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Abstract
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Purpose: In this paper, we investigate a class of Sturm-Liouville operators with eigenparameter-dependent boundary
conditions and transmission conditions at finite interior points.

Methods: By modifying the inner product in a suitable Krein space K associated with the problem, we generate a
new self-adjoint operator A such that the eigenvalues of such a problem coincide with those of A.

Results: We construct its fundamental solutions, get the asymptotic formulae for its eigenvalues and fundamental
solutions, discuss some properties of its spectrum, and obtain its Green function and the resolvent operator.

Conclusions: Three important conclusions can be drawn: (1) the new operator A is self-adjoint in the Krein space K;
(2)if6; >0, i=1,m,and p; > 0, j = 1,2, then, the eigenvalues of the problem (Equations 1 to 5) are analytically
simple; (3) the residual spectrum of the operator A is empty, i.e., g,(A) = 0.
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Introduction

In recent years, more and more researchers are inter-
ested in the discontinuous Sturm-Liouville problem for
its application in physics (see [1,2]). Such problems are
connected with discontinuous material properties, such
as heat and mass transfer, varied assortment of phys-
ical transfer problems, vibrating string problems when
the string loaded additionally with point masses, and
diffraction problems [3,4]. Moreover, there has been
a growing interest in Sturm-Liouville problems with
eigenparameter-dependent boundary conditions, i.e., the
eigenparameter appears not only in the differential
equations, but also in the boundary conditions of the
problems (see [5-10]).

Here, we consider a class of Sturm-Liouville operators
with eigenparameter-dependent boundary conditions
and transmission conditions at finite points of discon-
tinuity. We extend and generalize some approaches and
results of the classic regular Sturm-Liouville problems to
similar problems with discontinuities. By modifying the
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inner product in the direct sum of the Krein spaces and
using the classical technics, we define a new self-adjoint
operator A such that the eigenvalues of such a problem
coincide with those of A. We construct its fundamental
solutions, get the asymptotic formulae for its eigenvalues,
discuss some properties of its spectrum, and obtain its
Green function and the resolvent operator. Especially, we
notice that the signs of 6;(i = 1, m) and pj (G = 1,2) influ-
ence the spectrum properties of the operator A, promote
and deepen the previous conclusions (see [6]).

In this study, we consider a discontinuous eigenvalue
problem consisting of the Sturm-Liouville equation:

= —(a@x)u' () + gu(x) = Au(x), x € 1, (1)

where I =[a,&1) U (£1,62) U -+ U (&, b], a(x) = a? for
x €la, &), alx) = a% forx € (£1,&2), -+, a(x) = “3n+1 for
x € (&, D), a1, ag, - -+, ay4+1 are positive real constants;
A € Cis a complex eigenparameter; g(x) is real-valued
and continuous in I, and has finite limits g(&; £ 0) :=
limyg+0g(x), i = 1,m; boundary conditions at the

endpoints

hu = Maju(a) —ayu' (@) — (e1u(a) —agu' (a)) = 0, (2)

bu = M(Bu(b) — By’ (b)) + (B1u(b) — Pout (b)) = 0 (3)
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and transmission conditions at the points of discontinuity
x=£&,i=1m,

bipiu = u(§i4+0)—aju(E—0)—apu' (§,—0) = 0, (4)

biyou == u' (§4+0)— B u(§;—0)—Bu' (§—0) = 0, (5)

where oy, B, @, Bj, Otlf, ﬂ; (i =1,m,j = 1,2) are real
numbers. Here, we assume that

a1l o S
6, = £0G=1,m),
B Bi
i /
o 1 B1 B
p1 = #0, pp = # 0.
) ap By B

In order to consider the problem (Equations 1 to 5), we
define the inner product in L2(I) as

010, ---6 a 0205 ---0
[fgh = fm[ figidx+ 220
aj a a,

1

& b
X fogodx+ -+ 5 / Jm 184 19%,
& am+1 Em

Where fl(x) = f(x) [[a,gl); ﬁ(x) = f(x) r(fl,éz)i M)
Smr1(®) = f(®) [, Obviously, the linear space
(L>(I),[-,-]1) is a modified Krein space.

Methods

The eigenparameter appears not only in the differential
equations, but also in the boundary conditions of the
problems. So by modifying the inner product in a suitable
space K and using the classical technics; we define a new
self-adjoint operator A such that the eigenvalues of such a
problem coincide with those of A.

