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Abstract. In this work, the generalized (G′

G
)–expansion method is

applied to solve the coupled Boiti-Leon-Pempinelli system (BLP sys-

tem). Generalized (G′

G
)-expansion method was used to construct soli-

tary wave solutions of the nonlinear evolution equations. This method
is developed for searching the exact travelling wave solutions of nonlin-
ear partial differential equations. It is shown that the (G′

G
)-expansion

method, with the help of symbolic computation, provides a straight-
forward and powerful mathematical tool for solving nonlinear partial
differential equations.
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1. Introduction

In this article, we consider the generalized (G′

G )-expansion method to in-
vestigate the coupling Boiti-Leon-Pempinelli system ([3,11,12,14,15,17,19,24,25])
as follows

uty =
(
u2 − ux

)
xy

+ 2vxxx, (1)
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vt = vxx + 2uvx,

and obtained some new exact travelling solutions. Recently, the investi-
gation of exact travelling wave solutions to nonlinear partial differential
equations plays an important role in the study of nonlinear in mod-
elling physical phenomena. A variety of powerful methods has been
presented including the inverse scattering transform ([1]), homotopy
perturbation method ([4,5]), variational iteration method ([5]), homo-
topy analysis method ([6,7]), Exp-function method ([8,9,13,18]), tanh-
function method ([10]), Hirota’s bilinear method ([14]), Bäcklund trans-
formation ([17]), sine-cosine method ([21]) and so on. Here, we use an
effective method for constructing a range of exact solutions for the fol-
lowing nonlinear partial differential equations which was first proposed
by Wang ([20]). A new method called the (G′

G )-expansion method is pre-
sented to look for travelling wave solutions of nonlinear evolution equa-
tions. Bekir [2] is applied the (G′

G )-expansion method for the nonlinear
evolution equations. Zhang et al. ([22]) have examined the generalized
(G′

G )-expansion method. In ([23]) Zhang, Tong and Wang have solved
the mKdV equation with variable coefficients using the (G′

G )-expansion
method. By using the aforementioned method, we will obtain the ex-
act solutions of the coupling Boiti-Leon-Pempinelli system. The aim of
this paper is to obtain the analytical solutions of the coupling Boiti-
Leon-Pempinelli system and to determine the accuracy of this method
in solving this equation. The remainder of the paper is organized as
follows: In Section 2, first we briefly give the steps of this method and
apply the method to solve the nonlinear partial differential equations.
In Section 3, the application of the (G′

G )-expansion method to the cou-
pled Boiti-Leon-Pempinelli system will be introduced briefly. Also a
conclusion is given in Section 4.

2. Basic Idea of (G′

G )-Expansion Method

We consider the detailed description of this method which first presented
by Wang ([20]).
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Step 1. We consider the nonlinear partial differential equation (NLPDE)
with independent variables X = (x, y, t) and dependent variable u as fol-
lows:

P(u, ut,ux, uy,uxx,uyy, uxy,utt,utx,uty, ...) = 0, (2)

in which P can be converted to an ordinary differential equation (ODE)

M(u,−cu′,u′,u′,u′′, ...) = 0, (3)

which transformation
ξ = x + y − ct, (4)

is wave variable. Also, c is constant to be determined later.

Step 2. We seek its solutions in the more general polynomial form as
follows

u(ξ) = a0 +
m∑

k=1

ak

(
G′(ξ)
G(ξ)

)k

, (5)

where G(ξ) satisfies the second order linear ordinary differential equation
(LODE) in the form

G′′(ξ) + λG′(ξ) + µG(ξ) = 0, (6)

where a0, ak(k = 1, 2, ...,m), λ and µ are constants to be determined
later, am = 0, but the degree of which is generally equal to or less than
m− 1, the positive integer m can be determined by considering the ho-
mogeneous balance between the highest order derivatives and nonlinear
terms appearing in Eq. (3).

Step 3. Substituting (5) and Eq. (6) into Eq. (3) with the value of m

obtained in Step 1. Collecting the coefficients of
(

G′(ξ)
G(ξ)

)k
(k = 0, 1, 2, ...),

then setting each coefficient to zero, we can get a set of over-determined
partial differential equations for a0, ai(i = 1, 2, ...,n), λ, c and µ with the
aid of symbolic computation Maple 12.
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Step 4. Solving the algebraic equations in Step 3, then substituting
ai, ..., am, c and general solutions of Eq. (6) into (5) we can obtain a
series of fundamental solutions of Eq. (2) depending of the solution
G(ξ) of Eq. (6).

