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ABSTRACT:  
This paper considers the problem of robust Hஶ filter design in uncertain discrete-time singular systems with possible 
missing measurements due to unreliable network transmission channels. The stochastic variable satisfying Bernoulli 
random binary distribution is introduced to model the missing phenomena and the corresponding filtering error 
dynamics with delay is then induced. We provide a set of sufficient conditions for the existence of the desired filter, and 
propose a robust filter design method under a strict linear matrix inequality framework. A numerical example is given to 
illustrate the effectiveness of the proposed method. 
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1. INTRODUCTION 

The ܪஶ  optimal filtering problem for singular 
systems has been an important research topic in the past 
decade. This is due, not only to the theoretical interests, 
but also to the relevance of the topic in various 
engineering applications. For instance, based on the 
admissibility assumption of uncertain singular systems, 
some suboptimal ܪஶ  singular filter design methods 
were proposed in [5, 6, 7], a linear matrix inequality 
(LMI) based filter design approach was proposed for 
impulsive stochastic systems in [15], and the 
reduced-order ܪஶ  filtering problem based on the 
projection lemma was investigated in [9, 17], and so on. 
Most literature concerning filtering techniques such as 
in [1, 3, 5, 6, 12, 15, 17] and so forth assumed that the 
measurements contain consecutive useful signals. 
However, the measurements are not consecutive but 
contain missing observations in practical applications. 
The missing observations are caused for a variety of 
reasons. Take the networked operation systems, for 
example. The current networks induce possible data 
transmission loss and delay, which are two main 
problems in networked operation systems, due to limited 
bandwidth, intermittent remote sensor failures, or some 

of the data may be jammed or coming from a very noisy 
environment.  

Recently, more and more efforts have been focused 
on the problem of ܪஶ filtering for various time-delay 
systems, and many approaches have been proposed, 
including the Riccati equation approach [11], the 
polynomial equation approach [19], the LMI approach 
[1, 3, 12] and so on. In most existing works dealing with 
the filtering problem for time-delay systems, the 
measurement missing phenomena have seldom been 
taken into account, except [9, 13, 14]. In [9], a reduced 
order filter design method is considered for nominal 
systems. The practical applications are limited because 
of its corresponding non-strict LMI constraints and 
nominal systems formation. For discrete-time singular 
systems in the simultaneous presence of time delays, 
missing measurements, and parameter uncertainties, the 
problem of robust ܪஶ  filtering has not been fully 
investigated and remains to be challenging.  

In this paper, the ܪஶ filtering problem for a class of 
uncertain discrete-time singular systems with possible 
missing observation due to unreliable networked 
transmission will be considered. The purpose here is to 
design a stable filter such that the corresponding 
filtering error dynamics is the exponentially mean 
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square admissible, and satisfies a prescribed level of ܪஶ 
filtering performance via a set of conditions under the 
strictly LMI framework.  

Here, we introduce some notations to be used 
subsequently. The inequality ࡼ    means that the 
matrix ࡼ  is symmetric and positive definite, and 
ࡼ  ࡼ means ࡽ െࡽ  . Similar definitions apply to 
symmetric positive/negative semi-definite matrices. ࡵ 
is the identity matrix with dimension ݉. Matrices are 
assumed to have compatible dimensions for algebraic 
operations if their dimensions are not explicitly stated. 
݀݅ܽ݃ሺࡹଵ,ࡹଶሻ  is the block diagonal matrix with 
diagonal elements ࡹଵ, ࡹଶ. The superscript T represents 
the transpose of a matrix. ݈ଶሾ0,∞ሻ  is the space of 
square-summable vectors. Probሼ⋅ሽ  represents the 
probability of the occurrence of an event, and Eሼ⋅ሽ 
denotes the expectation operator with respect to some 
probability measure. Finally, ∗ is used to simplify the 
presentation of symmetric matrices.  

