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Conclusions: We extend the results of the commutator in weighted Morrey space.In particular, for m = 1, this result

Keywords: Multilinear commutators, Weighted Morrey spaces, bounded mean oscillation, Orlicz maximal operator

Introduction

Let b = (b1, -+ ,bm), bjyand 1 < j < m be locally
integrable functions when we consider multilinear com-
mutators as defined by

17w = [ T1ee - bonK o,
j=1

where K (x, y) is Calderén-Zygmund kernel. That is, for all
distinct x,y € R”, and all zwith 2|x —z| < |x — y|, there
exist positive constant C and y such that

i) K@) < Cle—=yl7%

i) K% y) — K(z,9)] < Clx‘f;lznliy;and
— 7|V
iii) |K(@,%) - K(,2)] < CE5
when m = 1, it is the classical commutator which was

introduced by Coifman et al. in [1]. The commutators
are useful in many nondivergence elliptic equations with
discontinuous coefficients [2-4]. In the recent develop-
ment of commutators, Pérez and Trujillo-Gonzilez [5]
generalized these multilinear commutators and proved
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the weighted Lebesgue estimates. The weighted Morrey
spaces L7 (w) was introduced by Komori and Shirai [6].
Moreover, they showed that some classical integral oper-
ators and corresponding commutators are bounded in
weighted Morrey spaces. Recently, Wang [7-9] obtained
that some other kind of integral operators (e.g., Bochner-
Riesz operator and Marcinkiewicz operators) and com-
mutators are also bounded in weighted Morrey spaces.
In his work, He [10] showed that multilinear operators
are bounded on weighted Morrey spaces with the sym-
bol of b € Lip(B). The main purpose of this paper is
to discuss the boundedness of the multilinear commu-
tators in weighted Morrey spaces LP*(w) for 1 < p <
oo and 0 < k < 1, where the symbol b belongs to
bounded mean oscillation (BMO). Furthermore, we shall
give the weighted weak type estimate of these operators
in weighted Morrey spaces of LP*(w) for p = 1 and
0 < k < 1, which is also a new result even with m = 1.
Our main results are stated as follows.

Theorem 1.1 Let 1 < p < 00,0 < « < 1,ifb; €

BMO(R™), 1 <j < m,w € Ay, then there exists a constant
C > 0 such that

I T3f lzox wy < CUBIIS Nl zow (w)»
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where ||b| =
BMO(R™).

j'il Ibjll« and |.|lx is the norm of

Theorem 1.2 Let0 < « < 1, ifbj € BMO(R"), 1 <j <
m, w € A, then for any A > 0 and cube Q, there exists a
constant C > 0 such that

wx € Q: |Tyf ()] > 2) < CIBIIf lpox )y

where ®(t) =
1D DIl L1k (-

tlog”(e + t) and |fllfoxy) =

In the section that follows, we denote by C positive con-
stants which are independent of the main parameters, but
it may vary from line to line.

Methods
In this section, we introduce the basic definitions and
lemmas needed for the proof of the main results.

Definition 2.1. Let 1 < p < o0, for any locally inte-
grable function w, if

w(ac)dx)(i 5 dxy’~! < 00

s
Ql Jo

QI Jo

w(x)

holds, then w belongs to the Muckenhoupt class A,. We
denote Ao = U _p<oo 4p-
when p = 1, w € Ay, if there exists C > 1 such that

Mw(x) < Cw(x),
for almost every x € R".

Remark 2.2. Given a weight function w € Ay, 1 < p <
00, it also satisfies the doubling condition in Aj: for any
cube Q, there exists.a constant C > 0 such that w(2Q) <

Cw(Q).

In fact, if w € Ay, we have the following inequality

Lemma A. [11] Suppose w € Ay, then there exists a
constant D > 1 such that

w(2Q) = Dw(Q),

for any cube Q.

Definition 2.3. A locally integrable function 4 is said to
be in BMO(R") if

1
bl = sup-- [ 1bta) = bolds < oo,
o 1Ql Jg

where bg = ﬁ f Q b(x)dx and the supremum is taken over
all cubes Qin R” .
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Lemma B. [12] Suppose w € A, then the norm of
BMO(w) is equivalent to the norm of BMO(R"), where

BMO(W) = (b - ||b||*,wzszpwl@ fQ 1b(x) — b w()

X dx < oo},

where bg,, = ﬁq) fQ b(x)w(x)dx.

Lemma C. [13,14] Let cube Q = Q(xo, r) centered at xg
with side length of r, for any positive integer i, 2'Q denote
the cube centered at xy with side length of 2ir, then we
have the inequality

|byiq — bql < CillD|| .
where bg,, = ﬁ fQ b(x)w(x)dx.

Definition 2.4. Let @ (¢) = tlog” (¢ + e), and the Orlicz
maximal operator Mg is given by

Meof (%) = sup|flle,Q = sup O (|f ) (x)dx.

1
x€Q xQ1Ql Jo

From above definition, observe that Mf (x) < Mof (x) <
M(D(|f]))(x); this inequality will be relevant in our work.