3. The Couple Boiti-Leon-Pempinelli System

We employ the generalized (G′

G )-expansion method to the Boiti-Leon-
Pempinelli system as follows

uty =
(
u2 − ux

)
xy

+ 2vxxx, (7)

vt = vxx + 2uvx.

Introducing a complex variation ξ defined as (4) and then system (7)
becomes an ODE, in the form of

−cu′′ =
(
u2 − u′

)′′ + 2v′′′, (8)

−cv′ = v′′ + 2uv′,

where by integrating twice the first equation we obtain

v′ =
1
2
u′ − 1

2
cu− 1

2
u2. (9)

Integrating Eq. (9) with respect to ξ and considering the zero constants
for integration, we obtain

v =
1
2
u− 1

2

∫
(cu + u2)dξ. (10)

Substituting Eq. (9) into the second equation of Eq. (8), we get

u′′ − 2u3 − 3cu2 − c2u = 0. (11)

In order to determine value of m, we balance the linear term of the
highest order u′′ with the highest order nonlinear term u3 in Eq. (11)
and using Eq. (5) we have

u3(ξ) = a3
m

(
G′(ξ)
G(ξ)

)3m

+ ..., (12)
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uξξ(ξ) = m(m + 1)am

(
G′(ξ)
G(ξ)

)m+2

+ ....

Balancing u′′ with u3 in Eq. (11), we conclude that m + 2 = 3m⇒ m = 1.
We can suppose that the solutions of Eq. (7) is in the form

u(ξ) = a0 + a1

(
G′(ξ)
G(ξ)

)
, a1 6= 0, (13)

therefore

u3(ξ) = a3
1

(
G′(ξ)
G(ξ)

)3

+ 3a0a2
1

(
G′(ξ)
G(ξ)

)2

+ 3a2
0a1

(
G′(ξ)
G(ξ)

)
+ a3

0, (14)

and

uξξ(ξ) = 2a1

(
G′(ξ)
G(ξ)

)3

+ 3a1λ

(
G′(ξ)
G(ξ)

)2

+ (λ2a1 + 2a1µ)
(

G′(ξ)
G(ξ)

)
+ λa1µ.

(15)
Substituting (13)–(15), and using the well-known Maple 12 software,

we will have

a0 =
λ±

√
λ2 − 4µ

2
, a1 = 1, c = ∓

√
λ2 − 4µ, λ = λ, (16)

or

a0 =
−λ±

√
λ2 − 4µ

2
, a1 = −1, c = ∓

√
λ2 − 4µ, λ = λ, (17)

where λ and µ are arbitrary constants. Substituting (16) and (17) into
expression (13), can be written as

u(ξ) =
λ±

√
λ2 − 4µ

2
+
(

G′(ξ)
G(ξ)

)
, ξ = x + y ±

√
λ2 − 4µt, (18)

or

u(ξ) =
−λ±

√
λ2 − 4µ

2
−
(

G′(ξ)
G(ξ)

)
, ξ = x + y ±

√
λ2 − 4µt, (19)

Substituting the general solutions of Eq. (6) into (18) and (19) we have
three types of the exact solutions of Eq. (7) as follows:
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Case 1:

When λ2 − 4µ > 0, we obtain hyperbolic function solution

u1(ξ) =
λ±

√
λ2 − 4µ

2
+

√
λ2 − 4µ

2C1 sinh
(√

λ2−4µξ
2

)
+ C2 cosh

(√
λ2−4µξ

2

)
C1 cosh

(√
λ2−4µξ

2

)
+ C2 sinh

(√
λ2−4µξ

2

)
 , (20)

if C1 > 0, C2
1 > C2

2, then v1(ξ) can be written as

v1(ξ) = ∓ 1

8
√

λ2 − 4µ

{
∓2c

√
λ2 − 4µ ln

[
tanh2

(√
λ2 − 4µξ

2
+ ξ0

)
− 1

]