An operator formulation in the adequate Krein space

In the following, for simplicity, we set 6 = 60160y --- 0.
Define the special inner product in the direct sum of linear
spaces L2(I) ® Cop, ® Cp, by

£, Gl=Lf, gl + - (h k) + ~— (r,5)
o1 02
for F == (f,h,1r), G := (g.ks) € L2(I) ® Cyp, ® Cp,.
Then, K := (L2(I) ® Cgp, ® C,, [+, -]) is the direct sum of
modified Krein spaces.
A fundamental symmetry on the Krein space is given by

Jo 0 0
J=1|0 sgné - sgnp; 0f,
0 0 sgnpa

Page 2 of 9

where sgnf,sgnp; € {—1,1}(j = 1,2) and Jp : L) —
L2(I) is defined by
S(x)sgnb, x €[ a, &),
Jof) @)= fX)sgn(Oir1---0m), x € (5i—1,8), i=2,m,
Let (-,-) =[J--]. Then, (-,-) is a positive definite inner
product which turns K into a Hilbert space H = (L*>(I) @
Cioo11 © Cipapy [J+-D-
We define the operator A in K as follows:
D(A) ={(f(x),h,r) € K|fi,f] € ACioc((a, 1)),
erfz/ € ACIOC((SI’ EZ))’ e ’fm—&-l’
Fos1 € ACtee( G )L If € LX), boigif =0,
i = Lvm,] = 1,2, h = Olgf(a) - Ol/zf/(ﬂ);
r= Bif (b)— Bof (b))},

AF = (I, oaif(@) — aaf (@), —(Bif (b) — Bof (D)),
F'= (f,aif (@) =ayf (@), Bif (b) — Bof (b)) € D(A).

Now, we can rewrite the considered problem (Equations 1
to’5) in the operator form as

AF = \F.

From the above, we can easily obtain the following
conclusion:

Theorem 1. The eigenvalues and eigenfunctions of
the problem (Equations 1 to 5) are defined as the
eigenvalues and the first components of the correspond-
ing eigenelements of the operator A, respectively.

Theorem 2. (¢f Theorem 2.2 of [6]). The operator A is
self-adjoint in the Krein space K.

Simplicity of eigenvalues

Lemma 1. Let the real valued function g(x) € C[a, b] be
continuous on [ 4, b] and f(X),g()) are given entire func-
tions. Then, for VA € C, Equation 1 has a unique solution
u = u(x, )) satisfying the initial conditions

u(@)=f), u'(a)=g(*) (or u(b)=f ), u’ (b)=g(1)).

Let ¢1 (x, 1) be the solution of Equation 1 on the interval
[ a, &1), satisfying the initial conditions

p1(a,}) = daty — o, @} (a, 1) = ha] — 1.

By virtue of Lemma 1, after defining this solution,
we can define the solutions ¢;11(x,A) (( = 1,m—1)
of Equation 1 on the interval [&;,&;.41) by the initial
conditions

@ir1(E+0,1) = ingi(& — 0, 1) + aingj (& — 0, 1),
Qi1 E+0,1) = Biwi(5i — 0,1) + B (& — 0,1).
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After defining these solutions, we can define the final
solution ¢y,+1(x, 1) of Equation 1 on the interval [&,,, b]
by the initial conditions

Om+1CEm+0, 1) =1 ©m(Em—0, )\)"‘amZ(ﬂ;n(Sm =0, 4),
¢;n+1(§m +0, )N) = ,Bmlfpm(gm -0, )\)+,3m2‘p;n($m -0, A)~

Analogously, we shall define the solutions y;+1(x, 2)
and y;(x, 1) (i = 1, m) by initial conditions

Xm+1(b’ )‘-) = )",Bé + ﬂZ: X;in-i-l(bl )‘) = )‘ﬂi + ﬁl
and

Bi2xi+1(8i +0,1) — anx; (& +0,1)
0;
— a1 X (& +0,2)

_91'

xi(6i —0,4) =

)

Birxiv1i +0,4)

X (€ —0,1) =
Let us consider the Wronskians

w;i(A) == Wi (@i, i %) =

which are independent of x and are entire functions,
where S-21 =[a’ Sl)j QZ = (51152)) ] QWH—I = (é:mxb]
This sort of calculation gives w; 1 (A) = ;jw; (1) (i = 1, m).
Now, we may introduce in consideration the characteristic
function w(X) as w(X) := w1 (1).