The remainder of this paper is organized as follows. 
In Section 2 we give some preliminaries about singular 
systems and formulate the filtering problem with 
unreliable networked channels. Section 3 provides a 
sufficient condition for the existence of the 
corresponding filter, and develops an LMI-based 
method to the problem. Section 4 gives a numerical 
example to show validity of the proposed method, and 
finally, Section 5 concludes the paper.  

 
2. PROBLEM STATEMENT AND DEFINITIONS 

Consider the following nominal singular system,  

Σ: ൜
Ex̄ሺk  1ሻ ൌ Ax̄ሺkሻ  Buሺkሻ
           z̄ሺkሻ ൌ Lx̄ሺkሻ,

 (1) 

where ̄࢞ሺ݇ሻ ∈ ࣬ and ࡱ݇݊ܽݎ ൌ ݎ ൏ ݊. The unforced 
singular system pair ሺࡱ, ሺ݇ሻ࢛ ሻ of (1) with ≡  is 
regular, if ݀݁ݐሺࡱݖ െ ሻ  is not identically zero. If 
݀݁݃ሺ݀݁ݐሺࡱݖ െ ሻሻ ൌ ,ࡱ, then ሺࡱ݇݊ܽݎ  ሻ is said
to be causal. The pair ሺࡱ,  ሻ is stable if all the roots
of ݀݁ݐሺࡱݖ െ ሻ ൌ 0  have magnitudes less than 
unity. Finally, ሺࡱ,  ,ሻ is admissible if it is regular
causal, and stable [2].  
Definition 1. [18]  The singular system (1) is said to be 
exponentially mean-square stable if with ࢛ሺ݇ሻ ൌ  , 
there exist constants ߙ  0 and ߩ ∈ ሺ0,1ሻ, such that  

Eሼ∥ ሺ݇ሻ̄࢞ ∥ଶሽ  ∥Eሼߩߙ ሺ0ሻ̄࢞ ∥ଶሽ 
for all ݇ ∈  ା denotes the set of positiveࢆ ା, whereࢆ

integers.  
Definition 2. The singular system (1) is exponentially 

mean-square admissible if it is regular, casual, and 
exponentially mean-square stable.  

Consider the following uncertain networked filtering 
system with measurements communicated from 
unreliable networks or remote sensors showing in Fig. 1.  

 
Fig. 1. Networked filtering systems with unreliable 

channels 
 
The singular system is determined as in (2).  

Σ: ቐ
ሺ݇࢞ࡱ  1ሻ ൌ ሺ݇ሻ࢞ఋ  ሺ݇ሻ࢝ఋ

ሺ݇ሻ࢟ ൌ ሺ݇ሻ࢞ఋ  ሺ݇ሻ࢜ఋࡰ
ሺ݇ሻࢠ ൌ ሺ݇ሻ࢞ఋࡸ  ,ሺ݇ሻ࢝ఋࡶ

 (2) 

where  
ఋ ൌ   ,ߜ ఋ ൌ   ,ߜ
ఋ ൌ   ,ߜ ఋࡰ ൌ ࡰ  ,ࡰߜ
ఋࡸ ൌ ࡸ  ,ࡸߜ ఋࡶ ൌ ࡶ  ,ࡶߜ

 (3) 

and ࢞ሺ݇ሻ ∈ ࣬  is the state vector, ࢟ሺ݇ሻ ∈ ࣬  is 
the measured output vector which is transmitted to a 
filter via unreliable networks, ࢠሺ݇ሻ ∈ ࣬ is the vector 
to be estimated, and ࢝ሺ݇ሻ, ሺ݇ሻ࢜ ∈ ࣬ are disturbance 
input vector and measured noise, respectively, in 
݈ଶሾ0,∞ሻ,	 which is the space of square-summable 
vectors. The matrix ࡱ ∈ ࣬ൈ  is singular with 
ࡱ݇݊ܽݎ ൌ ݎ ൏ ݊ , and  ,, ,ࡰ,  are known real ࡶ ,ࡸ
constant matrices with appropriate dimensions. The 
constant uncertainty matrices satisfy  