±2cλ
√

λ2 − 4µξ + 2c(λ2 − 4µ)ξ ∓ 4(λ2 − 4µ) tanh

(√
λ2 − 4µξ

2
+ ξ0

)

+
(
−5λ2 + 16µ− 4λ

√
λ2 − 4µ

)
ln

[
tanh

(√
λ2 − 4µξ

2
+ ξ0

)
− 1

]

+λ2 ln

[
tanh

(√
λ2 − 4µξ

2
+ ξ0

)
+ 1

]
∓ 2λ

√
λ2 − 4µ− 2(λ2 − 4µ)

}
,

where ξ0 = tanh−1
(

C2
C1

)
and ξ = x + y ±

√
λ2 − 4µt. When λ2 − 4µ < 0,

we have trigonometric function solution

u2(ξ) =
λ±

√
λ2 − 4µ

2
+

√
4µ− λ2

2

−C1 sin

(√
4µ−λ2ξ

2

)
+ C2 cos

(√
4µ−λ2ξ

2

)
C1 cos

(√
4µ−λ2ξ

2

)
+ C2 sin

(√
4µ−λ2ξ

2

)
 ,

(21)

v2(ξ) = ± 1
4
√

4µ− λ2

{
±2(4µ− λ2) tan

(
−
√

4µ− λ2ξ

2
+ ξ0

)
+

√
4µ− λ2

(
±λ +

√
λ2 − 4µ

)
(1− cξ) + ln

[
1 + tan2

(
−
√

4µ− λ2ξ

2
+ ξ0

)]
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×
√

4µ− λ2
(
±c± λ +

√
λ2 − 4µ

)
+ (±3λ2 + 2λ

√
λ2 − 4µ∓ 8µ)

× arctan

[
tan

(
−
√

4µ− λ2ξ

2
+ ξ0

)]}
,

where ξ0 = tan−1
(

C2
C1

)
and ξ = x + y ±

√
λ2 − 4µt. When λ2 − 4µ = 0,

we get rational solution

u3(ξ) =
λ

2
+

C2

(C1 + C2ξ)
, ξ = x + y ±

√
λ2 − 4µt, (22)

v3(ξ) =
−1

8(C1 + C2ξ)
[
−2λC1 − 8C2 + (λ2C1 − 2λC2 + 2cλC1)ξ+

(λ2C2 + 2cλC2)ξ2 + 4(λ + c)(C1 + C2ξ) ln(C1 + C2ξ)
]
.

If C1 6= 0,C2 = 0, λ > 0, µ = 0, then (20) give

u4(ξ) = λ

(
1 +

1
2
tanh

λ

2
ξ

)
, ξ = x + y + λt, (23)

v4(ξ) =
−λ

4
ln

[
tanh2 λ

2
ξ − 1

]
+

λ

8

[
ln

(
tanhλ

2
ξ − 1

)9
(tanhλ

2
ξ + 1)

]
+

λ

2
tanh

λξ

2
+

λ

2
(1 + λξ),

u5(ξ) =
λ

2
tanh

λ

2
ξ, ξ = x + y − λt, (24)

v5(ξ) =
c
4

ln
[
tanh2 λ

2
ξ − 1

]
+

λ

8

[
ln

(
tanhλ

2 ξ − 1
)

(tanhλ
2 ξ + 1)

]
+

λ

2
tanh

λξ

2
.

If C2 6= 0,C1 = 0, λ > 0, µ = 0, then (20) become

u6(ξ) = λ

(
1 +

1
2
coth

λ

2
ξ

)
, ξ = x + y + λt, (25)

v6(ξ) =
−λ

4
ln

[
coth2 λ

2
ξ − 1

]
+

λ

8

[
ln

(
cothλ

2
ξ − 1

)9
(cothλ

2
ξ + 1)

]
+

λ

2
coth

λξ

2
+

λ

2
(1 + λξ),

u7(ξ) =
λ

2
coth

λ

2
ξ, ξ = x + y − λt, (26)

v7(ξ) =
c
4

ln
[
coth2 λ

2
ξ − 1

]
+

λ

8

[
ln

(
cothλ

2 ξ − 1
)

(cothλ
2 ξ + 1)