Qixi —@ixi» x € Qp, i=1,m+1

Theorem 3. The eigenvalues of the problem
(Equations 1 to 5) consist of the zeros of function w ().

Proof. Let w(A) = 0. Then, the functions ¢; (x, A) and
x1(x, 1) linearly depended, i.e.,

(pl(x; )\) = le(x; )\)

for k # 0. Consequently, the function kx;(x,A) also
satisfied the boundary condition (Equation 2). So,

le(x!)\)’x E[ﬂ,gl),
kXi(xr )\)’ X € (§i~17 Si)r = 217’
kaJrl(x» )")1 X € (sm» b]

is an eigenfunction of the problem (Equations 1 to 5)
corresponding to eigenvalue A.

Now, let u(x) be any eigenfunction corresponding to
eigenvalue A, but w(X) # 0. Then, the functions ¢;, x1
would be linearly independent on [a,&;). Similarly, ¢;,
Xi» i = 2,m, and @41, Xms1 would also be linearly inde-
pendent on (§;_1, &;) and (&, b], respectively. So, u(x) may
be represented in the following form:

c11¢1(®, ) + c12x1(%, A), x €[ a, &1),
cin@i(®, A) + cioxi(x, A), x € (§i-1,&), i =2,m,
ContD1Pm+1% A) + Cont 12 Xm+1(% 1), x € (&, b].

According to transmission conditions at the points of

discontinuities x = &;, we have c11 = ¢21 = -+ = C(m+1)1
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€12 = ¢ =+ = C(mt1)2- Thus,

c1191(6 X)) + crax1(x 1), x €[ a, &),

u@®) =19 cngi(x,A) + craxi(x, A), x € (i-1,&), i =2,m,
C11Pm+1(% A) + C1aXm+1(% A), X € (€, ],
where at least one of the constants ¢ (k = 1,2) is
not zero.

Consider the true function
L(ux)) =0,v=1,2 (6)

as the homogenous system of linear equations in the vari-
ables cjx (k = 1,2), and taking into account the above
initial conditions of the fundamental solutions, it follows
that the determinant of this system is

0 p1(@) x1 (@) — ¢} (@) x1(a)
(Pm+1(b)Xy/n+1(h)_‘p;n-H(b)quLl(b) 0

= —Bw’()) #0.

Therefore, the system (Equation 6) has the only trivial
solution ¢1x = 0 (k = 1,2). Thus, we get a contradiction,
which completes the proof. O

Definition 1. The analytic multiplicity of an eigenvalue
A of the problem (Equations 1 to 5) is its order as a root of
the characteristic equation w(A) = 0.

Theorem 4. Let6; > 0, i = 1,m,and p; > 0, j = 1,2.
Then, the eigenvalues of the problem (Equations 1 to 5)
are analytically simple.

Proof. Let A = u —|— iv. For convenience, set ¢ = @(x, 1),

dg
01 = 3(”\ » 910 = 31 etc. We differentiate the equation

lx = Ly with respect to A and have
L= rxo + x- (7)

By integration by parts, we get

U 01— 00 L)1 =0 (1291 —
_, , |8
+6,03 - - - 9m(X2A<P2_sz¢2)‘E +
1
+ (X(m—l»l))»a;m_l - X(/m+1)x¢m+1) ‘S

8)

Substituting Equation 7 and lp = Ag into the left side of
Equation 8, we have

Ao el +H0x el —Lxos Aol =[x, ol +2iv[ X, @1
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Moreover,

+ 6063+

— - & —
0(X1.91 — X1, 1) . Om (X200

b
44 (X(m+1))»¢;n+1 - X(/m+1))L¢m+1)L

= 0((haty — a2) x1; (@A) — (A} — o) x1a(a, 1))
+ (B3@g1 (b, 1) — B1@yyy1 (b, 1)),
Note that
o' (M) = agxi(a, A) — o) x1(a, M) + (hay — ) xq; (a, A)
— (ke —ap) xia(a, A).
So, Equation 8 becomes
00’ (W) =[x, 11 2iv[ x5, p]1 +0 (ah x1(a, 1) — o) x1(a, 1))
— (B5@5(b, 1) — Bl@3(b, M). 9)

Next, let i be the arbitrary zero of w (1). Obviously, u is
real since

?1 (x, lu)
@1 (% 1)

X1 (x, M) _

o) = X1 (x5 1)

