €xists an integer N > 1
such that for alla € A

n f 6@ 16 IR (1 - 2P g
|p(2)|>t

. Kole(z2))
(1 —|z])

whenever n > N. Given't€ (0, 1), (8) yields

dA) <€ )

NePNTP f ¢’ @[ 1g@ I (1 — |2*)*
lp(2)|>t

Ky(g(z,a))
(1l —|z|)

_ _logN
Taking ¢t = e P-D, we get

dA(z) < € (10)

If5, 180 sup f ¢’ @ (1 - I21*) g
¢ (2)|>t

aceA
Ky (g(z,a))

o — 1) dA(z) < e.

Hence by (8) and (9) we have already proved that for any
€ > Oand for f € Xq, ,(», q), there exists a § = 3(¢,f)
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such that

sup/ |(f 0 9) (2)g() [ (1 — |2]*)?
16 ()] >t

acA
1<2 (g(zr ﬂ))

o — 2D dA(z) < €

whenever§ <t < 1.

the above § = 4(¢,f), in fact, is independent of f €
XQu,wp- Since G ¢ Qo®,9) — Qoo(prq) is
compact, C‘g (XQi, 0 (p.q)) Is @ relatively compact subset of
Qiy,0(@, q). It means that there is a finite collection of
functions f1,f2, . . ., fu In XQy, ,(ng) Such that for any € > 0
andf € Xqy, ,(pq) there is@k, T'<pk < , satisfying

SUP/A If (¢ @)— K@@ 19/ P lg@) I (1 — |21*)7

acA
K> (g(z, a))

m‘dA(Z) <E€.

(11)
On the other hand, iffp = max;<x<,8(€,fk) < ¢t < 1,
we haveffrom the previous observation that for all k =
1,2,...,m

sup /|¢< y K@ @)1 @PIg@P (1 — |21*)7
z)|>t

acl

. K@z a)

o — |2 dA(z) < €.

(12)
The triangle inequality, together with (11) and (12), gives

Sep / (f 0 9) (Dg(IP (1 — |21
|p(2)|>t

ae
y K>(g(z,a))

o — |2 dA(z) < 2¢

whenever p < t < 1. The proof is complete.

Although Theorem 2.1 can be viewed as a char-
acterization of compact composition operators C%
Q0@ 9) — QK0 q), by condition (5) it is not easy
to check compactness of C‘g. The following theorem gives

a characterization of Cg directly in terms of ¢. O

Theorem 2.2. Let w : (0,1] > (0,00), let g € H(A),
¢ be an analytic self-map of A and Ci : Qe g C
Qx.0(®; @) Let two functions Kq, Ky :[0,00) —[0,00) be
right-continuous and nondecreasing, satisfying

1
f (1 —r»)~2K; (log %)rdr < 0. (13)
0
If
) 19" (2)71g(2) | 2
1 1@ DVIEDT (1 _ g2
o1 oen /¢(z)>t 1 - gzt
(K@) oy (14)

(1 —|z))
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Then, Ci : Qro®q) — Qo q) is compact. Con-
versely, if Cj : Qro® @) — Qo) q) is compact, then
(14) holds.

Proof. Consider {f,} € Xq, ,(pq Which converges to 0
uniformly on compact subsets of A. We must show that
{C‘ifn} converges to 0 in the norm || . ||, (p.q)- Thus

I1Ce o ) = sup /A [(f o) @2 (1 - |21*)"

K (g(z a))
(1 —|z])

=sup</ +f )[f,;(zp)(z)V”
acA\J|p(z)|<t |p(2)|>t

< 16/ @ Plg@) P (1 — [o2)7 28 & D)

o(1— z))
x dA(z)
< sup{lf,mgwW)P: 1wl < 1Dl g

+const.|[fy,||pw/
5,7 Jlp@I>t

¢’ (2)g(2) I
X | S
1 —lp@>H»
=h+D.

dA(2)

Ky(g(z,a))dA(z)

Since {f,;} converges to 0 uniformly on compact sets\and
¢ € Qry0(p,q), we have I — 0 as n — o0, In the second
term Iy we know that

V4 4
ufnngq# = Clfullg o

since every function in Qg (pfq) must be weighted
%—Bloch. Thus, I goes to Oiwhen — 1 by our
assumption. Therefore, Ci isicompact:

Conversely, let Ci Q0@ 9 — Qryw(p q) be
compact. By [28] we know_ that,(13) ensures

