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In this paper, we report the application of two parameter coupled alternating group explicit (CAGE) iteration

and Newton-CAGE iteration methods for the cubic spline solution of non-linear differential equation u" = f{r,u,u)
subject to given natural boundary conditions. The error analysis for CAGE iterationmethod is discussed in details.
We compared the results of proposed CAGE iteration method with the results of corresponding two parameter
alternating group explicit (TAGE) iteration method to demonstrate computationally the efficiency of the
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Introduction
Consider the two point boundary value problem

Lu(r)=—u (r) +f(ryu,u) =0,0<r <1 (1)
with natural boundary conditions
u(0) =A,u(l) =B (2)

where A and B are constants. We assume that for 0 <
r<land - o <uy<o

(i) f(ruv)is continuous,

(ii) %and% exist and are continuous, and

(iii) % >0 and‘%‘sW for some positive constant W.

These conditions assure that the boundary value prob-
lem (1)-(2) has a unique solution (see Keller [1]).

During last four decades, there has been a growing
interest in the theory of splines and their applications
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(see [2-6]). Bickley [7], Albasiny and Hoskins [8,9], and
Fyfe [10] have demonstrated the use of cubic spline
function for obtaining the second order approxima-
tion solution for two point boundary value problems.
Later, Chawla and Subramanian [11] have constructed a
fourth order cubic spline method for second-order
mildly nonlinear two point boundary value problems.
In 1983, Jain and Aziz [12] have first developed fourth
order accurate numerical method based on cubic spline
approximation for the solution of more general non-
linear two point boundary value problems. In the recent
past, many authors (see [13-19]) have suggested various
numerical methods based on cubic spline approxima-
tions for the solution of linear singular two point bound-
ary value problems.

In 1985 Evans [20] developed group explicit method
for solving large linear systems arising due to the
discretization of differential equations. Later, Sukon
and Evans [21] have introduced two parameter
alternating group explicit (TAGE) iterative methods for
the solution of tri-diagonal linear system of equations.
Using the technique given in [20,21], Mohanty et al.
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[22-24] have discussed the application of TAGE itera-
tive method to fourth order accurate cubic spline
approximation for the solution of non-linear singular
two point boundary problems. In this paper, we discuss
two parameter coupled alternating group explicit
(CAGE) and Newton-CAGE iteration methods, and
fourth order cubic spline finite difference approximation
and their application to linear and nonlinear differential
equations with singular coefficients. In the next section,
we discuss cubic spline approximation and its applica-
tion to singular problems. In section 3, we discuss the
CAGE and Newton-CAGE iteration methods and con-
vergence analysis. In section 4, we compare the compu-
tational results obtained by using the proposed CAGE
iterative method with the corresponding TAGE iterative
method. Concluding remarks are given in section 5.

Cubic spline approximation and application

To obtain a cubic spline solution of the boundary value
problem (1) and (2), we choose uniform mesh spacing
h > 0 along the r-direction. The interval [0, 1] is divided
into a set of points with interval of & = 1/(N + 1),
N being a positive integer. The cubic spline approxima-
tion to equation (1) is obtained on [0,1] which consists
of the central point r, = kh and the two neighboring
points ry,1=rr+h and ri_,=ri-h k=1(1)N, where
7o =0 and ry, 1 = 1. Let Uy = u(ry) be the exact solution
of u at the grid point r; and is approximated by u.

At each internal mesh point ry, we denote;

My = u"(re) = f(ri, u(re), ' (re)), k= 0(1)N + 1.

Given the values ug, uy, . . ., un .1 0f the function u(r)
at the mesh points 7o, 71, ..., 7x 41 and the values of the
second derivatives of u at the end points ug and uy, 1,
there exists a unique interpolating cubic spline function
S(r) with the following properties:

(i) S(r) coincides with a polynomial of degree three on
each [ri_1, i), k=1(1)N + 1

