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Introduction

The stability problem of functional equations originates
from a question of Ulam [1] concerning the stability of
group homomorphisms. Hyers [2] gave the first affirma-
tive partial answer to the question of Ulam for Banach
spaces. Hyers’ theorem was generalized by Aoki [3] for
additive mappings and by Rassias [4] for linear mappings
by considering an unbounded Cauchy difference.

Theorem 1. Let fbe an approximately additive mapping

from a normed vector space Einto a Banach space E, i.e., f
satisfies the inequality ||[f(x +y) —f (x) —f W) < e(|x]|" +
") for all x,y € E, where € and r are constants with € >
0and 0 < r < 1. Then, the mapping L : E — E' defined by
L(x) = lim,_, o 27"f (2"x) is the unique additive mapping
which satisfies

L) =<

< 5= 2ru xl”

IfCx+y) —

forallx € E.
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However, the following example shows that the same
result of Theorem 1 is not true in non-Archimedean
normed spaces.

Example 1. Let p > 2 and let f : Qp, — Q) be defined
by f(x) = 2. Then fore =1,

fx+y —f@x) —fl=1=<¢

for all x,y € Qp. However, the sequences {f (znx)} ) and
n=

{2"f (2%) } _, are not Cauchy. In fact, by using the fact that
2] =1, we have

‘ f (Z”x)

(2n+1x)

_ 91,9 _o—(mtl) o _
i1 =127"-2-2 2| =

27 =1

and
2nf< ) Vl+lf<2:irl )‘=|21’1'2_2(Vl+1)’2| — |2n+1|=1

forallx,y € Qp and n € N. Hence, these sequences are not
convergent in Qp.

The paper of Rassias [4] has provided a lot of influ-
ence on the development of what we call the ‘Hyers-Ulam
stability’ or ‘Hyers-Ulam-Rassias stability’ of functional
equations. A generalization of the Th.M. Rassias theorem
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was obtained by Gavruta [5] by replacing the unbounded
Cauchy difference by a general control function in the
spirit of Rassias’” approach.

The functional equation f(x + y) + f(x — y) = 2f(x) +
2f(y) is called a ‘quadratic functional equation’ In partic-
ular, every solution of the quadratic functional equation
is said to be a ‘quadratic mapping. A Hyers-Ulam stability
problem for the quadratic functional equation was proven
by Skof [6] for mappings f : X — Y, where X is a normed
space and Y is a Banach space. Cholewa [7] noticed that
the theorem of Skof is still true if the relevant domain X
is replaced by an Abelian group. Czerwik [8] proved the
Hyers-Ulam stability of the quadratic functional equation.
The stability problems of several functional equations
have been extensively investigated by a number of authors,
and there are many interesting results concerning this
problem (see [3-47]).

In 1897, Hensel [15] introduced a normed space which
does not have the Archimedean property. It turned out
that non-Archimedean spaces have many nice applica-
tions [17,18,22,48].

In this paper, we prove the Hyers-Ulam-Rassias (or gen-
eralized Hyers-Ulam) stability of the following generalized
Apollonius type quadratic functional equation:

Y (ZZ" i1 i : Zz:ﬂz)
i=1

in non-Archimedean Banach spaces. It is easy to show that
the function f(x) = x? satisfies the functional Equation
(1), which is called a quadratic functional equation, and
every solution of the quadratic functional equation is said
to be a quadratic mapping.

Definition 1. By a non-Archimedean field we mean a
field K equipped with a function (valuation) | - | : K —
[0, 00) such that for all r,s € K, the following conditions
hold: (a) |r| =0 ifand only if r = 0; (b) |rs| = |r||s|; and
(o) Ir+s| < max{|r|,|s|}.

Remark 1. Clearly, |1| = | — 1| = 1 and |n| < 1 for all
neN

Definition 2. Let X be a vector space over a scalar field
K with a non-Archimedean, non-trivial valuation | - |. A
function || - || : X = R is a non-Archimedean norm (val-
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uation) if it satisfies the following conditions: (a) ||x|| =
0 ifand only if x = 0; (b) |lrxl| = Irlllxll (r € K,x € X);
and (c) the strong triangle inequality (ultrametric), namely

e + ¥l < max{|lx[l, [y}, xyeX.