ߜ ߜ
ߜ ࡰߜ
ࡸߜ ࡶߜ

൩ ൌ 
௫ࡴ
௬ࡴ

௭ࡴ

 Δሾ ௫ࡲ  ሿ (4)	௨ࡲ 

with ΔΔ  ࡵ  and Δ ∈ ࣬ௗభൈௗమ . Assume that the 
pair ሺࡱ,   ሻߜ  is admissible. The measurements, 
which may contain missing data due to the transmission 
via unreliable networks, are described by  
ሺ݇ሻ࢟ ൌ ሺ1 െ ሺ݇ሻ࢟ሻߙ  ሺ݇࢟ߙ െ 1ሻ, (5) 
where the stochastic variable ߙ ∈ ࣬  is a Bernoulli 
distributed white sequence taking the values of 1 and 0 
with  
Probሼα୩ ൌ 1ሽ ≡ Eሼα୩ሽ ൌ η, (6) 
Probሼα୩ ൌ 0ሽ ൌ 1 െ Eሼα୩ሽ ൌ 1 െ η, (7) 

ߟ ∈ ሾ0,1ሿ  is a known constant, ߙ ൌ 1  represents 
the data-loss event at ݇, while ߙ ൌ 0 means that data 
are received at ݇ . Probሼ⋅ሽ  is the probability of the 
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occurrence of an event, and Eሼ⋅ሽ  denotes the 
expectation operator with respect to some probability 
measure. Model (5) shows that the data dropouts can be 
encountered in data transmission in networked control 
systems. It means that at least one of these 
measurements is received by the filter, which is usually 
required in practice.  
To estimated ࢠሺ݇ሻ, the following filter  

Σ৮: ൜
ሺ݇࢞  1ሻ ൌ ሺ݇ሻ࢞  ሺ݇ሻ࢟
ሺ݇ሻࢠ   ൌ ሺ݇ሻ࢞  ,ሺ݇ሻ࢟ࡰ

 (8) 

is adopted, where ࢞ሺ݇ሻ ∈ ࣬  and ࢠሺ݇ሻ ∈ ࣬ . 

The matrices ,  . are to be determinedࡰ , and ,

Assume ሼ࢞ሺെ1ሻ,࢝ሺെ1ሻሽ ൌ . From Σ in (2) and Σ৮ 
in (8), the filtering error dynamics may be written as  

Σ৭:

ە
ۖ
۔

ۖ
ۓ
ሺ݇࢞ࡱ  1ሻ ൌ ሺ݇ሻ࢞෩  ሺ݇ሻ࢝෩ 
ሺ݇࢞෩ௗ   െ 1ሻ  ሺ݇࢝෩ௗ െ 1ሻ,

ሺ݇ሻࢋ ൌ ሺ݇ሻ࢞෩  ሺ݇ሻ࢝෩ࡰ 
ሺ݇࢞෩ௗ   െ 1ሻ  ሺ݇࢝෩ௗࡰ െ 1ሻ,

 (9) 

where ࢋሺ݇ሻ ൌ ሺ݇ሻࢠ െ ሺ݇ሻࢠ , 

ሺ݇ሻ࢞ ൌ ሾ ࢞ሺ݇ሻ  ࢞
ሺ݇ሻ ሿ, ࢝

ሺ݇ሻ ൌ ሾ ࢝ሺ݇ሻ  ࢜ሺ݇ሻ ሿ, 

and ࡱ ൌ ݀݅ܽ݃ሺࡵ  ,ࡱሻ,  

෩  ൌ   ,ߜ ෩  ൌ   ,ߜ
෩ௗ ൌ ௗ  ,ௗߜ ෩ௗ ൌ ௗ  ,ௗߜ
෩  ൌ   ,ߜ ෩ࡰ  ൌ ࡰ  ,ࡰߜ
෩ௗ ൌ ௗ  ,ௗߜ ෩ௗࡰ ൌ ௗࡰ  .ௗࡰߜ