(ii) S(r) € C*0,1] and

(111) S(Vk) = U, k= 0(1)N+ 1

The interpolating cubic spline polynomial may be writ-
ten as:

rk—r r— ri_
S():(k )MkilJr( kl)Mk

2 6h

c—r

+(Mk1—EM/<1 %
h? r— ri_

+<uk—ng>%,rk_ISrSrk,k
=1(1)N +1 (3)
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We consider the following approximations:
Tty = e £h,0 <y <1, (4.1)
e = l/? — (uk+1 - uk*l) (4 2)
k k W ) .
+3 Flup + ugs
ﬁ/lkil _ ( Ujt1+2Uj ukJrl)7 (43)
2h
]k :f(rkvukvﬁqk)’ (4'4)
frer = (reer, e, M), (4.5)
Uiy = Nty + (1= )it (0f oy + i), (4:6)
_ 1 )| -
Mty = iz(ukil — ) Eh(p'fis +a'fi),  (47)
. _ - =
M = Mk =75 (Frsr=fi1)s (4-8)
fki;y :f(rk:tm ﬁkj:}y’ ﬁ/lkj:;y) ) (49)
f i = flre, e, i), (4.10)
2
where p = }7(}76 b p= d_{; = % (’72 - %)7
_A-pla-n’-1] . dg_1 Lo
q A 4=, =503 7

Then the cubic spline method with order of accuracy
four for the differential equation (1) may be written as:

o= = R
27 [fkw +fiy+ (1277 - 2)fk}

+Tr,0<y<sl,k=11)N (5)

Upyr — 22Uy + U1 =

where Tp=O0(H®) (See Jain and Aziz [12]) with uo=
A and uy, = B.

Let us discuss the application of the difference formula
(5) to the following singular problems

u" =D(r)u + E(ru+f(r),0<r<1 (6)
and
vu" =B(r)u +ur + C(rju+g(r),0<r<1 (7)

where v=R'>0 is a constant and D(r) = — a/r and
E(r) = a/r*, B(r) = - av/r and E(r) = av/r’.

For a« = 1 and 2, the linear singular equation (6)
becomes cylindrical and spherical problems, respectively,
and for a = 0, 1 and 2, the non-linear singular problem
(7) represents steady-state Burger’s equation in Cartesian,
cylindrical and spherical coordinates respectively.

Now applying the difference formula (5) to the sin-
gular equations (6) and (7) and using the technique
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discussed by Mohanty et al. [22], we may obtain the fol-
lowing fourth order difference scheme

=dr,0<py<1lk=1(1)N,
(8)

for the numerical solution of the differential equation (6),
where

a1 + 2bguy + crtgi

a (6n 1 fmy
—14-— — (6 -2
a +12’1<k+2k3(17+a17 rx)+ >

by =1+ ’7<12(6n+m7 2) + 2k4(6n+a17 2a)

a [(—6y 1 - aly)

(6 ~ 2a)
+12;7(k ok (07 + @ = 2a) >

—h? ha “
- 12 sy} 2 _ 2

o= |1 (12 )+ o - 2)|.

and the following fourth order difference scheme

P vk, e, Uke1)= — V][tgr1 — 26y + tg—1]

2

h
T (L + B (up1 — w—1) + I3 (w1 — 20 + ug_1)

+Lauiy + I (i1 — 1) + Tour (up1 — 20 + tge—1)
7 (s y — ) + I (g — i) (i1 — 1)

o (g1 — 20t + wp—1) + Toug (rr — ug_1)*

+2f] =0,k = 1(1)N, (9)

for the numerical solution of the differential equation (7),
where

Rav  avk*(6—a) " |5,
1=""7 =V e
(7c) (%)
—6av avh(a—6) v lh
L=""% - :
? hry 2(rk)3 2 ﬁ(
av(2 — a) 2ah? 4  2ah 2a
Iz = 2 714: 3315:__—27 TN
(7e) (e) b 3(r) (k)
1 ah vl - vl
I; = h+3( )2718_?719:_‘/ vho=——=-,
and
3f = 12fi + Wi + (fk + 2y -

( )

In order to avoid the numerical complexity, we con-
sider 7 = 1.

If the differential equation is linear, we can apply
the two parameter CAGE iterative method and in the
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non-linear case, we can use the Newton-CAGE iterative
method to obtain the solution.

CAGE Algorithm and convergence analysis
The linear system (8) in matrix form may be written as:

Au = RH (10)
where
2191 C1 0 1Z51
ay 2b2 Cy us
A= , U= |1
an-1 2by1 enei
0 an 2bN | nun UN | nx1
E f1 —aiuo RH,
P RH,
and RH = | % = (say).
d fe=tenuna | LRAN [y

To implement the CAGE iterative method, we split
the coefficient matrix A into two sub-matrices A = G; +
G,, where G; and G, satisfy the conditions:

(i) Gi+wil and Gy+w,l are non-singular for any w; > 0
and w, > 0.

(ii) For any vectors v; and v, and w1 > 0, wp > 0, it
is ‘convenient’ to solve the system explicitly, ie.
z1=(Gy + wd)” vy and z; = (G + wo]) ™ v, for
vectors z; and z3, respectively.