Then, (X, || - ||) is called a non-Archimedean space.

Definition 3. A sequence {x,} is Cauchy if and only if
{xy+1 — %} converges to zero in a non-Archimedean space.
By a complete non-Archimedean space we mean one in
which every Cauchy sequence is convergent.

The most important examples of non-Archimedean
spaces are p-adic numbers. A key property of p-adic num-
bers is that they do not satisfy the Archimedean axiom:
‘for x,y > 0, there exists n € N such that x < ny.

Example 2. Fix a prime number p. For any nonzero
rational number x, there exists a unique integer n, € 7
such that x = p"™ , where a and b are integers not divis-
ible by p. Then, |x|, := p~" defines a non-Archimedean
norm on Q. The completion of Q with respect to the metric
d(x,y) = |x — ylp is denoted by Qp, which is called the p-
adic number field. In fact, Qp is the set of all formal series
x = Z/?an akpk where |ay| < p—1 are integers. The addi-
tion and multiplication between any two elements of Qp
are defined naturally. The norm | Z,finx arp’ lp =p""is
a non-Archimedean norm on Qp, and it makes Qp a locally
compact field.

Definition 4. Let X be a set. A functiond : X x X —
[0, 00] is called a generalized metric on X if d satisfies the
following conditions: (a) d(x,y) = 0 if and only if x = y for
all x,y € X; (b) d(x,y) = d(y,x) for all x,y € X; and (c)
dx,z) <d(x,y) +d(y,z) forallx,y,z € X.

Theorem 2. Let (X,d) be a complete generalized metric
space and ] : X — X be a strictly contractive mapping
with Lipschitz constant L < 1. Then, for all x € X, either
d(J"x,]"1x) = oo for all nonnegative integers n or there
exists a positive integer ngy such that (a) d(J"x,J"x) < oo
for all ny > no; (b) the sequence {J"x} converges to a fixed
point y* of J; and (c) y* is the unique fixed point of ] in
theset Y = {y € X : d(J"x,y) < oo} (d) d(y,y*) <
ﬁd(y,]y)for allyeY.

Arriola and Beyer [49] investigated the Hyers-Ulam sta-
bility of approximate additive functions f : Q, — R. They
showed that if f : Q, — R is a continuous function for
which there exists a fixed e: |[f(x + y) — f(x) — f(y)] <
€ for all x,y € Qp, then there exists a unique additive
function T : Q, — R such that [f(x) — T(x)| < €
for all x € Qp. In this paper, using the fixed point and
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direct method, we prove the generalized Hyers-Ulam sta-
bility of the functional equation (1) in non-Archimedean
normed spaces.

Methods

Non-archimedean stability of Equation 1: fixed point
method

Throughout this section, using the fixed point alternative
approach, we prove the generalized Hyers-Ulam stabil-
ity of functional Equation 1 in non-Archimedean normed
spaces. Let X be a non-Archimedean normed space and Y’
be a non-Archimedean Banach space.

Remark 2. Letx := ) [ X, Y i= D v Vo 2= Y 101 Zi
and |4] # 1.

Theorem 3. Let ¢ : X? — [0, 00) be a function such that
there exists L < 1 with
xy z Li(x,9,2)
¢(32,2) < =222 @
222 4|

forallx,y,z € X. Iff : X — Y is a mapping with f(0) =0
and satisfying

1
Hf(z—x) +flz—y) — Ef(x—y) —2f<z— x;—y)“
<92
(3)

for all x,y,z € X, then the limit Q(x) =imy .o 4"f (57)
exists for all x € X and defines a unique quadratic
mapping Q : X — Y such that

LC (xi _xr x)
Ifx) — QI = ——=57— (4)
4 12| —12IL
Proof. Putting z = x and y = —x in Equation 3, we have

< ¢(x, —x,x). (5)

H %f(zx) — )

