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Abstract

Fourier coefficients which extends a theorem of Prasad.

Purpose: The purpose of the present paper is to study the product (N, p,) (C, 1) summability of a sequence of

Methods: We use N,..C ' summability methods with dropping monotonicity omrthe generating sequence {p,, _ i}
(that is, by weakening the conditions on the filter, we improve the quality of digital filter).

Results: Let B,(x) denote the nth term of conjugate series of a Fourier series. Mohanty and Nanda were the first to
establish a result for C; summability of the sequence {n B,(x)}. Varshney improved the result for H;. C; summability
which was generalized by various investigators using different summability methods with different sets of
conditions. In this paper, we extend a result of Prasad by dropping the monotonicity on the sequence {p,, _ «}.

Conclusions: Various results pertaining to the C; and H,. C; summabilities of the sequence {n B,(x)} have been
reviewed and the condition of monotonicity on the means generating the sequence {p, 4 has been relaxed.
Moreover, a proper set of conditions have been discussed to rectify the errors pointed out in Remark 3.2 (1) and (2).
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Introduction

e} . . e . 0 .
Let Zn:o”” be a given infinite series with sequence of
its nth partial sums {s,}. If the {p,}<be a'nonnegative and

nondecreasing, which generates sequences of constants,
real or complex, let us write

n

P, =) Pc#0Vn20, P.; =0=P_; and
k=0

P, — 00 asn— 0.

The condition for regularity of Norlund summability
are easily seen to be

P,
lim ——0 and (1)
Ziolpk‘ = O(P,,,), as n—0o0. (2)
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The sequence-to-sequence transformation

1 n
N —_
t, —Pn E k:op"*ksk'

defines the sequence ()} of Nérlund means of the se-
quence {s,}, as generated by the sequence of coefficients
{p.}. The series > ;7_ou, is said to be summable (N, p,,)
to the sum s if lim, . £\ exists and equal to s.

In the special case in which

(1.1)

_(n+a-1\ _  Tn+a)
p”_< a—1 )_r(n+1)r(a)’(“>_1)

the Norlund summability (N, p,,) reduces to the familiar
(C, @) summability.

The product of N,summability with a C'summability
defines N,.C ' summability. Thus the N,.C ' mean is

given by tV ¢, (x) = P;lzzzlpy,,k Cr(x).
If & s as n— o , then the infinite series > ol
is said to be the summable NP.C1 to the sum s if

lim, s t,N € exists and is equal to s.
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Let f (x) be a 2m-periodic function and Lebesgue inte-
grable. The Fourier series of f (x) at any point x is given by

f(x)N% + Z:;(ak coskx + bksinkx)zzlio Ag(x).
(1.2)

With nth partial sum, s,(f;x) is called trigonometric
polynomial of degree (order) n of the first (n + 1) terms
of the Fourier series of f.

The conjugate series of Fourier series (1.2) is given by

Z;O:l (b coskx — ay Sinkx)EZ;;Bk (%) (1.3)

The regularity conditions of N,.C" are as follows:
nB,—s=>C'nB,)=t5=n">F_1kB(x) —s,as n— oo,
C' method is regular, >N, (C'mB)} =t =P, ' S 1Py
k' k_rB,(x)) > s, as n— oo, N, method is also regular,
and = CI.NP method is regular. We note that & and £)¢
are also trigonometric polynomials of degree (order) n.

Abel’s transformation
The formula

n n—1
Dotk vi= Y Uk (k= vicrr) = U1 Vi + U Vi,
(1.4)

where 0<m <n, U= uy+ Uy + Up+.... + Up,if k>0,U_, =0,
which can be verified, is known as Abel’s transformation
and will be used extensively in the succeeding discussion.

If vV 1 -V, are nonnegative and nonincreasing, the
left hand side of (1.4) does not exceed 2 v,,, max,,1<x< | Uk|
in the absolute value. In fact,

—1
> vl < max U {300 (v = vicra) + v + v

=2V, max| Uy|.

Throughout in this paper, we use the following notations
y(6) =y, () =flx+18) —flx—1) -,
t
v = [ Iyt
1 ¢ sinkt coskt
w3 Ui

k=1

Q(nvt) =

AxPu—k = Pu—k — Pu—k-1,0<k<n,

and 7= [1/f] is the largest integer contained in 1/¢, where [
is a constant.