 (10) 

Let ̄ߙ ൌ 1 െ ߙ ࡴ , ൌ ሾࡵ  ሿ ∈ ࣬ൈଶ , and 
ࡴ ൌ ሾ  ࡵሿ ∈ ࣬ൈଶ for brevity. We get  

  ߜ ൌ 
  ߜ 

ሺߙ̄  ሻߜ 
൨ ,

  ߜ ൌ 
  ߜ 

 ࡰሺߙ̄  ሻ൨ࡰߜ ,

  ߜ ൌ ሾ ࡸ  ࡸߜ െ ሺࡰߙ̄  ሻ   െߜ ,ሿ

ࡰ  ࡰߜ ൌ ሾ ࡶ      ࡶߜ െ ࡰሺࡰߙ̄  ,ሻሿࡰߜ

 (11) 

and present other matrices in (10) more explicitly as 
in (12).  

ௗ  ௗߜ ൌ ሜ ௗ
ఋ ,ࡴ

ௗ  ௗߜ ൌ ሜ ௗ
ఋ ,ࡴ

ௗ  ௗߜ ൌ ሜ ௗ
ఋ ,ࡴ

ௗࡰ  ௗࡰߜ ൌ ሜࡰ ௗ
ఋ ,ࡴ

 (12) 

where 

ሜ ௗ
ఋ ൌ ௗ  ௗߜ ൌ 


ሺߙ  ሻ൨ߜ ,

ሜ ௗ
ఋ ൌ ௗ  ௗߜ ൌ 


ࡰሺߙ  ሻ൨ࡰߜ ,

ሜ ௗ
ఋ ൌ ௗ  ௗߜ ൌ െߙࡰሺ  ,ሻߜ

ሜࡰ ௗ
ఋ ൌ ௗࡰ  ௗࡰߜ ൌ െߙࡰሺࡰ  .ሻࡰߜ

 (13) 

Note that matrices on the left side of equations 
(10)-(13) are related to ߙ.  

The purpose here is to design a stable filter (8) such 
that the delay filtering error dynamics (9) is 
exponentially mean-square admissible with ܪஶ 
filtering performance. It means that the filtering error 
singular system Σ৭  will be regular, casual, and 
exponentially mean-square stable for all considered 
uncertainties, and under the zero initial condition, the 
filtering error will satisfy  

E

ஶ

ୀ

ሼ∥ ሺ݇ሻࢋ ∥ଶሽ  ଶߤ ∥

ஶ

ୀ

ሺ݇ሻ̄࢝ ∥ଶ, (14) 

for a given scalar ߤ  0 and all nonzero ̄࢝ሺ݇ሻ, 
where ̄࢝

ሺ݇ሻ ൌ ሾ࢝
ሺ݇ሻ  ࢜ሺ݇ െ 1ሻሿ.  

The following lemma is useful for formulating the 
problem within the LMI framework.  
Lemma 1. [10]  Let ࡹ ,ࢹሜ , and ࡺሜ  be real matrices 
with appropriate dimensions. Then for the matrix ࢰሜ  
satisfying ߎሜ ሜߎ்    the matrix inequality ,ࡵ
Ω ۻሜ Πሜ ሜۼ  ሜۼ Πሜ ۻሜ  ൏  
holds if and only if there exists a scalar ߝ  0 such that  

ષ ሜࡹ
ሜࡹ  

൨  ߝ ࡺ
ሜ ࡺሜ 
 െࡵ

൨ ൏ . 