We shall be concerned here with the situation where
G; and G, are small (2 x 2) block systems.
Now we discuss the case when N is odd (with xy = 0,

AN+1= 1)
Let
by 0
bz Cy
G1 — as bg . ’
0 by enoa
an bn I nen
and
b] C1
a) bz 0
Gy = bn-1 con-1
anN bN
0 bx NxN
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So that the system (10) can be re-written as

(Gl + Gz)u =RH (11)

Then a two parameter AGE method for solving the
above system may be written as

(Gy + 1)z = RH — (Gy — 1 D)u' s = 0,1,2, ...

(12)

(Gy + woD)ul™ = RH — (Gy — wy)z¥,s = 0,1,2, ...

(13)
where z® is an intermediate vector.

Eliminating z®) and combining equations (12) and (13),
we obtain the iterative method

(Ga + wal)u (s+1) — 1 — (01 + @2)(Gy + wl[)il]
X (Gy — 1 D)u® + (01 + @)
% (Gr + 0uI) 'RH,s = 0,1,2, ..
(14)
or
Ut = T4 + RH,, s =0,1,2,. .. (15)

where

Ty = (Gy + w2l) [(Gy — wi]) —
X (G1 —+ &)11)_1<G2 — (1)11)]

(&)1 + 602)

and

RH,, = (01 + @)(Gs + w3I) " (Gy+ w1 1) 'RH

The new iterative method (14) or (15) is called the two
parameter CAGE iterative method and the matrix T, is
called the CAGE iteration matrix.

To prove the convergence of the method, we need to
prove that S(T,,) < 1, where S(T,) denotes the spectral
radius of T,,.

Let A; and p;, i = 1(1)N, be the eigen values of G; and
G, respectively.

Since (Go+wx)™ Y, (Gy - wif), and (G; + w )7}
(Gy — w1l), commute with each other

H— o1 (@1 + o)y — o)
1 Twll, = max -
Moy M+ @2 (4 @2)(Ai + @1)
L — -
N (e Y] N (16)
v i+ w)] H; + w2

The eigen values A; of sub-matrices G;, satisfy the
equation

bi — /1,‘ Ci

b — | =

(17)

2738
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or

A2 — (b; + by )i + (bibisy — aiici) =0 (18)

Simplifying, we get

1
Ai= 3 [(b +bi1) & \/ bi1)® +4aiiaci (19)
It is easy to verify that Re(};) > 0, hence
LiZ @ L (DNforalley > 0,0 >0 (20)
/11' + o b — 1 s W2

Similarly, the eigenvalues p; of the sub-matrices of G,
satisfy Re(y;) > 0, hence

Hi —w

| <1,i=1(1)N for all o; > 0,00, >0
,’/ll“‘&)z

(21)

Therefore from the equation (16), we conclude that

S(TW) — ||TW||2 <1 (22)

Hence, the convergence of the CAGE method (15)
follows.

Now we discuss the CAGE algorithm, when N is odd.

For simplicity we denote:

Pk =bi+o1,qx = by — w1,7x = bg + wy for k=1(1)N

and for (pipre1 — Ckais1) = 0, we define dy = 1/(prprs1 —
Crdpy) for k=1(1)N - 1.

By carrying out the necessary algebra in equation (14),
we obtain the following CAGE parallel algorithm:

Let

Al =Trirp — Cidy # O,

S S 2&) S S
S = q1u§> + clué) - — [q1u§> + clu(z) — RHI},
1
(s) ) 20d (s) ()
Sy = aruy” + qauy wdy |arp3uy’ + paqaiiy

—Czqgl/lés) — CngI/lEy —pgRHz + CzRH31|

then
Siry — S
ot S =Se) gy, (23)
Ay
s S -S
ugH):(Z’lA*l@)’S:o,Lz,m (24)
1

For k = 3(2) N-2

A = rirgg1 — g1 = 0,
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Table 1 Problem 1: the RMS errors

N TAGE method CAGE method RMS errors (for both
TAGE and CAGE method)

Wiopt = Waopt = Wopt iter CPU time (in sec) Wiopt = Waopt = Wopt iter CPU time (in sec)

B=10
10 0.725 24 0.0016 0.55 12 0.0003 0.1619(-03)
20 041 48 0.0034 035 21 0.0008 0.1169(-04)
30 028 70 0.0062 025 31 0.0015 0.2428(-05)
40 0.21 100 0.0108 0.19 41 0.0025 0.7884(—06)
60 0.15 150 0.0228 0.13 61 0.0054 0.1599(-06)
80 0.11 200 0.0398 0.106 79 0.0092 0.5131(-07)

