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On some n-normed sequence spaces
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Abstract

In this paper, we introduce the idea of constructing sequence spaces with elements in an n-norm space in
comparison with the spaces ¢y, ¢, £ and the Orlicz space £y and extend the notion of n-norm to such spaces.
Further we state and define some statements about the n-best approximation in n-normed spaces.
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Introduction
The concept of 2-normed spaces was initially developed
by Gahler [1] in the middle of 1960s, while that of n-
normed spaces can be found in Misiak [2]. Since then,
many others have studied this and related concepts and
obtained various results; see for instance Lewandowska
[3-5], Cho et al. [6], Gunawan [7,8], Gunawan and
Mashadi [9], Dutta [10] and Esi [11-13].

Let n € N and X be a real vector space of dimension 4,
where n < d. A real-valued function ||.,...,., || on X” sat-
isfying the following four conditions:

(1) |l%1, %2, ..., x4]| = 0if and only if x1, x9;. . . &, are lin-
early dependent,
(2) ll%1, %2, . .., %,|| is invariant under permutation,

(3) Nloext, %2, . .., xaull = lalllx1, %2, . . . %4 forany o € R,
(4) llx+x", %9, .. 0l < 1%, .. xull FlX, %0, 0. ., x| is
called an n-norm on X, and the pair (X, ||., .., .||) is called
an n-normed space.

Let n € N and X, a real‘vector space of dimension d,
where 2 < n < d. ;=3 be the collection of linearly inde-
pendent sets B with 7 — 1 elements. For B € 8,_1, let us
define

pe(x1) = ||x1,%2, .. .5%4]l, ¥1 € X,%9,...,%, € B.

Then pp is a seminorm on X and the family P = {pp : B €
Bu—1} of seminorms generates a locally convex topology
on X.

Let (X,|.,...,.|) be an n-normed space and W7,
Wo,..., W, be n subspaces of X. A map f : Wi X
Wy x ... x W, — R is called an n-functional on
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Wi x Wy x ..+, W,, whenever for all x11,x01,...,%,! €

Wl, x12,x22, . . ,x,,2 € Wz, . ,xln,xzn, cen ,xn” € Wn

andall A, Ag,..., A, € R;

@) feat + x4+ o, a2 a4+ a2

%"+ xS = 21§i1,i2,...,in§nf(xi1I!xizzi cee :xinn)

(if) fRax1, o2, - o5 Apxy) = Aiho . Ayf (X1, %2, . ., Xp).
An n-functional f : W3 x Wy x ... x W, — R

is" called bounded if there exists a non-negative real
number M (called a Lipschitz constant for f) such that
fx1,%0,...,x0)] < Mlx1,%2,...,%, for all x; €
Wi,xo € Wo,...,x, € W,. Also, the norm of an n-
functional f is defined by

IfIl =inf{M >0: M is a Lipschitz constant for f}.

For an n-normed space (X,|.,...,.) and 0 # uo,
us,...,uy € X, we denote by XE the Banach space of
all bounded n-functionals on Xx < uy > X < uz >
X...X < u, >, where < z > be the subspace of X
generated by z and B = {uy, ..., u,}.

A sequence (x;) in an n-normed space (X, |.,...,.||) is
said to converge to some L € X in the #-norm if
limg oo llk —L, tt2, . . ., uy|| =0, for everyuy,...,u, € X.

A sequence (x) in an n-normed space (X, ||.,...,.||) is
said to be Cauchy with respect to the #z-norm if
limy s oo | Xk —%1, U2, . . ., uy || =0, for everyuy,...,u,eX.

If every Cauchy sequence in X converges to some L € X,
then X is said to be complete with respect to the n-norm.
Any complete n-normed space is said to be n-Banach
space.

Definition 2.1. Let (X, |., ..
We say that x is n-orthogonal to y if ||x, ug, us, . ..

.,-]) be an n-normed space.
yupll <
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lx + oy, ug, us, ..., uyll, for all ug, us3,...,u, € X, « € R

and we write x.1"y.

Definition 2.2. Let (X, ||.,...,.|]|) be an n-normed space,
M a nonempty subspace of X and x € X, then gy € M is
called an n-best approximation of x € X in MM, if for every
geManduy,us,...,u, €X,

”x_gO)MZvMS)---!Mn” < ||x—g7742,”3;~~~;”n||-

If for every x € X\M there exists at least one n-
best approximation in M, then M is called n-proximinal
subspace of X.

If for every x € X\M there exists a unique n-best
approximation in M, then M is called an n-Chebyshev
subspace of X.

For x € X we write,

Pl (x) = {go € M : gois an n—best approximation of x}.

Definition 2.3. A function M :[0,00) —>[0,00),
which is continuous, non-decreasing and convex with
M(@O) =0,M(x) > 0,forx > 0and M(x) — 00,asx — 00
is called an Orlicz function.

Let (X, |.,...,.|]) be a real linear n-normed space and
w(X) denotes X-valued sequence space. Then for an
Orlicz function M, we define the following. sequence

spaces for some p > 0, L and every zy, ...,z, € X:
. xp — L
M5 D1 = {(x) € wX) = lim M(|| ?
k— 00 p
Z2, .. .,Zn“) = 0};
. Xk
AL -0 = {(k) € w(X) + lim M([|—,
k— o0 14
z2,...,zxll) =0},
and
Xk
M1l -5 Do = {(x) € w(X) = sup M(|| —,
k P
22,...,2Z4]) < oo},

When X = C, the complex field and M(x) = |x|, for all
x €[ 0,00), the above spaces reduce to the spaces c, ¢y, and
£~ respectively.