1
— l N
Jo® = a2 B T,
€ Qro@,q) forall 0 €[0,2n).
By Theorem 2.1,

g

I 19 (2)|P|g(2) P
im o
t—=1" Jip)>t 1 — (@@ Pw(1 — |z])
x Ky(g(z,a))dA(z) =0
holds for alla € A and 6 €[0,27). Thus, we obtain (14)

by integrating with respect to 6, the Fubini theorem and
the Poisson formula. O

Composition operators Cg : Q0P @) = Qky0,0(Pr )
In this section, we consider compactness of the gen-
eralized composition operators Ci Qro®q) —
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QKy,0,0(®> ), where Qx ., 0(p, q) is a subspace of Qx, (p, q)
satisfying

) K(g(z,a))
lim / " (1 — 121?)T—=2""dA(z) = 0.
lal—1- Alf i ) (1 —|z])
a2
By [26], we know that Qg .o(,q) C Bwf’O and that

q+2

Qxw0@ q) = Bw,TO if and only if
! 1
/ 1- rz)_zK(log —)rdr < oo.
0 r

We should mention that théWgeneralized composition
operator Cg is compact ffom Qg (@, q) to Qx,,00®, q) if
¢ € QK,w0®,q) and Cg is,compact from Qg (»,q) to
QKz,w (P: 61)'

Theorem 3.1. Let. @ (0, 1}— (0,00),g € H(A) and ¢ be
an analytic self-map of A such that

C3Qx,,0P ) C Q00> -

Then Ci 2QK,,0® 9 = QKyw0p; q) is compact if and
only if

lim sup
la|—1 ”f”QKl’w(p,q) <1

/A @) 16 @Plg@)I?

I<2 (g(z, 6{))

—121%)4
T )

dA(z)= 0.
(15)

Proof. First suppose that Ci : QK0 @) = Qie0,0(®> 9)
is compact. Then A = c({(f o ¢)g € Qrywo® q) :
|[f||QK1)w,p_q < 1}), the Q00 q) closure of the image
under C‘g of the unit ball of Qg;,»(», 9), is a compact sub-
set of Qx,,w,0(p,q). For given € > 0, since a compact
set in a metric space is completely bounded, there exist
Sirfor - N € QP q) such that each function f in A

lies at most € distant from

B={(fiod)g, (hod)g (z309)g, ..., (fn o P)g).

That is, there existsj € ] = {1,2, ..., N} such that
€

1f o #)g — (fi o D)l <

On the other hand, since {(fj o ¢)g : j € J} C Qk,w,0®,q);
there exists a § > O such that for allj € J and |a| > 1 — 6,

Ky(g(z,a))
w(1—|z|)

(16)

/A |(fi 0 9) (2)g@ | 1 — |21*)7 dA(z) < Z
(17)

Therefore by (16) and (17), we obtain that for each |a| >
1 -4 andf € Qgy,0(p,q) with ”f”QI(l,a),p,q < 1 there exists
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j € J such that

Ki(g(z,a))
o(l —|z])
Ky (g(z,a))
o(l—|z|)
Ky (g(z,a))
o(l —|z])

/A |(f 0 8) (Dg2) [P (1 — |21»)1 dA(z)

<2 fA [(fod—fiod) (g@["(1—12*)? dA(2)

+ [ 1o 0 @@l - 12py dA) < e.
This proves (15).

Now let (15) hold and let {f,} be a sequence in the unit
ball of Qg,,»(®,q). By Montel’s theorem, there exists a
subsequence {fy, } which converges to a function f ana-
lytic in A and both f;, — f and f; — f” uniformly on
compact subsets of A. By hypothesis and Fatou’s lemma,
we see that Ci € Qrywo, q). Since z € Qi.0 (B ),
¢ € QK,,00®;q). Thus we remark that C‘; is a compact
composition operator by showing that

||C§>(ﬂ4k ~ Nl oyupa = 0 as k— oo.

In order to simplify the notation we additionally assume,
without loss of generality, that f = 0. Hence it remains to
show that

. g
\nl\linoo ||C¢fn||Q1<2,w(P:¢I) =0.

Let € > 0. By (15), we can choose r € (0,1) for all %

K> (g(za)
o1 |z])

(18)

sup
r<|al<1

/A |(f 0 9) (Dg() " (1 — |21H)1
X dA(2) < €.

Fora € Aand t € (0,1), define A=Yz € A": |z|] < t}
and set

Ky (g(z,a))

Ii(@) = / I o 6) (Tl ' (1 Tzi?)e
A\tA w(l—|z|)

X dA(z).