We have ¢;(x, u) = cixi(x, u) (¢; # 0), where ¢; € C,
i=1,m+ 1. From

@2(&1, ) =ci1 (o1 x1 (81, w)+aiaxi 1, w) = c1x2(61, 1),

we get c; = ¢ # 0. Similarly, we can obtain ¢; = ¢y =
- = ¢yt1 # 0. Thus, with a short calculation, Equation 9
becomes

1

(e & Oy - 20
00/ (1) =1 (Z / 0@, ) P =2
a a a

& ) 1
< [l s
&1 am+1

b
X / | Xom+1 (2, )| 2dx + 61 + ,02) .
Em

Here, 6; > 0, i =1,m,p; > 0, j = 1,2, and ¢; # 0. So,
@' (1) # 0. Hence, the analytic multiplicity of u is one. By
Definition 1, the proof is completed. O

Results and discussion
Asymptotic formulae for fundamental solutions and
eigenvalues

Lemma 2. Let A = s%, s = o + it. Then, the following
integral equations hold for k = 0, 1,

k

d— x L) = (—a +s20/)d—k cos
dak PO = > 2 dxk

s(x —a)

al
s(x —a)

k
ai 2 a .
+—(—a1 + s°a7)— sin
s L dk ai

q0)e1(, M)dy,
(10)

1 x gk s(x—y)
— — sin
as J, dxk
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k
ﬁ‘ﬂiﬂ(%)\) = (an@i(&) + g (&)
dk s(x — ) a
X —— €08 ———— Si s (Bawi(&)
dx ai+1

4k _ 1
+ i) 5 sin " s)+—

x gk s(x—y)
——sin
k
g dx

i=1,m.

aj+1 ai+1S

a i1y, Mdy,

(11)

Proof. Regard ¢;(x, 1) as the solution of the following
non-homogeneous Cauchy problem:

qx)p1(x, 1),

a2’ (x) +s*u(x) =
= —ay+s Olé, (01(61, )‘) =

p1(a, A) —ay + s,

Using the method of constant changing, ¢; (x, A) satisfies

s(x —a)

P1(%, 1) = (—a + s>ab) cos A+ s*a))
s

_ 1 x _
X sin sx—a) + — / sin s*—y)
ai

ay ais Jga

)1 (x, M)dy.

Then, differentiating it with respect to x, we have
Equation 10. The proof for Equation 11 is similar. O

Lemma 3. Let A = s2, Ims = ¢. Then, for ay # 0,

‘ p d s(x —a)
d k(pl(xy )\4) (Xzs d k 0S .
+ 051 ) (3] > 00),  (12)
k . /! oit+2 _
— i1 ) = (—l)la C U0 S sin s(1 —a) -
dxk a--a; a
_ S(E — &) dF s(x — &)
w gipn 2t Sl B g T SH
a; dxk ai+1
x— Ez
+0(s |k+l+1 \t\( ay L4 +a+1)) (IA| = 00),
= 1, m, (13)
while if oy = 0,
dt ’ d~ . sx—a)
pd! (x,1) = 05— sin -
+ O(|s|ke|t|ﬁ) (JA| = 00), (14)
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k / i+l
1012 - 00l S s(§1 —a)
P h) = (=17 1 cos
dx ay---a; ay
. 8(&—&1)  s(& —&-1) d¥
X Sin -+ SINn —_—
as a; dxk
s(x — & 3 {-'lfa x &
X COS =) + O(|s|k+le‘[|( a “1+1))
Ait+1
(Al = 00), i =1,m,
(15)

k = 0,1. Each of these asymptotic equalities holds uni-
formly for x.

Proof. The asymptotic formulas for ¢;(x, A) are found
in the same way as those of [6]. Therefore, we shall
formulate them without proof.

Let aj # 0, substituting Equation 12 into Equation 11
(for k = 0), we have

Lo S(E1—a)  apabs®
(a110658” cos — sin

s(61 — a))
al al al

S(x—é) 561 —a)
az

$2 (x, )") =

X COS (/3110(25 cos

ai
s(x —&1)

Braays® s(sl—a) .
— sin ) sin
ai ai as

in =2 400, 1)y

azs Jg

sSin

(51 —a x5

+ O(js2e 1m0,

(16)

. 3 H(L2 42000
It is easy to show that g2 (x,1) = O(|s|°e”" « 2 ),

Substituting it into Equation 16 gives Equation 13 fori = 1
and k = 0. The other cases follow by applying the same
procedure as in the casei = 1 and k = 0.