It is obvious that

Ml Do S Ml osD1 € M -5 D oo
When L = 0, we have (M, ||.,...,. Do = M, |l.,...,.ID1.
Lemma 2.1. The spaces (M, ||.,. .., Do, M, .- -5.1D1

and (M, ||., .. .,.|)cc are linear spaces over the field of reals.
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Proof. The proof is a routine verification and so omitted.

O

Methods

The ‘Introduction’ section recalls the notions of 7-normed
space, n-functional, Cauchy, and convergence sequences
in n-normed spaces as well as defined the notions of n-
orthogonality and #-best approximation and introduced
three sequences spaces using an Orlicz function M with
base space X, a real linear #-normed spaces in comparison
with the classical spaces cp, ¢, and €. In the ‘Results and
discussion’ section, we prove some statements about the
n-best approximation in z-normed spaces and investigate
the introduced spaces for n-Banach spaces. The method
applied for the main results is that first we give statement
for each results and then each statement is supported with
mathematical arguments as ‘proof’

Results and discussion
Now we state some statements about the #-best approx-
imation in n-normed spaces and investigate the main
results of this article involving the sequence spaces
M. .. 5 Doand (M, ||.,...,.ID1and M, I, .. ., 1D oo-
Theorem 3.1. Let (X, ||.,...,.||) be an n-normed linear
space and 0 # x,y € X. Then the following statements are
equivalent:

(@) xL"y.

(ii) There exist us,...,uy, € X and F € X} such
that |F|| = 1, F(x,up,...,uy) = |xus, ..., uul,
F(y,uy,...,uy) =0and B ={uy,...,u,}.

Corollary 3.2. Let (X, |.,...,.||) be an n-normed space,
M a non-empty subspace of X, 0 # x € X and go € M.
Then the following statements are equivalent:

(i) g0 € Py().

(ii) There exist ua,...,u, € X and F € X}, such that

IFll =1, F(x — o, U2, ..., Uy) = ||Xx — g0, U2, ..., Uyl and
F(g,uy,...,uy) =0forallg e Mand B = {uy, ..., uy).
Now we define an #-norm on the spaces (M, ||., ..., .|)o

then (M, ||.,...,.ID1 and (M, ||.,...,.)oo and prove that
they are n-Banach spaces.

Lemma 3.1. Let Y be any one of the spaces (M,
ls--os. Do then (M, |.,...,.I01 and M, ||.,...,.])co. We
define the following function (||.,...,.)y on ¥ x Y x

. X Y (u factors) by |x},..., &y = 0if x,...,x"
are linearly dependent, and ||x,...,x"|ly = inflp >
0:  sup M, z,..zl) < 1) a0

k>1, zo,...,zn€X P
are linearly independent.
Then |.,...,.|y is an n-norm on Y.
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Proof. Proof is a routine verification and so omitted.

Theorem 3.3. If X is an n-Banach space then the spaces
WM. 5Do and ML ...5.D1 and M. ... Do
are n-Banach spaces.

Proof. Let Y be any one of the spaces (M, |.,...,.lDo
and (M, ||.,...,.ID1 and (M, |.,...,.I)oo- Let (x') be any
Cauchy sequence in Y. Let x9 > 0 be fixed and ¢t > 0 be
such that fora0 < ¢ < 1 and %.t > 0 and xot > 1. Then
there exists a positive integer ng such that

. . €
Il =, u?, .. u"|ly < —, foralli,j
xXot
,u"eY.
O

> np and for every u?, ...

Using the definition of #n-norm, we get

xt — xy/ € o
inf{p : supM(Ilu,z2,...,zn||)<1, } < — fori,j
k>1 P xot

> nyp.
Then for every zy, ..., z, € X, we get
xt — ) .
sup M (|l +— — 22, Znll) = 1foralli,j
k>1 ”x —xj;uw--,u”Y
> nop.
It follows that for every zy, .. .,z, € X,
it —axy/
M — 1,225 2l]) <lfor k
(ll o, a2 ull) <

>land for i,j>ng.

For t > OwithM(%O) > 1, we have

; ,
MOl < M),
ot — &, u> . u ||y 2
Since an Orlicz function is non-decreasing, this implies
that for every z,...,z, € X,
txg €

) ) €
lxel —xid, 2%, .., 2" < —.— = X for alli,j > ng.

Hence, (x) is a Cauchy sequence in X for all k € N and
so convergent in X for all k € N, since X is an n-Banach
space. Suppose lim;_, soxx* = xx (say) for each . Now, using
the continuity of Orlicz function M and n-norm, we can
have

,Zn”) <1, 225+ 2p

xl —x
inf{p : supM(||u,z2,...
0

k>1

€ X} <€, fori>ny
and asj — 00 . It follows that (¥’ —x) € Y.

Since (x') € Y and Y is a linear space, so we have x =
x' — (x* —x) € Y. This completes the proof of the theorem.
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Example 3.1. Consider the space Cj of real sequences
with only finite number of non-zero terms. Let us define:

lx1, %2, ..., x4]l = 0, if x1, x2,...,
xy are linearly dependent,
o
= > (o o] - - ™ ), if o,
k=1
x9,...,%, are independent.
Then ||.,...,.|| is an #-norm on Cy. That is not an z-

norm on ¢g and [, consisting of real sequences.

Conclusion

After observing the investigations of this paper, we can
comment that while studying the #-normed structure, the
main issue should be the use of the meaning of #-norms.
We also observe that if a term in the definition of #-norm
represents the change of shape and the #-norm stands for
the associated area or center of gravity of the term, we can
think of some plausible applicable of the notion of #-norm.
As an example, we can think of the use of the notion of »-
norm for a process where for a particular output we need
n-inputs but with one main input and other (n-1)-inputs
as dummy inputs to complete the process.
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