The (C, 1) and (H, 1) denotes the Cesaro and har-
monic summabilities respectively of order one. The
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product summability (N, p,,) (C, 1) is obtained by super-
imposing (N, p,) summability on (C, 1) summability, and
the product summability (N, p,) (C,1) plays an import-
ant role in signal theory as a double digital filter in finite
impulse response in particular [1].

Methods

Known theorems

The theory of summability is a very extensive field.
Mohanty and Nanda [2] proved the following theorem
on C; summability of the sequence {n B,(x)}.

Theorem 2.1 [2] If

V() = o(t/log(1/t)),as t— + 0 (2.1)
and

ay=0(n"?);by=0(m"), as t—+0, (2.2)

then the sequence {n B,(x)} is the summable C; to the
value of I/ .

Varshney [3] improved Theorem 2.1 by extending it to
product H;. C; summability. He has proved that

Theorem 2.2 [3] if

V(t) = o(t/log(1/t)), as t— +0, (2.3)

then the sequence {n B,(x)} is the summable H,.C; to
the value of l/m.

Various investigators such as Sharma [4], Rhoades [5]
(cor. 19, p. 533), Pandey [6], Rai [7], Dwivedi [8], Mittal
and Prasad [9], Prasad [10], Mittal [11], Chandra [12],
Mittal et al. [13,14], and Mittal and Singh [1] used differ-
ent summability methods with different sets of condi-
tions. In particular, Prasad [10] has proved the following:

Theorem 2.3 [6] Let p(u) be monotonically decreasing
and strictly positive value with u>0. Let p,, = p(n) and

u
P(u) = / p(x)dx—o0, as u—oo. (2.4)
0
Let a(t) be a positive and nondecreasing function of t. If

¥Y(t) =o(t/a(1/t)), as t— + 0, (2.5)

then a sufficient condition that the sequence {n B, (x)} be a
summable Np. Cy to the value of /1 is that

AXXQMZ

O(P(n)),as n—oo. (2.6)
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Results and discussion

Main theorem

In the present paper, we extend Theorem 2.3 by dropping
the monotonicity on the generating sequence {P,, _;} (that
is, by weakening the conditions on the filter, we improve
the quality of the digital filter). More precisely, we prove in
Theorem 3.1:

Theorem 3.1 Let {pi} be a nonnegative value such that
)Y o JApuil =O(par), (i) npy = O(pn).
(3.1)

Let a(t) be a positive and increasing function of t such
that

Y(t) =o(t/a (1/t)), ast— +0 (3.2)
and
a(n)— oo, as n — 00 (3.3)

then a sufficient condition for the sequence {nB,(x)} to be
as the summable (N, p,) (C, 1) to the value of l/m is

" P
/ (%) dx =
18 ¥ o(x)
Remark 3.2 (1) If p,, _x<p,_x-1,V0<k<mn, as used in
Theorem 2.3, then both the conditions (3.1) holds. Thus
Theorem 3.1 extends Theorem 2.3. (2) In the proof of

Theorem 2.3, author in [10] has used the condition (3.3)
but did not mention in his statement.

O(P(n)), as n—o0. (3.4)

Lemmas. For the proof of our Theorem 3.1, we require
the following lemmas.

Lemma 4.1 [10] If 0 < t < 1/m, then

Q(n, )] = 0(n)

Lemma 4.2 [15] For all values of n and t
Z sin(k + 1)t
k=0 k+1

‘ <14 (4.2)

T
5

Lemma 4.3 Under the regularity conditions of matrix

(N, p,) in satisfying (3.1), we get Q(n,t) = O(t ' P(1)/P,)
+ O(tf 2 pl/Pn)r fOr

1/n<t<d. (4.3)

sin(n — k)t

Proof We have Q(n,t) Zk o Pn- k/ 7Py {W

_cos(n — k)t

P } = Qi(n,£) + Qy(n, 1), as we say.
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By using Abel’s transformation, Lemma 4.2, and condi-
tion (3.1), we have

n-1 sin(n — k)t
|Q1(n,t)| = 'Zkzopn—k/nPnW
-1 sin(n — k)¢
< Zk=0pn—k/ﬂpn W
sin k)t
D Tpn k/T0 Py ((7,(),:2
. sin(n — k)t
<|t Z ReEia }

+t72

> bt sz __kk)tH /nP,

_ 7—1
<[ S

=2 k sin(n —r)t
BN (Ak pnszy 0%) H /7P,
1sin(n — k)t
+t 2Py /TP, Z’ nik)‘

LD n—k

n-1sin(n k)t‘

< |:tilz]z:0pn7k +t2 (1 + %)

x (ZZ:\AMHI Pt pl):| /7P,
D((P(z) + (7 + Dpu-r)/
= O(¢t'P(1)/P,) + O(t > p1/Py).