The proof of Equation 15 is similar to that of
Equation 13, hence omitted. O

Theorem 5. Let . = s2, Ims = ¢ Then, the char-
acteristic function w(X) has the following asymptotic
representations:

Casel ) #0, aj # 0,

0120022 - - W20l B8 n s¢6&1—a)
aipap - - - apmy10 ai
s(G2 —&1) <in $sCEm—Em—1) sin s(b—&n)

az am Am+1
E1 —a 52 $1

/ m+5
o) = (=)™ i

X sin

b—&m
+ +“m+1 ))

+O(| |m+4 |t|(
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Case2 ) #0, aj =0,
4
o) = (-1)?’!01120[22 “ e ety Bys™ T 0s sG1-a)
aiay - - - dyb ai
. $(52—81) 51) $CEm—Em-1) . s(b—§&u)
X sin n sin
ay am Am+1
51 —a 52 51 b=ém
+ (|53 Trtan)),
Case3 f;, =0, o) #0,
4
00 = (—1y"* 12092« - - A0ty B8 - s(51 —a)
aiay - - - ﬂm+19 al
. S(fz 51) sEm—Em-1) s(b—&y)
X sin n cos
ar aAm Am+1
51—4 52 51 b—ém
+O(|S|m+3 Jt‘( &5 +“m+l))
Case4 B, =0, o, =0,
3
00 = (1YL o102 - amzalﬁ/ e o8 s(51—a)
aray - - - amb a
. $(52—81) %'1) S(sm_gm—l) s(b—&m)
X sin n cos
ay am Am+1
51 —a 52 51 b—tm
+ O(|s|m+2 1= +- +um+l))

Proof. The proof is obtained by substituting the asymp-

totic equalities ;—ijmﬂ (%, A) into the representation
B (A) = (B1+AB)@m+1(b, 1) — (Bo+1By) @y, 1 (b, ).

O
Theorem 6. The following asymptotic formulas hold

for the real eigenvalues of the boundary value transmis-
sion problem (Equations 1 to 5):

Casel ) #0, ay #0,

A0 ﬂ1(;_ D +O( ), /A(z ﬂ;(n - I9F4
$0C), YD = am+bl(_n.§_ )

Case2 ) #0, aj =0,

@ _mt—yr 1 [a_ an—Dr

§i-1
+0(- ), Jagrh =

am+1(n — D 1
B — + O(;).
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Case3 B, =0, ajy #0,

ai(n— 1w 1 ; aiin — 1)m
[0 1( ) +O(Z)’ [ i( )

&1—a §i—&1

m+1) _ @m1 (1 — %)T[ 1
An ==

1

Case4 B) =0, ay =0,

1
ai(n— 3)m 1 ; i(n—1
/)L}(ql) _mn—3) O3, /a0 = ai(n — 1)
& —a n

&—&

nt1) _ Ami1(n— )7 1
P AL T

1

Here, i = 2, m.

Proof. By applying the known Rouche theorem, we can
obtain these conclusions (¢f. Theorem 2.3 of [11]). O

Corollary 1. The real eigenvalues of the problem
(Equations 1 to 5) are bounded below.

Proof. Let s = it, i.e, A = —t2. In the above formulas,
it follows that w(—#2) — oo as t — 0. Consequently,
w(—t?) # 0 for A negative and sufficiently large in
modulus. O

Green function and resolvent operator
Let us consider the following differential equation:

—(a@)u' (%)) +qx)u(x) — ru(x) = —f(x), x. € I, (17)

where I =[a,&) U (£1,62) U --- U (&, b], a(x) = a? for
x €la, &), a(x) = a3 forx € (§1,6), -+, ax) = a2,
forx € (&, b), a1, ay, - - - ay41 are positive real constants,
together with the eigenparameter-dependent boundary
and transmission conditions (Equations 2 to 5).