 
3. ROBUST FILTER DESIGN 

The following preliminary theorem, which plays a 
key role and is the first step toward developing an LMI 
solution to the problem stated above, provides a 
sufficient condition of exponentially mean-square 
admissibility and ܪஶ performance for the filtering error 
dynamics (9).  
Theorem 1.  For a given ߤ  0, the error dynamic 
system ߑ  in (9) is exponentially mean-square 
admissible and satisfies (14) for all admissible 
uncertainties, if there exist matrices ࡼ  , ࡽ  , 
and ࡿ, such that  
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ۏ
ێ
ێ
ێ
ێ
ۍ
Ξଵଵ ∗ ∗ ∗ ∗ ∗
 െ ࡽ ∗ ∗ ∗ ∗
Ξଷଵ  െߤଶࡵଶ ∗ ∗ ∗
   െߤଶࡵ ∗ ∗
Ξହଵ Ξହଶ Ξହଷ Ξହସ െࡼ ∗
Ξଵ Ξଶ Ξଷ Ξସ  െےࡵ

ۑ
ۑ
ۑ
ۑ
ې

൏ ,

 (15) 

where  
Ξଵଵ ൌ െࡴࡽࡴ ࡱࡼࡱ  ሜ ࡾሜ  ሜࡾ ሜ ,

Ξଷଵ ൌ ሜ ࡾሜ ,

Ξହଵ ൌ ሻߟሺሺࡼ  ,ሻሻߟሺߜ

Ξହଶ ൌ ሻߟௗሺሺࡼ  ,ሻሻߟௗሺߜ

Ξହଷ ൌ ሻߟሺሺࡼ  ,ሻሻߟሺߜ

Ξହସ ൌ ሻߟௗሺሺࡼ  ,ሻሻߟௗሺߜ

Ξଵ ൌ ሻߟሺ  ,ሻߟሺߜ

Ξଶ ൌ ሻߟௗሺ  ,ሻߟௗሺߜ

Ξଷ ൌ ሻߟሺࡰ  ,ሻߟሺࡰߜ

Ξସ ൌ ሻߟௗሺࡰ  ,ሻߟௗሺࡰߜ

ሜ ൌ ሾ  ߜ ሿ,

ሜ ൌ ሾ  ߜ ሿ,

ሜࡾ ൌ ሾࡿࡾ ሿ,

 (16) 

and ࡾ ∈ ࣬ൈሺିሻ  is any matrix with full column 
rank and satisfies ࡾ்ࡱ ൌ . The ߟ-dependent matrices 
in (16) are defined as in (11)-(13) with ߙ replaced by 
  .ߟ
Proof: The proof of the theorem is provided in 
appendix.  

Note that as a knack, the last two terms of બ in 
(16) improve the applicability instead of conservative of 
the sufficient condition, especially when it works under 
the LMI framework.  
Theorem 2.  The filtering error dynamics ߑ in (9) is 
exponentially mean-square admissible and satisfies (14) 
with all considered uncertainties, if there exist matrices 

ࡿ ∈ ࣬ሺିሻൈ, ࢃ ∈ ࣬ൈ, ࢃ ∈ ࣬ൈ, ࢃ ∈ ࣬ൈ, 
ࡰ ∈ ࣬ൈ, and positive definite matrices ሼࡽ,ߔ,ࢄሽ ∈
࣬ൈ, such that the inequality  

ۏ
ێ
ێ
ێ
ێ
ۍ
ଵଵࢄ ∗ ∗ ∗ ∗ ∗
 െࡽ ∗ ∗ ∗ ∗
ଷଵࢄ  െߤଶࡵଶ ∗ ∗ ∗
   െߤଶࡵ ∗ ∗
ହଵࢄ ହଶࢄ ହଷࢄ ହସࢄ ହହࢄ ∗
ଵࢄ ଶࢄ ଷࢄ ସࢄ  െےࡵ

ۑ
ۑ
ۑ
ۑ
ې

൏ 

 (17) 

is satisfied, where  

ଵଵࢄ ൌ 
ቆ

ࡽ െ ࡱࢄࡱ 
ఋ
ࡿࡾ  ఋࡾࡿ

ቇ ∗

ሺΦ െ ࡱሻࢄ Φ െ ࢄ
 , 

ଷଵࢄ ൌ ఋ
ࡿࡾ 
 

൨, 

ହଵࢄ ൌ 
Φఋ 

ఋࢄ  ఋࢃߟ̄ ࢃ
൨, 

ହଶࢄ ൌ 


ఋࢃߟ
൨, (18) 