Again by using Abel’s transformation and condition
(3.1), we have

=0(t Py ) +O(t 2 p1/Py)

cos(n — k)t
t

[ +Zk O(Akp,, k)z cos(m—r)t
_pn—rzz;; cos(n —r) t} P!

1)P21P12f:0
Qu0m)] = O™ [PUr) + £ Y- laup

QZ(”7 t) = :;;pnfk/ﬂpn

+O(¢ cos(n —r)t

+t pur + t”pl} /P,

=O(t'P(1)/P,) + O(t 2 p1/Py).
By collecting Q1(n, £), Q2(n, t) and Q(n, £), we get
Q(n,t) = O(t7'P(1)/Py) + O(t *p1/Py).

This completes the proof of Lemma 4.3.
Proof of Theorem 3.1 The C; transform of the se-
quence {n B,(x)} denoted by C,,(x) is defined by
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Cu(x)

1
= ; Zk:lkBk (x) ’

The N,,. C; transform of the sequence {n B, (x)}, which
is denoted by £ “(x), is given by

7122 Pk Ci(x
=P, IZk 1P k( Zr 1rB,(x)>.

Therefore, following Mohanty and Nanda [2], we obtain
NC(x) — 1/m = 12/{ 1{p” k( er;err(x) — l/n)}
& 1 [" sinkt  coskt
:Pnlgpn—k{;/o l/l(t)(ktz - >dt+o(l)}
1 /7 _ n sinkt  coskt
:;/ (//(t)PnlszIPn_k< ingé _ oos >dt+o(1)
ST RS

1
= ;(11 + 12 +[3) —+ 0(1),

Q(n, t)dt +o(1), where 0 <& <

(3.1)

1/n
L=y d = o) /0 y(DVlds
=0(n)¥(1/n) = O(n)o(1/na(n))

1/a(n)) = o(1),as8 n—o0, (5.2)

in view of Lemma 4.1, conditions (3.2), and (3.3).
Using Lemma 4.3, we have

)

y ¥(£)Q(n, t)dt

)
_ /1 / (6)|P; {0 2py) + 06~ P(r)) Ve

=L + I, as we say. (5.3)

Now, using conditions (3.1-ii), (3.2), (3.3), and second
mean value theorem for integrals, we have

¢ ° ly(®)] _ L PN’
I —O(l)/WTPn P(T)dt-O(l)('P(t)Pn _>W
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§
12)1 = O(].)/ t7
1/n

)
2P y(e)|de = O (P p) / @
1
n

o) (¥ (D)), +

)
/ 3 (t)dt
1n

(l) tall/t>l/,1 (‘)/ j tZ:g/t)
G)“’(())*( (11/5))/ 2
)+

() o {azm) o -

(5.4)

Using conditions (3.1-ii), (3.2),(3.3), and (3.4), we have

t

+ 0(1)/6 5v(;:)p;11$dt+0(1)/(s @d(pnﬂp(r))
B P,'P, o ° Pl P(7)
=oth) o) +o [ Tty
1 (1/t)a(1/t)
Ol )/W vod( ")
o(l) + o( P, P(r)

P ) /6 ta(1/0) &
P”Kn
[

S}

( (1/t) (tocll//tt) (1/1)
o) 1/n ( 1/t> 11//tt a(1/t))
1 1P(T
0‘—”’)> a tal l/t
s 5 ga
e ) ol
ot +o{gy) o [ S
g s
e

1

§
~ow|-zam),,
sl S i

=ol)+ 0(1)/1:5 P:cal()aSC) dx

=0o(1) +o(1)O(P,'P(n)) = o(1),as n—oc.

s}

(5.5)
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On combining (5.3), (5.4) and (5.5), we get

I, = o(1),as n—0o0 (5.6)
Finally, by Riemann-Lebesgue Theorem, we have
L= / w(t)Q(n, t)dt = o(1),as n—oo (5.7)
B}

By collecting (5.2), (5.6), and (5.7), we get
NC,(x) — 1/ = 0(1),as n—o0.
This completes the proof of Theorem 3.1.