B=100
10 6.0 18 0.0014 4.72 09 0.00024 0.8820(-01)
20 24 17 0.0019 2.37 06 0.00027 0.1977(=01)
30 1.61 20 0.0024 1.60 06 0.00036 0.6125(-02)
40 1.22 26 0.0035 1.19 07 0.00049 0.2331(-02)
60 0.82 38 0.0065 0.83 08 0.00077 0.5187(-03)
80 0.62 50 0.0105 0.59 1 0.00133 0.1684(-03)

Graph of the exact solution and the approximate solution for N=80, beta=100 for problem 1
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Figure 1 Graph of the exact solution and the approximate solution for N = 80, beta = 100 for problem 1.
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Table 2 Problem 2: the RMS errors
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N TAGE method CAGE method RMS errors (for both
W1opt Waopt iter CPU time (in sec) W1opt Waopt iter CPU time ( in sec) TAGE and CAGE method)
a=1
10 0.573 0.574 32 0.0017 0510 0.530 19 0.0004 0.6666(—03)
20 0305 0319 60 0.0038 0.390 0.290 37 0.0012 0.5173(-04)
30 0218 0224 86 0.0070 0.185 0.225 53 0.0025 0.1093(-04)
40 0.166 0.158 114 0.0128 0.167 0.166 67 0.0040 0.3575(-05)
60 0.109 0.109 163 0.0234 0.120 0.113 95 0.0082 0.7282(-06)
80 0.0478 0.0475 319 0.0600 0.091 0.086 124 00139 0.2331(-07)
a=2
10 0.660 0678 29 0.0019 0451 0455 19 0.0004 0.7861(-03)
20 0350 0369 53 0.0035 0.240 0241 38 0.0013 0.6101(-04)
30 0.242 0.250 77 0.0085 0.244 0.240 53 0.0025 0.1289(-04)
40 0.186 0.187 100 0.0105 0.179 0.163 71 0.0042 04213(-05)
60 0.126 0.126 144 0.0200 0.083 0.100 101 0.0086 0.8590(-06)
80 0.087 0.087 200 0.0370 0.090 0.083 131 0.0146 0.2760(-06)

N

Graph of the exact solution and the approximate solution for N=80, alpha=2.0 for problem 2
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Figure 2 Graph of the exact solution and the approximate solution for N = 80, alpha = 2.0 for problem 2.
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(s)

83 = quuy, ®)

5)
+ ey, — 20diy {—ak,laku(k_z

)

—ﬂka—w;((sll +pk_1qku,(f +pk—1cku/(i)rl

+arRH—1 — pkflRHk} ,
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Now we discuss the two parameter Newton-CAGE it-
erative method for the non-linear difference equation
(9). We follow the approaches given by Evans [25].

Let us define

Sy = ﬂk+11/l/((s>

+ Gr+1 M;:ll — 20d 41 {Pk+2dk+1bl;(:)

(s) (s) (s)
TPOk+2qk+1U) ) — Ch1Gk+2U 9 T Ch1Ch2Uy 3

—Pr+2RH 1 + Ck+1RHk+2}

then
s S - S
u2+1):M75:07172’,,, (25)
A
s S —-S
u}({rll):(‘*’u—w“l),szo,l,z,... (26)

Finally, for k = N:

(s)

(s)

41 ¢ (u)
u= " pw=|%®
UN | nx1 Pn(1) |
and
0
() = auf: k= 2(LN

d
2y () = a%z,k SN

(s)

(28)

L) qNM]<\j) — 20dy_1[—an_1anuy_, — ANgN-1Uyn_ + PN-1GNUN + anRHN_1 — pn-1RH]
N ™ ,
s=0,1,2,...
Similarly, we can write the CAGE algorithm when N c(u) = %7 k=1(1)N —1
is even. 17788

Table 3 Problem 3: the RMS errors

N Newton-TAGE method Newton-CAGE method RMS errors (for both
Wiopt = W2opt = Wopt iter CPU time (in sec) Wiopt = Waopt = Wopt iter CPU time (in sec) m:x:g::y\l\gi :(Sthod)

R=10,8=1/2

20 0.0270 15 0.0190 0.0245 09 0.0019 0.6970(-06)

30 0.0202 21 00212 0.0180 12 0.0034 0.1452(-06)