Replacing x by 3 in the above inequality, we obtain
x X —x x
Jor (3) ~re] =i (5.575) ©)

for all x € X. Consider theset S :={g: X — Y; g(0) = 0}
and the generalized metric d in S defined by

d(f,g) = inf{n € R" : |lg(x) — h()||

(7)
f /"Lé-(x’ _x:x)’ Vx € X};

where inf ) = 4-o0. It is easy to show that (S,d) is com-
plete (see Lemma 2.1 in [20]). Now, we consider a linear
mapping J : S — S such that Jh(x) := 4h (%) for all
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x € X.Letg, h € Sbe such that d(g, 1) = €. Then, we have
lg(x) — h(x)|| < €& (%, —x,x) for allx € X, and so,

Vgt~ = [ag (5 )—4n (5)] =aiec (’; =, ;)

< |4|Les (%, —x, x)
|4

for all x € X. Thus, d(g, h) = € implies that d(Jg, Jh) < Le.
This means that d(Jg,Jh) < Ld(g,h) for all g,h € S. It
follows from Equation 6 that d(f, Jf) < é—l By Theorem 2,
there exists a mapping Q : X — Y satisfying the following:

(1) Q s a fixed point of ], that is,

(%) =30 ®

for all x € X. The mapping Q isa unique fixed point of J
in the set @ ={h € S :d(g, h) < oo}. This implies that Q
is a unique mapping satisfying Equation 8 such that there
exists u € (0, 00) satisfying ||f (x) — Q@) || < u¢(x, —x,x)
for allx € X. (2) d(Jf,Q) — 0asn — oo. This implies
the equality lim,_, o 4"f (2%) = Q(x) for all x € X. (3)
aif;Q) < @ with f € €2, which implies the inequal-
ity d(f,Q) < m This implies that the inequality
(Equation 4) holds. By Equation 3, we have

z—x z—y 4" (x—y
4" 4" - —
(%) ()3 (%)

z x+y x Yy z

2y (55| < e (5 7)

- [4]"L"¢ (%, y, 2)
- |4

IA

forallx,y € Xand n > 1, and so, HQ(Z %)+ Qlz—y) —

%Q(x -7 —2Q (z — %) H = 0 for all x,y € X. There-
fore, the mapping Q : X — Y satisfies Equation 1. On the
other hand,

Q) —4Q = lim #f (5 ) —4 lim 47 ()

n— 00
i ) - ()
=0

So, Q: X — Y is quadratic. This completes the proof. [
Corollary 1. Let 61,02 > 0 and r be a real number with

r € (1,400). Let f : X — Y be a mapping with f(0) = 0
and satisfying

1
Hf(Z—x)Jrf(Z—y)—Zf(x—y)—2f(2—x;y> H

< Oulxl” + 1"+ Nlz17) + Oallxl 5. llyll 3 N1zl 3
)
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forall x,y,z € X. Then, the limit Q(x) = limy,_, o 4"f (2%)
exists forallx € X, and Q : X — Y is a unique quadratic
mapping such that

141"(361 + 62) IIxl"

If@ - Qul = = 2

forallx € X.

Proof. The proof follows from Theorem 3 if we take

£(x,9,2) = O (IxI” + Iy 17+ 1217 + 2 1lx01 5.1y 3 [12]1 3

for all x,y,z € X. In fact, if we choose L = 4", we then
get the desired result. O

Theorem 4. Let { : X?> — [0, 00) be a function such that
there exists an L < 1 with ¢(2x,2y,2z) < [4|L{(x,y,2)
for all x,y,z € X. Let f : X — Y be mapping with
f(©) = 0 and satisfying Equation 3. Then, the limit
Q) lim,Hoof (Z:x) exists for all x € X and defines a
unique quadratic mapping Q : X — Y such that

C(x, —x,x)

If@ = QU = =

Proof. 1t follows from Equation 5 that Hf(x) - %f (2x) ||

< W for all x € X. The rest of the proof is similar to

the proof of Theorem 3. O

Corollary 2. Let 01,6, > 0 and r be a real number
with r € (0,1). Let f : X — Y be a mapping with
f(0) = 0 and satisfying Equation 9. Then, the limit Q(x) =
limnﬁoof(i:x) exists forallx € X, and Q : X — Yisa
unique quadratic mapping such that

B+ ) |1xl"

If (¥) — Q) < 21— e

forallx € X.