By using the same way as in [6] we know that for each
t € (0,1), I;(a) is a continuous function of a. Since

K(g(z a))

o — 2D dA(z) < o0

/A (0 9) @@ [ (1 = |2*)7
for each a € A, we can choose t(a) € (r,1) such that
Iiay(a) < % Moreover, there is a neighborhood U(a) C
A of a such that I;4)(b) < € for every b € U(a), by the
continuity of I;(a). Thus, using the compactness of {a :
la] < r}, there exists o € (0,1) such that I;;(a) < € if
|a| < r,and so

sup / |(f 0 8) (2g@)[" (1 — |21H1
la|<r J A\toA
ez a)

o —12) dA(z) < e.

(19)
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Also, by the uniform convergence of {(f, o ¢)g} to 0 on
compact subsets of A, there exists N such that,

Ky (g(z,a))
/ (o0 d) @ (1 — (221 285D ) o,
toA o (1 —|z|)
if n > N. Thus, for any such #, we have
Ky (g(z,a))
sup f o) (g @) [P 1122128 ED) 44 ) <oe,
lal<r/ A (1 —|z)
(20)
Combining (18) and (21), we obtain that
Jim 1G4l o0 0
The proof of Theorem 3.1is complete. O

Theorem 3.2 Let w : (051] — (0,00), g € H(A) and ¢ be
an analytic self-map of N\ such that

ColQx1,0 (1 PRS00, 9)-

Assumethat

1
/ (l—rz)_zl(l(log %)rdr< 0. (21)
0
I
[ WOPEE ., Ka(g(@a)
1 -2 (1— 122" " dA(z) =0,
|a\fi—/A<1—|¢>(z>|2)2p( D e “4®@
(22)

then Cﬁ ' QB q) — Qw0 q) is compact. Con-

versely assume that Ci ! Qro®q) — Qrywo q) is
compact, (22) holds.

Proof. The proof is very similar as the proof of
Theorem 2.2. O

Composition operators Cg By = Qkw(p g

Using Riesz Factorization theorem and Vitali’s conver-
gence theorem, Shapiro and Taylor showed in [29] that,
Cy is compact on H?, for some 0 < p < oo if and only if
C, is compact on H2. Moreover, Shapiro solved the com-
pactness problem for composition operators on H? using
the Nevanlinna counting function

Npw) = Y —log|w|
¢ (2)=w

(see [1])

The counting function for the Besov space B, is

p—2
Ny(w, ) = Y <|¢’<z>|<1 - |z|2))
¢ (2)=w

for we A, p>1 (see [3]).
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In [6], Li and Wulan gave a modification of the Nevan-
linna type counting function on F(p,q,s) spaces as fol-
lows:

> 16 @P -
¢ (2)=w
forwe¢p(A),2<p<oo, —2<g<oo and 0 <s <

0.
Now, we introduce the following definition:

NpgspW) = |21%)7g* (z, @)

Definition 4.1. The counting function for the Qx(p,q)
spaces is

> 16 @Pa -
$(2)=w

NKpaeW) = 121%)1K (g(z, a)),

for w € ¢(A), 2 < p <00 -2 < g < 00 and
K :[0,00) —[0,00). In this section, we characterize the
boundedness and compactness of the generalized composi-
tion operator from weighted Bloch type spaces to Qg ., (p, q)
spaces.

Theorem 4.1. Let w : (0,1] = (0,00), g(z) € H(A) and
¢ be an analytic self-map of A,0 < p < 00, =2 < g < 00
and K € (0,00). Then C‘i : By = Q0 W, q) is compact if
and only if

S allKwpq = 0. (28)

lim ||C
lal—1—
Proof. Assume that Cﬁ is compacté fromy B, \to
Qx (@, q). Since {¢, : a € A} is a bounded set in%5,
and g, —a — 0 umformly on compactssets as ja| — 1,
the compactness of C ylelds that IICg PallKopg — 0 as
la] — 1.
Conversely, let {f,} € B, be a boundedssequence. Since
fu € By, forze A

@] = Cllfull gs2

3
B

Hence {f,} is a normalfamily. Thus, there is a subsequence
{f1.} which converges to)f analytic on A and both f;;, — f
and f; — f’ uniformly on compact subsets of A. It is easy

to know that f € A. We choose 1 = Cif, we remark that
Ci is compact by showing

||Cg¢f”lk - Cif”](,w,p,q — 0 as k— oo

Write
_ A—al®? o
C <Pa||1<wpq Z‘:E/AWW @I“¢" ()P
K(g(z,a))
P(1 — 1212\
x 1g@)IF A — |z|%) ol — lZDdA(Z)
1 —lal®? g

—sup/
aca Ja 11 —aw|? o(1 — |z|)
X Nk p.q.6(21)dA(z1).
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Here

Nipgoz) = > {10/ @F A - 12K (g(z a)},
$(@=z1

X z1 € P(A). (24)

is a counting function. Thus (24) is equivalent to

A —la®? |g@P
A ll—az? ol - |z))

X NK,p,q,d,(zl)dA(zl) =0.

lim sup
lal=1" gen

For any € > 0 there exists@",%0,< § < 1, such that for
O<h<éandalla € A

(see [30]),

= |zl
)

where S(4, 0) is a CGarleson box. The mean value property
for analytic functions fr;k and f” yields

1
/ Ni pg.0(21)dA(z1) < eI((
A

4
71— lz1D)? Jiz—z<

X (fy. (@) — ' (2)dA(2).