40 00154 28 0.0248 00142 15 0.0044 04719(=07)

60 0.0105 43 0.0353 0.0100 21 0.0082 0.9581(-08)

80 0.0093 57 0.0505 0.0076 27 00128 0.3081(-08)
R=508=1/2

20 0.0100 06 00176 00110 05 00014 0.1992(-03)

30 0.0080 06 0.0180 0.0106 06 0.0023 04113(-04)

40 0.0054 08 0.0191 0.0060 06 0.0024 0.1295(-04)

60 0.0041 09 0.0208 0.0041 06 0.0034 0.2571(-05)

80 0.0029 12 0.0246 0.0031 07 0.0047 0.8188(-06)
R =100 B =1/2

20 0.0070 05 00175 0.0210 05 00016 0.1016(-02)

30 0.0078 05 0.0182 0.0102 05 0.0021 0.3038(-03)

40 0.0044 06 0.0183 0.0068 05 0.0024 0.1518(=03)

60 0.0041 06 0.0195 0.0044 06 0.0037 0.3085(-04)

80 0.00303 07 0.0212 0.0031 06 0.0047 0.9571(=05)
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Then the Jacobian of ¢(u) can be written
order tri-diagonal matrix

2b1 (ll)
az(ll)

ci(n)

2b; (u) cz.(u)

0 aN(.u)

(©

Now with any initial vector #”, we define

utD — ) +Au($)’ s=0,1,2,...

where Au®

TAu® = —¢(u<s>), §=0,1,2,...

as the Nth-

is the solution of the nonlinear system

0
2bN (u) NxN
(29)
(30)
(31)
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For the Newton-CAGE method, we consider the
case when N is odd. We split the matrix Tas T = T} +
T,, where

b, 0
bz Cy
T, = as by . (32)
0 b1 en—1
an  bv Jyun
and
b1 C1
a) b2 0
I = b1 e (33)
aN bx
0 by NxN

0.5 1 I T

Graph of the exact solution and the numerical solution for N=60, R=100 for problem 3
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Figure 3 Graph of the exact solution and the approximate solution for N = 60, R = 100 for problem 3.
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Table 4 Problem 4: the RMS errors

Page 9 of 11

N Newton-TAGE method Newton-CAGE method RMS errors (for both Newton-TAGE
Wiopt Waopt iter  CPU time (in sec) W1opt Waopt iter  CPU time (in sec) and Newton-CAGE method)
R=10,a=1

40 0.0174 0.0182 21 0.1853 0.0173 0.0188 13 0.1626 0.1238(=05)

50 00157 00153 26 0.2798 0.0150  0.0153 15 0.1934 0.5160(-06)

60 00128  0.0131 30 0.3790 0.0108  0.0126 18 0.2440 0.2516(-06)

70 0.0110 0.0113 37 05395 0.0108 0.0100 22 0.3070 0.1369(-06)

80 00092  0.00935 41 06778 0.0086  0.0096 25 0.3796 0.8075(-07)
R=50a=1

40 0.0056 0.0057 16 0.1445 0.0054 0.006 12 0.1437 0.5441(=05)

50 00050  0.0044 18 0.1988 0.0043 0.0048 13 0.1797 0.2268(-05)

60 00035 00039 21 0.2697 0.0052  0.0041 13 0.2000 0.1106(-05)

70 0.0035 0.0031 25 0.3691 0.0040 0.0033 14 0.2265 0.6022(-06)

80 0.0028 0.0031 27 04513 0.0029 0.00294 16 0:2700 0.3551(=06)
R=10,a=2

40 0.0200 0.0210 19 0.1696 0.0180 0.0188 15 0.1612 0.1374(-05)

50 0.0161 0.0151 24 0.2580 0.0169 0.0151 18 0.2147 0.5727(-06)

60 00129 00132 29 0.3660 00117 00134 22 0.2760 0.2794(-06)

70 0.0106 0.0101 36 0.5241 0.0118 0.0112 25 0.3380 0.1521(-06)

80 00106  0.0101 38 0.6287 0.0099  0.0100 29 04199 0.8970(-07)
R=50a=2

40 0.0055 0.0064 15 0.1371 0.0045 0.0060 13 0.1370 0.5713(=05)

50 00053  0.0046 16 0.1785 0.0054 * 0.0038 14 0.1764 0.2382(-05)

60 00037  0.00385 20 0.2585 0.0034.. 0.0047 14 0.2063 0.1162(-05)

70 0.0027 0.003 24 0.3557 0.0042 0.0032 15 0.2378 0.6325(-06)

80 00029  0.0032 26 04345 0.0039  0.0026 17 0.2811 0.3730(-06)

then we write Newton-CAGE -method as: and

(T> + 02 D)Au™) = [I — (01 +.02)(Th + o1 ]) "]

% (Ty=w ) A — (0 + o) (j;z a ) /a4, 0
X (T1 + w11)71¢(u<s>), (T2+w21)_1: rN-1  —CN—2 (36)
0 <_1'1N—1 IN-2 >/AN72

s=0,1,2,...