]
+

λ

2
coth

λξ

2
.
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In particular, if C1 6= 0, C2 = 0, λ = 0, µ > 0, then (21) give

u8(ξ) =
√
−µ−√µ tan

√
µξ, ξ = x + y + 2

√
−µt, (27)

v8(ξ) =
1
2
√
−µ− µξ −√µ tan

√
µξ +

√
µ arctan (tan

√
µξ) ,

u9(ξ) = −
√
−µ−√µ tan

√
µξ, ξ = x + y − 2

√
−µt, (28)

v9(ξ) = −1
2
√
−µ− µξ −√µ tan

√
µξ +

√
µ arctan (tan

√
µξ) .

If C2 6= 0,C1 = 0, λ = 0, µ > 0, then (21) become

u10(ξ) =
√
−µ−√µ cot

√
µξ, ξ = x + y + 2

√
−µt, (29)

v10(ξ) =
1
2
√
−µ− µξ −√µ arctan (cot

√
µξ) ,

u11(ξ) = −
√
−µ−√µ cot

√
µξ, ξ = x + y − 2

√
−µt, (30)

v11(ξ) = −1
2
√
−µ− µξ −√µ arctan (cot

√
µξ) .

Case 2:

When λ2 − 4µ > 0, we obtain hyperbolic function solution

u12(ξ) =
−λ±

√
λ2 − 4µ

2
−
√

λ2 − 4µ

2

C1 sinh

(√
λ2−4µξ

2

)
+ C2 cosh

(√
λ2−4µξ

2

)
C1 cosh

(√
λ2−4µξ

2

)
+ C2 sinh

(√
λ2−4µξ

2

)
 ,

(31)

if C1 > 0, C2
1 > C2

2, then v12(ξ) can be written as

v12(ξ) =
−1

8
√

λ2 − 4µ

{
2c
√

λ2 − 4µ ln

[
tanh2

(√
λ2 − 4µξ

2
+ ξ0

)
− 1

]
+

2(λ∓
√

λ2 − 4µ)
√

λ2 − 4µ(1− cξ)∓ λ2 ln

[
tanh

(√
λ2 − 4µξ

2
+ ξ0

)
− 1

]

±
(
5λ2 − 16µ− 4λ

√
λ2 − 4µ

)
ln

[
tanh

(√
λ2 − 4µξ

2
+ ξ0

)
+ 1

]}
,

where ξ0 = tanh−1
(

C2
C1

)
and ξ = x + y ±

√
λ2 − 4µt.

When λ2 − 4µ < 0, we have trigonometric function solution

www.SID.ir



Arch
ive

 of
 SID

EXACT SOLUTIONS OF THE COUPLE BOITI .... 99

u13(ξ) =
−λ±

√
λ2 − 4µ

2
−
√

4µ− λ2

2

−C1 sin

(√
4µ−λ2ξ

2

)
+ C2 cos

(√
4µ−λ2ξ

2

)
C1 cos

(√
4µ−λ2ξ

2

)
+ C2 sin

(√
4µ−λ2ξ

2

)
 ,

(32)

v13(ξ) =
∓1

4
√

4µ− λ2

{√
4µ− λ2

(
∓c∓ λ +

√
λ2 − 4µ

)

ln

[
1 + tan2

(
−
√

4µ− λ2ξ

2
+ ξ0

)]

+(∓3λ2 + 2λ
√

λ2 − 4µ± 8µ)× arctan

[
tan

(
−
√

4µ− λ2ξ

2
+ ξ0

)]

±
√

4µ− λ2
(
λ−

√
λ2 − 4µ

)
(1− cξ)

}
,

where ξ0 = tan−1
(

C2
C1

)
and ξ = x + y ±

√
λ2 − 4µ t. When λ2 − 4µ = 0,

we get rational solution

u14(ξ) =
−λ

2
+

C2

(C1 + C2ξ)
, ξ = x + y ±

√
λ2 − 4µ t, (33)

v14(ξ) =
−1

8(C1 + C2ξ)

[
2λC1 − 8C2 + (λ2C1 + 2λC2 − 2cλC1)ξ+

(λ2C2 − 2cλC2)ξ
2 + 4(c− λ)(C1 + C2ξ) ln(C1 + C2ξ)

]
.