Proof. The proof follows from Theorem 4 if we take
£(x,,2) = 01(Ix1” + IyI" + llzl") + 62«1 3.yl 3 1|z 3

for all x,y, z € X. In fact, if we choose L = |4|'~", we then
get the desired result. O

Non-archimedean stability of Equation 1: direct method

In this section, using the direct method, we prove the
generalized Hyers-Ulam stability of functional Equation 1
in non-Archimedean normed spaces. Throughout this
section, let G be 2-divisible.
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Theorem 5. Let G be an additive semigroup and X be a
complete non-Archimedean space. Assume that ¢ : G> —
[0, 400) is a function such that

$(2"x,2"y,2"z)
|41 B

lim

n—oo

0 (10)
forallx,y,z € G. Let, for each x € G, the limit

c(2kx, —2kx, 2K x)

ik :O§k<n}

£(x) = nl;rgo max {
(11)

exists for all x € G. Suppose that f : G — X is a mapping
with f(0) = 0 and satisfying the inequality

1
”f(z—x)-i—f(Z—y)—Zf(x—y)—Zf(z—x;y) ”

<t(x,y,2)
(12)

for all x,y,z € G. Then, the limit a(x) = lim,_ f(ZZx)
exists forall x € G, and a(x) : G — X is a quadratic

mapping satisfying

If @) —a@ll < 1217 £@) (13)
for all x € G. Moreover, if
2k, —2kx, 2K
jl_i)rglonli)ngomax{w j<k<j+n;=0
(14)

then, a(x) is the unique mapping satisfying Equation 13.

Proof. Putting z = x and y =-x in Equation 12, we have

f(2x)
o0 - 15

for all x € G. Replacing x by 2"x in Equation 15, we get

f@"™x)  f(2"%)
gn+1 - 4n

< ¢(x, —x,x)'

2 (15)

- £(2"x, —2"x,2"x)
- 214"

(16)

It follows from Equations 10 and 16 that the sequence

o2 Gince X | 1
“g |, _, 1 a Cauchy sequence. Since X is complete,
n o0 R
%} is convergent. Set a(x) := lim,_, oL (inx)'

n=

Using induction, we see that

ko ok ok
max {7“2 x"zjk"'z ».0<k< n}

12|

f(2"x) B
4}4

f®) H <
(17)
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Indeed, Equation 17 holds for n = 1 by Equation 15. Now,
if Equation 17 holds for #, then by Equation 16, we obtain

2n+1 2n+1 on
Hf (4n+1x) | = ”f (4n+lx) A x) e )H
< max{ f(2”+1x) f(2"x)
- 4n+1 4n
29} 1 i
k.. _ok k
max{g(2 > |4|2kx’2 %) 0 < k< n}}
k., __ ok k
=|;|max:W:0§k<n+l}.
(18)

So for all » € N and all x € G, Equation 17 holds. By

taking # to approach infinity in Equation 17, one obtains

Equation 13. If B(x) is another mapping that satisfies

Equation 13, then for all x € G, we get

a2fx) Bk
gk

P

< lim lim max{

lle(x) = Bl = lim

a(2k%)  f(2kx)
gk gk

fkx)  pkx)
gk gk

’

|

725, —2Kx, 26%)
4%

< lim max
k— 00

j—)oo}’l—)OO
j§k<j+n}:0

= B(x). O

Therefore, for all x € G, we obtain « (x)

Corollary 3. Let &
satisfying
£(1210) = £(12DE@) (£ =0), &(12) < [4].
Letk > Oandf : G — X be a mapping with f(0) = 0 and
satisfying the inequality
)

1
S@=0) +f =) = 5=y = (-
fQ@"x)

:[0,00) —[0,00) be a function

< (E(xD) + &) + &(12D)

Jor all x,y,z € G. Then the limit a(x) := lim,— oo =7
exists for all x € G, and a(x) : G — X is a unique
quadratic mapping satisfying
3k&(|x))
2]

IIf (%)

forallx € G.