(34)

where w; > 0,0, > 0 are relaxation parameters and (7 +
w1l) and (T, + w,l) are non-singular.

sub-matrices, they can be easily inverted.

(T D)=

1/p

p3

—c ) /Az’

—asz p>
0

PN
—ay

—CN-1 ) /AN71

PN-1

Since (T, + wiI) and (T, + w,I) consists of (2 x 2)

A0 Y

with pr=bi+ w1, k=1(1)N and Ay =pipr .1 — a1, k =
22)N-1 and rg=bg+ wy, k=1(1)N and Ax=rg, -
s 1, k=12)N - 2.

Further the matrices (T + wol)™ "(T1 + w1 )™ N(Ty — w1])
and (T + woD)" Y(T; + @ J)" ' can be evaluated in a
manner suitable for parallel computing. In order for this
Newton-CAGE method to converge, it is sufficient that
the initial vector #© be close to the solution.

In a similar manner, we can write the Newton-CAGE
algorithm when N is even.
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Numerical illustrations

To illustrate the proposed CAGE iterative methods, we
have solved the following four problems whose exact
solutions are known. We have also compared the pro-
posed CAGE iterative methods with the corresponding
TAGE iterative methods. The right-hand side functions
and boundary conditions can be obtained by using the
exact solutions. The initial vector 0 is used in all itera-
tive methods, and iterations were stopped when |z/t(5+ n
-u® <107 was achieved. While solving non-linear
difference equations, we have considered five inner
iterations only.

Problem 1

u” =pu',0 <r<1 (Convection — Diffusion equation)
(37)
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The exact solution is u(x) = (1 - e ?1~7)/(1 - e #).The
root mean square (RMS) errors and the number of itera-
tions both for CAGE and TAGE methods are presented
in Table 1 for various values of . The graph of the exact
solution and the approximate solution for N = 80, p =
100 is give in the Figure 1.

Problem 2

a a
i Zu=fr)0<r<i,
u +ru ol f(r) r

a = 1,2 (Linear Singular Equation)
(38)

The exact solution is u(r) = ¢/'. The RMS errors and
the number of ‘iterations for both CAGE and TAGE
methods are presented-in Table 2 for « = 1,2. The graph
of the exact solution and the approximate solution for
N = 80, o = 2 is give in the Figure 2.

N

Graph of the exact solution and the approximate solution for N = 80 , R=50 for problem 4
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Figure 4 Graph of the exact solution and the approximate solution for N = 80, R = 50 for problem 4.
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Problem 3
vu" = (u—B)u,0 <r <1 (Burgersequation)
(39)

The exact solution is u(r) =f[1 - tanh(Sr/2v)]. The
root mean square (RMS) errors and the number of itera-
tions both for both Newton-CAGE and Newton-TAGE
methods are presented in Table 3 for f = 1/2 and various
values of R = v''. The graph of the exact solution and
the approximate solution for N = 60, R = 100 is given in
the Figure 3.

Problem 4
1

Rk =uu +g(r),0 <r<1,

- au, a ;
r r2 (40)

a = 1,2 (Burgers'equation)

The exact solution is #(r) = #* cosh(r). The RMS errors
and the number of iterations for both Newton-CAGE
and Newton-TAGE methods are presented in Table 4
for a = 1,2 and various values of Re.The graph of the
exact solution and the approximate solution for N = 80,
R =50 is given in the Figure 4.

Final remarks

The TAGE method requires two sweeps to solve a prob-
lem and also, it requires a lot of algebra for computa-
tional work, whereas the CAGE method requires only
one-sweep to solve the problem. Experimentally, as
compared to the TAGE method the corresponding
CAGE method is requires very less number of itera-
tions and better time because it uses less intermediate
variables. We have solved four benchmark problems and
numerical results show:the efficiency of the proposed
CAGE method. The results .conclude that the two
parameter CAGE method is competitive to solve the
one-dimensional problem and it can be extended to
solve multi-dimensional problems.
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