Aside from the properties of A,, weight function, and
BMO function, we need some estimates of multilinear
commutators. The following results are proved by Pérez
and Truyjillo-Gonzélez [5].

Theorem D Let1 < p < oc and w € A, and suppose

that b; € BMO(R") and 1 < j < m, then there exists a
constant C > 0 such that

/ | T5() Pwix)dx < ClIb|I? / If P w(x)dx.
R" R”

Although the commutators with BMO function are not
of weak type (1, 1), they have the following inequality.

Lemma E. Let w € A if there exists a constant C > 0
such that

1
sup—-w(x € R" 1 | T(f) (%) > )
>0 P I
< Csup—-w(x e R" :M¢(||l;|[f)(x) > )
t>0 (D(f

where ®(t) = tlog" (e + ¢).

By the above inequality, it has the following result.
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Lemma F. Let w € A; if there exists a constant C > 0 where A; = (b)ow = %@ fQ bi(x)w(x)dx, and i = 1,2.
such that for all . > 0 For the term II; (x), observe that x € Q and y € R"\2Q, we

have |xo — y| < Clx — y|, thus we yield

W € RS IT W1 = ) < C [ a@hwwnds

where @ () = tlog" (e + t). /Q Iy (x) [P w(x)dx
Results and discussion <C f (1) = (D) Qu) (2 (%) — (b2)Qu) P w(x)dx
In this section, we shall use the definition of a weighted Q
Morrey space. Our method is similar to the method of IF )]
Pérez and Trujillo-Gonzalez [5]. X / ——dy)’
r1\2Q [0 — ¥l
Proof of Theorem 1.1 Let1l < p <ooand0 <k < 1; / 2
for any cube Q, it only need to obtain the inequality = Cw(Q)( w(Q) 1B1.(0) = (b Qu[Fwix)dx) '

5 b bo) ou| X w(x)dx)?
/Q T30 @Pwxdx < CIBIPWQF I e - (Q)/ A R

.- IS
, < () dy)?
Fix the above cube Q = Q(xp,7) and decompose f = = J2t1\2Q |xo — y|”
fi + fo, where fi = fx20, x2q denotes the characteristic .

function of 2Q; since T7 is a linear operator, we have
b <Clb1 7116 IIPW(Q)(Z

2 d p
5 Q| ( / o) Pwiy)dy)

T; It T; i A 1
| imerweas < i i@ weads ([ vorbanby.
Qj+1Q
+ /Q Ty () () Pwi) )

= C{I + 1I}. (3.1)
since w € Ay and by the definition of weighted Morrey

. . . space, we get
It is easy to estimate the term I. Using Theorem D, we get P &

1= [ 1w reeds
o / T () PP wi(x)dxc
Q

<l [ i Pweds . } 1
=P W Q7 ([ vy
i=1

< CIBIPWQ I I - (3.2)
For the term II, without loss of generality, we can assume - ad 1 2L
= 2. Thus, the operator T} can be divided into four EC”b”PW(Q)(Z w2 7 If o)
parts =1
- ad jle=1 k=1
SC||b||pW(Q)(ZD 7 w(Q 7 flleexan)?
T3fo(x) = (b1(x) — A1) (b2 (%) — )»2)/1? K(x,y)f2(y)dy i=1

bIP K)£112

— 1w =) [ K B20) ~ 1200y
R The third inequality is obtained by Lemma A.

— (by (%) _AZ),/ K(x,9)(b1(y) — A)fa(y)dy For II>(x), note that A; = (b)ow = %Q)fQ b;(x)
R" w(x)dx, and i = 1, 2. By Holder inequality and inequality,

= Il (x) + Iy (x) + 1I3(x) + I4(x), (3.3)  |xo —yl < Clx — yl, we get
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/ [T (x) [P w(x)dx
Q

- /' W) [(b1(y) — (b1)Quw)(b2(y) — (B2)Quw)| )y dz

Q R"M\2Q lx —y|"

b — (b)) ow) (b — (by)ow
< CwQ)( [(b1(y) — (b1)Qw)( 25)’) (b2)q, )Ilf(y)ldy)p
R"\ZQ lxo — ¥l

Ci bi(») — (b1)ow
- w<Q>(Z o fﬂq\wu 1) — (b))

X (bz()') (bz)Q W )1dy)?

» 1

< CW(Q) . 2Q) (/ FOPwy)dy)?

x ( / B0 — B)gw) P W)~ dy) W
21+1Q

x( / b2 — (b)) wi) T dy) W .
21+1Q

Indeed, by Lemma B, we know BMO(R”) is equivalent

to BMOW), w € Ago. Let W = w v €Ay CAx, b €
BMO(R"), i = 1,2, for any cube Q, and by using Lemma
B and C, we show that

1 1

- 20’ */ .
(TG Jyng O~ Bl W))¥ < Cillil

Thus, since w € A, it yields

/ |Hz<x>l”w(x>dx<6w<Q)(Z 1111521, W2 QW

2Ql
X ( /  FOPwEId) Y

2

< CwQIBIPIf 1 K(W)(Z —

= 1W H-IQ) P

< Q" IBIP 1A e - (3.5)

The last inequality is. obtained by Lemma A and
D’Alembert judge method of positive series.