We can represent the general solution of homogeneous
differential equation (Equation 1), appropriate to Equation
17. By applying the standard method of variation of con-
stants, we shall search the general solution of the non-
homogeneous differential equation (Equation 17) in the
form

Cr1(x, Me1(x,2) + Cra(x, M) x1(x, 1), x €[ a, &),
U(x) = {Ca (6, )i, 1) + Cia (o6, M xi, 1), % € (Ei1, &), i = 2,m,
Cont1)1 (% VP16 A) + Cinr12(% A Xmr1 (5 A, x € (Em, b),
(18)
where the functions Cyi(x,A) (k = 1, m + 1,j = 1, 2)
satisfy the linear system of equation
Cr (% Me1(x, 1) + Cpo(x, M) x1(x,4) =0,
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for x G[ﬂ, él);

Cl{I (xi A)wl(x’ )\') + Cl/z (x! )\)Xl(xr )") = O;

Ci (%, M) g; (x, 1) + Cip (%, 2) X (%, A) = f (%)

forx € (§;-1,&;), and

Cém+1)1 (%, }\)(perl (%, A)+ C£m+1)2 (%, )L)Xm+1 (x,A)=0,

sz+1)1 (x, )»)‘p;n-q-l (x, ) +Cém+1)2(x, )\)Xy/n+1 x, A)=f(x)

for x € (&,+1,b]. Because the characteristic function
(L) # 0, the following relations can be easily obtained:

&1
Cii(x,A) = fxidy + Cn,
w1(X) x
1 X
Cro(x, A) = 7/ fordy + Ci2, x €[ a, &1),
w1(A) a
&
Ch(x, L) = i Ci,
i1(x, A) o /. sz 'y + Ci1
1 X
Cin(x, 1) = / foidy + Cin, x € (§i—1, &),
wi(A) Jg

1 b
C x,A) = 7/ Xma1d
(m+1)1 PTAA fXm1dy

+ Com+1)1

1 X
C 12(96,)\):7/ Omi1d
(D ®m+1(A) gmf ey
+ C(m+1)27 X € (%-myb] .
Here, Cy; (k=1,m+1,j = 1,2) are arbitrary constants.

In the following, for simplicity, set ¢(x) = ¢(x, 1), etc.
Substituting the above equations into Equation 18, the
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general solution U(x, A) of the non-homogeneous differ-
ential equation (Equation 17) is obtained as
X1(x)

&1 x
/}; fX1dJ’+wl(A)/af<ﬂ1dy

+ Crip1(®) + Crax1 (%), x €[ a, &1),

&i
/ fxidy +
X

+ CiZXi(x)v X € (éi—lrsi)’l’ = 2,7,

b
/ Sxmv1dy +
X

+ Cont)19m+1®) + Cont1)2 Xm+1(%), x € (Em, b],

@1(x)
w1(})

Xi (%)
w;(L)

®i(x)
w;(A)

/ f</hdj/ + Czl@t(x)

Xm+1(X) ()
Wm+1 ()&)

Om+1(x)
@m+1(1)

/ Somrdy

(19)

where Cy; (k = 1,m + 1,/ = 1, 2) are arbitrary constants.
By differentiating Equation 19, we have the representation

of U'(x, 1), i.e.,

&1 ’ x
/ fxdy + 1) / Sfo1dy
x w1(A) J,

+ C11¢} (%) + Crax] %), x €[ a, &1),

X
/ Sfoidy
i1

+ Cagh(®) + Cox (%), x € (Ei—1, E)ri= 2,m,

/me+1 /f90m+1 Y

@} (%)
w1 (1)

X; (%)
w;(A)

@;(x)
w;(}) x

&i
Sfxidy +

¢m+1 ()
Wm+1(A)

Xm+1( )
Omt1(A)

(20)

By using the system of Equation 19 and the proof pro-
cess of Theorem 3, the following equalities are obtained
for I,(U),v=1,2m + 2:

+ Comt1)1€p41®) + Cont)2 Xms1®), x € (&, b].
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pir1(&) [5i xi+1(6)
b1 (U) = dy —
2i+1(U) o) Xi+1 o en
&i
X . Sfoidy — Cigiy1(&)
i—1

—Ciaxi+1E)+Cir10i+1ED+Ciz2 Xiv1Eiv1), i=1,m,
(23)

&it1

@1 (&)
Fir150 Xiv1dy —

wi+1(A)

&
X / Sfidy — Cagj, 1 (&) — Cixi 1 (&)
i—1

hita(U) = ()

+ Clix1)19141GE) + Cirn2Xip1 Eir1)s

i=1,m.
(24)

Because U(x, 1) is-a solution and w(A) # 0, from
the boundary condition (Equation 2) and equality
(Equation 21), we have C;2 = 0. Similarly, from the
equality . (Equation 22) and boundary condition
(Equation 3), we have C,41y1 = 0.