ହଷࢄ ൌ 
Φఋ 

ఋࢄ  ఋࡰࢃߟ̄ ఋࡰࢃߟ̄
൨, 

ହସࢄ ൌ 


ఋࡰࢃߟ
൨ , ହହࢄ ൌ െ ቂΦ Φ

Φ ࢄ
ቃ , 

ଵࢄ ൌ ሾࡸఋ െ ఋࡰߟ̄ െࢃሿ, 
ଶࢄ ൌ െ ,ఋࡰߟ ସࢄ ൌ െ  ,ఋࡰࡰߟ
ଷࢄ ൌ ሾࡶఋ െ̄ࡰߟࡰఋሿ, 

and ̄ߟ ൌ 1 െ  When the above inequality holds, the .ߟ
filter ߑ in (8) with filter gains  
 ൌ ,ିࢁࢃଵିࢁ  ൌ ,ࢃଵିࢁ

 ൌ ,ିࢁࢃ ࡰ ൌ ࡰ

 (19) 

is a solution to the considered robust filtering 
problem, where ࢁ is a nonsingular matrix satisfying 
்ࢁࢁ ൌ ࢄ െ   .ߔ
Proof: The proof is provided in Appendix.  
By Lemma 1 and Schur complement, it is 
straightforward to rewrite (15) in Theorem 2 under the 
LMI framework. The resultant LMIs and the 
corresponding filter gains are presented in Theorem 3 
below.  
Theorem 3 For a given ߤ  0 , the filtering error 
dynamics ߑ  in (9) is exponentially mean-square 
admissible and satisfies (14) with all considered 
uncertainties, if there exist positive real scalars 

ሼߝ, ,ߝ ሽߝ , matrices ࡿ ∈ ࣬ሺିሻൈ ࢃ , ∈ ࣬ൈ , 
ࢃ ∈ ࣬ൈ ࢃ , ∈ ࣬ൈ ࡰ , ∈ ࣬ൈ , and positive 

definite matrices ሼࡽ,ߔ,ࢄሽ ∈ ࣬ൈ, such that the LMI  

ቈ
ሜࡹ ଵଵ ሜࡹ ଶଵ



ሜࡹ ଶଵ ሜࡹ ଶଶ
 ൏  (20) 

is satisfied, where  
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ሜࡹ ଵଵ ൌ

ۏ
ێ
ێ
ێ
ێ
ۍ
ଵଵࡹ ∗ ∗ ∗ ∗ ∗
 ଶଶࡹ ∗ ∗ ∗ ∗
ଷଵࡹ  ଷଷࡹ ∗ ∗ ∗
 ସଶࡹ  ସସࡹ ∗ ∗
ହଵࡹ ହଶࡹ ହଷࡹ ହସࡹ ହହࡹ ∗
ଵࡹ ଶࡹ ଷࡹ ସࡹ  െ ےࡵ

ۑ
ۑ
ۑ
ۑ
ې

ሜࡹ ଶଵ ൌ 
ଵࡹ    ହࡹ ࡹ
    ହ଼ࡹ ଼ࡹ
    ଽହࡹ ଽࡹ

൩ ,

ሜࡹ ଶଶ ൌ ݀݅ܽ݃ሺࡹ,ࡹ,଼଼ࡹଽଽሻ,

(21) 