For II3(x), by the inequality of |x9 — y| < C|x — y]| since
we Ay C Ax by Lemma B, we have

/ |13 (x) [P w(x)dx
Q
< C/ [(b1(x) — A1)
Q
y f [b2(y) — Azl
20 lx—yI"
< C/ |(b1(x) — A1) Pw(x)dx
Q

b — A
« (/ MUCO’)WJ’)’U
R™M\2Q

lxo — yI"
b A
%ywﬂ[ﬂyﬂdﬁp.

If ) ldylP w(x)dx

< CwQIb1 I f
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By the Holder inequality Lemma B and C, we yield
1b2(y) — Aol
[ )
RM2Q

lxo — 1"

<

= CZ 27Q)

[, 100 =2l ey

I3 p
sC |21Q|(/ If )P w(y)dy)»

/ _E =
x(f 1b20) — 3ol W)~ 7 )7
21+1Q
< Clib2ll«If l o< (w)

00 i+1 9\ 5
xZiw(z Q)

v 1
. “rdy)r
27 (/2,-+1 w(y) 7dy)

i=1
< Cliball«Ilf Loy Z —
i—1 W(21+1Q)
and indeed for 0 <k < 1, by using Lemma A, we have

o0

i o0
B i = 71K wQ 7 a
; wEF1Q) 7 Z p

< CW(Q)T-

Thus, we conclude that

/Q 0 Pw@)dx < CwQF IBIPIf o, (B6)

In the same method, we shall get the result of 114 (x) as

/Q @ Pw@dx < CwQF IBIP I By (37)

in which together with 3.1-3.7, the proof of theorem is
finished.
We are now in a position to prove Theorem 1.2.

Proof of Theorem 1.2 To deal with this result, we split f
as above by f = f| + f5, which yields

Mw({x € Q: Ty (%) > A})
=iw(x € Q: |T3hw)| > 2/2})
+iw({x € Q: |Tzha(x)| > 1/2})
=1l +1V,

for any cube Q and A > 0. For the term III, since we use
Lemma F, it follows that

I < C/ (1) (x)wx)dx
Rn

< Cw(Q)* Il e (-

For the last term IV, without loss of generality, we still
assume m = 2. By homogeneity it is enough to assume
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A/2 = ||bill« = |lb2]lx = 1 and hence, we only need to
prove that

w(lx € Q: [Tyh )| > 1)) < Cw(QF If I 0w (),

for any cube Qand 0 < « < 1.1In fact, by Lemma E, we get
w({x € Q: |T;,f2(x)| >1})
w(fx € Q: |TyH(x)| > £})

sup
>0 d>(%)

Csup—— w({x € Q: Mafa(x) > t})

t>0

=C 3.8
supq) (3.8)

; (l)w({er M@ () > t).
t> n

where ®(¢) = tlog™ (e + t). We use the Fefferman-Stein
maximal inequality

C
/ d(t)dx < */‘ |f ()| M (x)dx,
x:Mf (x)>t t Jpn

for any functions f and ¢ > 0. This yields

w({x € Q: M(P|fa])(x) > t})
1

ot /{xeR":M<d>lfz)(x)>t}
C
n /R S (L) )My (x)dx

xQX)w(x)dx

IA

C
7(/ +/ YO (2D ()M (wxo) (x)dx
3@ JrRM3Q

= %(1\/1 +1V3). (3.9)
For IV, since w € Ay, it follows that
m=c [ ehemd
< CwBQ @ (f D ll g1 )
< Cw(Q)" |If [l o (3.10)

To estimate the term V5, we first consider the form

1
— w(y)dy,
|R|/Qme )y

for any x € R"\3Q, x € R, and RN Q # . By simple
geometric observation, we have

1
2 [ owotr=c—— [ woray
IR Jonr le —xol” Jo
C
= ol w(Q).
Therefore, we obtain
M(wx)(x) < x ——w(Q).
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Since w € A; satisfies the doubling condition and
Lemma A, we can estimate the term IV5 as follows

1V, < C/ MW(Q)CZQC
RM\3Q 1% — %ol
< Cw(Q) Z 0] O (|f]) (x)dx

< CW QIS Dl1x ) Z W

< Cw(Q)“IIf llpox- (3.11)

The last inequality is similar to 3.4. Note that tCD(%) > 1,
from 3.8-3.11, we conclude

w(lx € Q: |Tpha@)] > 11) < Cw(Q)" If | Lo )
Thus, the proof of Theorem 1.2 is completed.

Conclusions
Let 1 <p <o00,0<« < 1,if b €« BMOR"),1 <j <
m, w € Ay, we have

I T3 flleeeowy < CIBIIF Lox ow)

and

wx € Q: |Tyf @) > 1) < ClBIf o oy

which extends the results of the commutator in weighted
Morrey space. In particular, for m = 1, this result is also
new in classical commutator.
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