On the other hand, by taking into account Equations 23
and 24 and transmission conditions, the following linear
equation system according to the variables C; (i = 2,m,
j = 1,2) is obtained:

Cagi+1(8) + Ciaxi+1(6) — Ci+n19i+1(6) — Cia+naxi+1(6i)
_ o) (g K@
wi+1(A) o wi) Je 0T

Cagi+18) + Coxi+v1(6) — Cirn19i+1(6) — Cia+naxiv1(6)
_ &) [ iy — Xi+1(5) [* foidy
wir1(A) o wi(A) Jg, e

(25)
By using the definitions of solutions ¢;(x, A) and x;(x, 1)

h(th) = =Crpon (1), + (21) (i = 2,m + 1), the following relation is obtained for the
LU) = Conrny10m+1(A), (22)  determinant of this linear equation system:
v2(51) —¢2(61) —x2(51) O 0 0 0 0
¢y (&) —py(61) —x3(51) O .- 0 0 0 0
0 w3(52) —x3(52) @3(82) - 0 0 0 0
0 —¢5(5) —x5(5) ¢5(5) --- 0 0 0 0
0 0 0 0 = xmEm—1) OmEm=1)  xm(Em—1) 0
0 0 0 0 =X CEm—1) 0, Em—1) X Em—1) 0
0 0 0 0 0 —0m+1Em) —Xm+1En) Xm+1Em)
0 0 0 0 0 —90;,,+1(§m) _X,Z,H_l(ém) X,/,,_._l(gm)
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m+1

:[]May
i=2

Since this determinant is different from zero, the solu-
tion of Equation 25 is unique. If we solve the system
(Equation 25), we get the following equalities:

1 §iv1 1

Ci = Cdyd ..
i wi+1(A) Jg Fricady &

wm+1 (1)

b
x/ fxmy1dy, i=1,m,
Em

1 &1
Cliv1y2 = m/ fordy + -+
a

&i
X foidy, i =1,m.
&i1

w;(A)

Finally, by substituting the coefficients Cy; (k =
1,m +1,j = 1,2) in Equation 24, we can get the formulas
of the resolvent U (x, A). Further, let

p1(x), x €[a, &),
p@) = 1 @ix), x € (§i—1,&), i =2,m,
Pm+1(x), x € (§m, b],
x1x), x €[a, &),
X =1 xi®), x € Gi—1,&), i =2,m,
Xm+1(%), x € (&, b].
Then,

X (%)
w; (L)

b
U= 22 / Fidy+

x
dy, i=1,m+ 1.
() /ﬂf(/)t %

(26)

Thus, the resolvent of the boundary-value transmission
problem is obtained. We can find the Green function from
the resolvent (Equation 31). Namely, denoting

POMXEY) b x £ b,
w;(A)
Em Y EELEL -
Gyt o i=T,m+1
%Xm@) a<x<y<bhx#t,b,
. rgmry#sl’s%"' ,Sm,

(27)

We can rewrite the resolvent (Equation 26) in the next
form

b
Ux, 1) = / G(x, y; M)f (0)dy.
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Let A not be an eigenvalue of A. It is obvious that the
operator equation

I —A)U=F, F= (f(0),fi.fr) €K
is equal to the following problem:

lu = —(a@x)u'(x)) + gx)ux) = Au(x) —f(x)  (28)

toholdin! =[a,&) U (&1,&) U+ - - U (&, b], subject to the

eigenparameter-dependent boundary conditions
Moqu(a) — oz (@) — (aru(a) — ai (@) = fi, (29)
A(Biu(b) — Byu' (b)) + (Pru(b) — pou' (b)) =fo  (30)

and transmission conditions (Equations 4 and 5). The
general solution V'(x, A) of Equation 28 can be represented

as
p1(x) (5 x1(x) [*
m(x)/x 1 +w1<x)/af‘“dy

+ D11¢1(x) + D12 x1(%), x €[ a,&1),

i(%) /ff Xi (%) /
idy + idl

o) S T iy S T

+ Dagi(®) + Dioxi(x), x € (§i—1,&),i=2,m,
D1 (X) / Xm+1( x) /

m mt1d

i1 (V) Sxmy1d me(A) Somr1dy

+ Dn1)19m+1 %) + Dony1)2 Xm+1(%), x € (&, b],
(31)

where, Dy; (k=1,m+ 1,j = 1,2) are arbitrary constants.
Substituting Equation 31 into Equations 29 and 30 as well
as Equations 4 and 5, we obtain