If C1 6= 0, C2 = 0, λ > 0, µ = 0, then (31) give

u15(ξ) =
λ

2
tanh

λ

2
ξ, ξ = x + y + λt, (34)

v15(ξ) =
λ

4
ln
[
tanh2 λ

2
ξ − 1

]
+

λ

8

[
ln

(
tanhλ

2 ξ − 1
)

(tanhλ
2 ξ + 1)

]
+

λ

2
tanh

λξ

2
,

u16(ξ) = −λ

(
1− 1

2
tanh

λ

2
ξ

)
, ξ = x + y − λt, (35)
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v16(ξ) =
c
4

ln
[
tanh2 λ

2
ξ − 1

]
+

λ

8

[
ln

(
tanhλ

2 ξ − 1
)

(tanhλ
2 ξ + 1)9

]
+

λ

2
tanh

λξ

2
− λ

2
(1− cξ).

But, if C2 6= 0, C1 = 0, λ > 0, µ = 0, then (31) become

u17(ξ) =
λ

2
coth

λ

2
ξ, ξ = x + y + λt, (36)

v17(x, t) =
λ

4
ln
[
coth2 λ

2
ξ − 1

]
+

λ

8

[
ln

(
cothλ

2 ξ − 1
)

(cothλ
2 ξ + 1)

]
+

λ

2
coth

λξ

2
,

u18(ξ) = −λ

(
1− 1

2
coth

λ

2
ξ

)
, ξ = x + y − λt, (37)

v18(ξ) =
c
4

ln
[
coth2 λ

2
ξ − 1

]
+

λ

8

[
ln

(
cothλ

2 ξ − 1
)

(cothλ
2 ξ + 1)9

]
+

λ

2
coth

λξ

2
− λ

2
(1− cξ).

In particular, if C1 6= 0,C2 = 0, λ = 0, µ < 0, then (31) give

u19(ξ) =
√
−µ(1 + tanh

√
−µξ), ξ = x + y + 2

√
−µt, (38)

v19(ξ) =
1

2
√
−µ

(
−µ− 2µ

√
−µξ + µ ln

[
tanh2√−µξ − 1

]
− 2µ ln

[
tanh

√
−µξ − 1

])
,

u20(ξ) = −
√
−µ(1− tanh

√
−µξ), ξ = x + y − 2

√
−µt, (39)

v20(ξ) = − 1

2
√
−µ

(
−µ + 2µ

√
−µ + µ ln

[
tanh2√−µξ − 1

]
− 2µ ln

[
tanh

√
−µξ + 1

])
.

If C2 6= 0, C1 = 0, λ = 0, µ < 0, then (31) become

u21(ξ) =
√
−µ(1 + coth

√
−µξ), ξ = x + y + 2

√
−µt, (40)

v21(ξ) =
1

2
√
−µ

(
−µ− µ

√
−µξ + µ ln

[
coth2√−µξ − 1

]
− 2µ ln

[
coth

√
−µξ − 1

])
,

u22(ξ) = −
√
−µ(1− coth

√
−µξ), ξ = x + y − 2

√
−µt, (41)

v22(ξ) =
1

2
√
−µ

(
−µ + 2µ

√
−µ + µ ln

[
coth2√−µξ − 1

]
− 2µ ln

[
coth

√
−µξ + 1

])
,

which are the exact solutions of the discussed equation.
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4. Conclusion

In this paper, we investigated the coupled Boiti-Leon-Pempinelli system.
The generalized (G′

G )-expansion method is a useful method for finding
travelling wave solutions of nonlinear evolution equations. This method
has been successfully applied to obtain some new generalized solitonary
solutions to the coupled BLP system. These exact solutions include hy-
perbolic function solution, trigonometric function solution, and rational
solution. The generalized (G′

G )-expansion method is more powerful in
searching for the exact solutions of nonlinear partial differential equa-
tions (NLPDEs). Also, new results are formally developed in this paper.
It can be concluded that this method is a very powerful and efficient
technique in finding exact solutions for wide classes of problems. In our
work, we made use of the well-known symbolic software Maple 12 Pack-
age to calculate the algebraic equations obtained from the analytical
scheme that were employed.
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