Sk = (z1) <

1- IZ\

Then by Jensen’s inequality (see [31]), we have

4
/ o P
If(z1) — f(z)P < 71— 212 Jp, <5

X |fy @ = f (@) P dA(2).

If |z — 2| <
_1 L _C
(I-lz1D? — (A-lz)?"

1, € $2Q1 — |z]),0) and
By Fubini’s theorem

lg(z) P

SUP/lfnk(Z) —f'(z 1)|pm

| st )
< sup Z1
aeaJa (1l — |z11)2 |21 —z| <52 "k

—f' ()P 1g@2)|PdA(2)NK p,q.¢ (21)dA(z1)
If @) — f'@)IPlg(2)|P
< Csup
aeaJa (1 —|zD2w(1 —|z|)
X NK pg.0(21)dA(z1)dA(2)
@) —f @ g@P
1 —lzD)%wd — |z))

Ni pq.0(z1)dA(z1)

1— \zl

S(2(1—1z)),0)

= Csu

o[
aeA Jz|>1-3

X / Ni pg.0(21)dA(z1)dA(2)
S(2(1—1z(),0)
" (2) —f(2)IP|lg(2)|P
—l—Csup/ (@ —f(@Fg)]
acA \zlfl—%

(1= 22w —2)
x / Ni pap (1) dA(21)dA(2).
S2(1—|z]),0)




Ahmed and Kamal Mathematical Sciences 2012, 6:14
http://www.iaumath.com/content/6/1/14

For one hand, since f;;,, f € B, and0 < p < oo, we have

@ S @Fig@)P
(1 = [2)%w(1 — |2))

sup/
ac/A \z|>1—%

f Ni g (21)dA (1) dA(2)
S(2(1—|z]),0)

1— |z 7 / |g(Z)|p
<eK (h >/|z>1—5 If, @) —f (z)|1ﬂw(1 T
2

x (1 — |z’ "2dA(z)

< Cellfu —fllléf/ ) Iy, @) —f' (@) [P |g(2) PdA(2)

lz|>1—3

< Cellfy, — 5. Wi, —fllg@) P
< eClllfu, — £l lg@F

On the other hand,

@ —f@P g2
1 - 1zD%2wd — |z))

sup/
aeh Jiz|<1-$

/ Nk p.qg.¢ (21)dA(z1)dA(2)
S2(1—|z[),0)

< C(sup/ NK,p,q,qb(zl)dA(zl))f
ach JA lzl<1—4

2
< If} @) — [0 —SOF_

ol |ZDdA(z) < Ce

for n large enough since f;, (z) — f'(z) — 0 uniformly on
fzeA:tlzl <1- 8}

Therefore, for sufficiently large &, the above'discussion
gives

1€ = Cf lcaopq = 5D fA %) 2)¢(@)

acN

(.0 #Y (g (1 — 121*)*
K(g(z,a))

X 7a)(1 — |Z|)dA(:z)

sup / lfyi 1) = f' 20|
acAJA

lg(z1) P
(1 —|z1])
X (z1)dA(z1) < Ce.

K.p.q.9

It follows that Ci is a compact operator. O
Corollary 4.1. Let g(z) € H(A) and ¢ be an analytic self-

map of A,0 < p < 00, =2 < q < o0 and K € (0,00).
Then C‘i : B — Qx,q) is compact if and only if

lim |C¢ =0.
a1 [ ¢‘Pa”K,p,q
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Corollary 4.2. Let g(z) € H(A) and ¢ be an analytic self-
map of A,0 < p <00, -2 <g<ooand0 < s < o0.
Then Ci : By = Fo(p,q,5) is compact if and only if

lim |C¢ =0.
ol o1 I ¢(Pa||Fw(p,q,s)

Conclusions

The boundedness and compactness of generalized com-
position operators on Qk,,(»,q)-type spaces and the
weighted Bloch space B, are investigated in the unit
disc. Moreover, we characterized boundedness and com-
pactness of generalized composition operators from
Qx1,0(p, q) into Qg,,»(p,4). Compactness criteria is also
provided for generalized)composition operators on the
space Qx,.,0(p, q) using mildiconditions.
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