12 = _fil D H1 = f72
1) TN )
1 &it1 4 1
D1 = . o
N o Jy TR Omr1 (V)
f _
X dy+ ———, i=1,m,
/ Jamardy+ Gy
& 1
Diy1)2 = o100 Sordy + -+ PES
a 1
& f
X dy — ,i=1,m.
/E‘ilf(pl i’ w1(A)

Substitution of these equivalents into Equation 31, we
get

X %) @(x)

Vi) = Ux,A) — —~e i+ p—yeY fo. (32)
Let

Ni(f) = a1f (@) — aof (@), N1(f) = aif (@) — ayf’(a),

Ny (f) = B1f (b) — Baof ' (b), Ny(f)

= BIf (D) — Bof (D).
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Then, the formula (Equation 32) can also be written as 2. Buschmann, D, Stolz, G, Weidmann, J: One-dimensional Schrédinger
operators with local point interactions. J. Reine Angew. Math. 467,
b 1, 169-186 (1995)
Vix,A) = f(y)G(x,y, )‘)dy + *NI(G(’C’ > )‘))fl 3. Kadakal, M, Mukhtarov, OSh, Muhtarov, FS: Some spectral problems of
a 1 Sturm-Liouville problem with transmission conditions. Iranian J. Sci. and
Technol. Trans. A. 49(A2), 229-245 (2005)
Wang, AP: Research on Weidmann conjecture and differential operators
with transmission conditions. Ph.D. thesis, Inner Mongolia University
where G(x, y, 1) is the same with Equation 27. (2006). [in Chinese]
Now, denoting 5. Mukhtarov, OSh, Kadakal, M, Altinisik, N: Eigenvalues and eigenfunctions
of discontinuous Sturm-Liouville problems with eigenparameter in the
G(x,-, 1) boundary conditions. India J. Pure Appl. Math. 34, 501-516 (2003)
~ . Yang, QX, Wang, WY: Asymptotic behavior of a differential operator with
Gy = | N{(G(x,-, M) |, discontinuities at two points. Math. Methods Appl. Sci. 4, 373-383 (2011)
, Yang, QX, Wang, WY: A class of fourth order differential operators with
NZ(G(x’ M) transmission conditions. Iranian J Sci and Technol. Trans. A. A4, 323-332
_ (2011)
f(x) f(x) 8. Kadakal, M, Mukhtarov, OSh, Muhtarov, FS; Some spectral problems of
— — Sturm-Liouville problem with transmission conditions. Iranian J Sci and
Fy= Al Fp= fal Technol. Trans. A. 49, 229-245 (2005)
f2 ]72 9. Akdogan, Z, Demirci, M, Mukhtarov, OSh: Green function of discontinuous

boundary-value problem with transmission conditions. Math. Meth. Appl.
The formula (Equation 33) takes the form

1
+ —N)(G(x, -, M)fa, B3
2

[}

~

Sci. 30, 1719-1738 (2007)
10. Kadakal, M, Mukhtarev, OSh: Discontinuous Sturm-Liouville problems
Vix,\) = P T containing eigenparameter in the boundary conditions. Acta
(%, ) =[ G, Fpl Mathematica Sinica English Ser. 22, 1519-1528 (2006)
Cao, ZJ: Ordinary Differential Operator. Shanghai Science and Technology
Press, Shanghai (1986). [in Chinese]

So, the resolvent of the operator R(A,A) = (Al — A)~L 1T
can be represented in the form

[a f ] doi:10.1186/2251-7456-6-34
XA L p Cite this article as: Yang and Wang: Spectral properties of Sturm-Liouville
17 T operators with discontinuities at finite points. Mathematical Sciences 2012
ROLAF = | N{[ Gy, Epl |- o, P
o _
NZ[ Gx,)w Fp]

Conclusions

Three important conclusions can be really drawn: (1) the
residual spectrum of the operator A is empty, i.e., 0,(A) =
%; (2)if 6; > 0 (i = 1,m) and p; >0 (j = 1,2), ae., then
the operator A has only real point spectrum, ie., 0 (4) =
0p(A) C R; (3) if B=JA > 0, then the point spectrum of
the operator A is all real, i.e., 5,(4) C R.
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