—a@| =<

Page 5 of 7

Proof. Define ¢ : G? —>[0,00) by ¢ (x,¥,2) := k (§(|x|)+
£(lyl) +&(lz])). Since Eﬂ% < 1, we have lim,_ s

n n n n
%Iny,zz) < limy— (%) (x,y,z) = 0 for all
x,9,z € G. Also, forallx € G
2k, —2kx, 2K
£(x) = lim max M:O§k<n
n—>00 |4.|k

= 3k (|x))

exists for all x € G. Moreover, lim;j_, o lim,_, oo max

£(2%x,—2Kx,2K x) [ Px,—Vx2x%) _
|4(k |4/

0 for all x € G. Applying Theorem 5, we get the desired

results. O

:jfk<j+n} = limj,

Theorem 6. Let ¢ : G —[0,4-00) be a function such

that
z
Tim_ (4" ;( 2yn 2") —0 (19)
forallx,y,z € G. Let the limit
£@)= i 4 Y Voo<xk
@ =Mimymax | | 3 2k+1 QkHL’ gkl )Y =K ST
(20)

exist for each x € G. Suppose that f : G — X is a mapping
with f(0) = 0 and satisfying the inequality

1
Hf(z—x) tfe—y)—Sf@—y - 2f<z— ) H
< {2
(21)
forall x,y,z € G. Then the limit o(x) := limy— 00 4"f (57)
exists forallx € G, and o : G — X is a quadratic mapping
satisfying
[f (x) — a(@)] < 12[£(x)
Sforall x € G. Moreover, if
—x X , .
lim hm max { |4¢ 2k+1 K1’ T j<k<n+4j

k—o00 n—>

=0

(22)

then a(x) is the unique mapping satisfying Equation 22.
Proof. Proof. By Equation 6, we know that

b (5) sl = s (5.573)

for all x € G. Replacing x by 5 in Equation 23, we get

n+1 x nel* n x - x
0 (o) 1 )| <12 (2+12+1 w)
(24)

(23)
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for all x € G. It follows from Equations 19 and 24 that
the sequence {4”f (2%) }:o=1 is a Cauchy sequence. Since X
is complete, {4”f (2%)}00
Equation 24 that

,—1 is convergent. It follows from

#f (32) =1 ()] =| 24 ) 47 o)

k=p
smax{ |47 (575) -4 ()
p=<k< n]

_| |max | § W’W,W :

p§k<n}

for all x € G and all nonnegative integers n, p with n >
p > 0. Letting p = 0 and passing the limit » — oo in
the last inequality, we obtain Equation 22. The rest of the
proof is similar to the proof of Theorem 5. O

Corollary 4. Let &
satisfying

:[0,00) —[0,00) be a function

E1217') <£(217HE® (¢ =0), (217 < 14T
Letk > Oandf : G — X be a mapping with f(0) = 0.and

satisfying the inequality

1
Hf(z—x) +flz—y) — 2f(x—y)—Zf(z—x;—y)H
<k (E(le).é(lyl)-é(IZI))

forall x,y,z € G. Then thelimit 0(x) := lim,_ o0 4"f (57)
exists for all x € G, and a: G = X is a unique quadratic
mapping satisfying

2]k &3 (|x])
[[f () —a®)|| < T

forallx € G.

Proof. Define ¢ : G> —[0,00) by £(x,,2) := & (§(Jx]).
§(|y|).§(|z|)). The rest of the proof is similar to the proof
of Corollary 3. O

Results and discussion

We linked here four different disciplines, namely, non-
Archimedean Banach spaces, functional equations, direct
method and fixed point theory. We established the Hyers-
Ulam-Rassias stability of the functional Equation 1 in
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Archimedean Banach spaces by using direct and fixed
point methods.

Conclusions

Throughout this paper, using the fixed point and direct
method we proved the Hyers-Ulam-Rassias stability of a
generalized Apollonius type quadratic functional equation
in non-Archimedean Banach spaces.
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