Conclusions

Various results pertaining to the C; and H; C; summabi-
lities of the sequence {n B,(x)} have been reviewed, and
the condition of monotonicity on the means of generat-
ing the sequence {p, ;} has been relaxed. Moreover, a
proper set of conditions have been discussed to rectify
the errors pointed out in Remark 3.2 (1) and (2).

Competing interest
The authors declare that they have no competing interests.

Authors’ contributions
VNM, KK, and LNM contributed equally to this work. All the authors read and
approved the final manuscript.

Acknowledgement

This article is dedicated in memory of Prof. Brian Kuttner, 1908-1992.

The authors are highly thankful to the anonymous referees for the careful
reading, their critical remarks, valuable comments and several useful
suggestions which helped greatly for the overall improvements and.the
better presentation of this paper. The authors are also grateful to all the
members of editorial board of Mathematical Sciences = a SpringerOpen
access journal. KK is thankful to the Ministry of Human Resource and
Development, India for the financial support to. carry out the above work.

Author details

'Department of Applied Mathematics and Humanities, Sardar Vallabhbhai
National Institute of Technology, Ichehhanath Mahadev Road, Surat, Gujarat
395 007, India. “Dr. Ram Manohar Lohia Avadh University, Hawai Patti
Allahabad Road, Faizabad, (Uttar Pradesh) 224 001, India.

Received: 2 July 2012 Accepted: 19 August 2012
Published: 19 September 2012

References

1. Mittal, ML, Singh, U: T-C; summability of a sequence of Fourier coefficients.
Appl. Math. Comp. 204, 702-706 (2008)

2. Mohanty, R, Nanda, M: On the behavior of Fourier coefficients. Proc Am
Math Soc 5, 79-84 (1954)

3. Varshney, OP: On a sequence of Fourier coefficients. Proc. Amer. Math. Soc.
10, 790-795 (1959)

4. Sharma, RM: On (N, p,).C; summability of the sequence{nB,(x)}. Rend. Circ.
Mat. Palermo 2(19), 217-224 (1970)

5. Rhoades, BE: Corrigendum to: generalized harmonic summability of a
sequence of Fourier coefficients. Analysis 10, 97-98 (1990)

6. Pandey, GS: On a sequence of Fourier coefficients. Math. Student 45, 80-83
(1977)

7. Rai, OP: Harmonic summability of a sequence of Fourier coefficients. Proc.
Japan Acad. 41, 123-127 (1965)

8. Dwivedi, GK: On a sequence of Fourier coefficients. Annal. Soc. Math. Polon
Series-l, Commen. Math 15, 61-66 (1971)

Page 5 of 5

9. Mittal, ML, Prasad, G: On a sequence of Fourier coefficients. Indian J. Pure

Appl. Math. 25(3), 235-241 (1992)

10.  Prasad, K: On the (N, p,). C; summability of a sequence of Fourier
coefficients. Indian J. Pure Appl. Math. 12(7), 874-881 (1981)

11. Mittal, ML: On the [ITI.C; summability of a sequence of Fourier coefficients.
Bull. Cal. Math. Soc 81, 25-31 (1989)

12. Chandra, P: Trigonometric approximation of functions in Lp-norm. J Math
Anal Appl 275(1), 13-26 (2002)

13. Mittal, ML, Rhoades, BE, Mishra, V.N, Singh, U.: Using infinite matrices to
approximate functions of class using trigonometric polynomials. J Math
Anal Appl 326, 667-676 (2007)

14.  Mittal, ML, Singh, U, Mishra, V.N,, Priti, S, Mittal, S5 Approximation of
functions (signals) belonging to Lip(§(t), p)-class by means of conjugate
Fourier series using linear operators. Indian J. Math. 47, 217-229 (2005)

15, Gronwall, TH: Uber die Gibbssche Erscheinung und die trigonometrische
summen sin x + (1/2)sin 2x + (1/3)sin 3x + _ + (1/n)sin nx. Math Ann
72, 228-243 (1912)

doi:10.1186/2251-7456-6-38
Cite this article as: Mishra et al.: Product (N, p,) (C, 1) summability of a
sequence of Fourier coefficients. Mathematical Sciences 2012 6:38.

Submit your manuscript to a SpringerOpen®
journal and benefit from:

» Convenient online submission

» Rigorous peer review

» Immediate publication on acceptance

» Open access: articles freely available online
» High visibility within the field

» Retaining the copyright to your article

Submit your next manuscript at » springeropen.com