and  

ଵଵࡹ ൌ 
൬
ࡽ െ ࡱࢄࡱ  ࡿࡾ
ࡿࡾ  ௫ࡲ௫ࡲߝ

൰ ∗

ሺΦ െ ࡱሻࢄ Φ െ ࢄ
 , 

ଶଶۻ ൌ െࡽ ఒ௫ࡲߝ
  ,ఒ௫ࡲ

ଷଵۻ ൌ 
ࡿࡾ  ௫ࡲ௨ࡲߝ 

 
൨, 

ଷଷۻ ൌ 
െ2ߤଶࡵ  ௨ࡲ௨ࡲߝ ∗

െߤଶࡵ െߤଶࡵ  ௨ࡲ௨ࡲߝ
൨ 

ସଶࡹ ൌ ସସࡹ   ,௫ࡲ௨ࡲߝ ൌ െߤଶࡵ   ,௨ࡲ௨ࡲߝ

ହଵۻ ൌ 
Φ 

ࢄ  ࢃߟ̄ ࢃ
൨, (22) 

ହଶۻ ൌ 


ࢃߟ
൨, 

ହଷۻ ൌ 
Φ 

ࢄ  ࡰࢃߟ̄ ࡰࢃߟ̄
൨, 

ହସۻ ൌ 


ࡰࢃߟ
൨ ହହࡹ   , ൌ െ ቂΦ Φ

Φ ࢄ
ቃ, 

ଵࡹ ൌ ሾࡸ െ ࡰߟ̄ െࢃሿ, 

ଶۻ ൌ െࡰߟࡹ   ,ସ ൌ െࡰߟࡰ, 

ଷۻ ൌ ሾࡶ െ ࡰࡰߟ̄ െ̄ࡰߟࡰሿ, 
ଵۻ ൌ ሾࡴ௫

ࡿࡾ ሿ,    
ۻ ൌ ௭ࡴ

 െ ௬ࡴߟ̄
ࡰ

, 

ହۻ ൌ ௫ࡴൣ
Φ ௫ࡴ

ࢄ െ ௬ࡴߟ̄
ࢃ

൧, 

ହ଼ۻ ൌ ൣ ௬ࡴߟ̄
ࢃ

൧, ଼ࡹ ൌ െ̄ࡴߟ௬
ࡰ

, 

ଽହۻ ൌ ൣ ௬ࡴߟ
ࢃ

൧, ۻଽ ൌ െࡴߟ௬
ࡰ

, 

ࡹ ൌ െߝࡵௗଵ, ଼଼ࡹ ൌ െߝࡵௗଵ, ࡹଽଽ ൌ െߝࡵௗଵ, 
and ̄ߟ ൌ 1 െ  When the above LMIs hold, the filter .ߟ

   in (8) with filter gainsߑ
 ൌ ሺࢄ െ Φሻିଵࢃ,  ൌ ሺࢄ െ Φሻିଵࢃ,

 ൌ ,ࢃ ࡰ ൌ ࡰ
 (23) 

is a solution to the considered robust filtering 
problem.   

Proof: By Lemma 1 and the Schur complement, it is 
easy to verify that (17) is equivalent to (20) with 

,ߝ ,ߝ ߝ  0. The proof is omitted for brevity. The only 
part that must be proved here is the relationship between 
(19) and (23), which can be established via the transfer 
function matrix ࡳሺݖሻ  of the filter from ࢟ሺ݇ሻ  to 

  .ሺ݇ሻࢠ

ሻݖሺࡳ ൌ ሻࢁࢁሺݖሾࢃ ࢃሿିଵࢃ  ࡰ
ൌ ࢄሺݖሾࢃ െ Φሻ ࢃሿିଵࢃ  ࡰ
ൌ ࢄሾሺࢃ െ Φሻሺࡵݖ െ ሺࢄ െ Φሻିଵࢃሻሿିଵࢃ  ࡰ
ൌ ࡵݖሺࢃ െ ሺࢄ െΦሻିଵࢃሻିଵሺࢄ െ Φሻିଵࢃ  .ࡰ

(24) 

Remark 1 Based on Theorem 3, the following convex 
optimization problem may be formulated to find the ܪஶ 
optimal filter of the form (8) such that (14) is satisfied 
with the minimal ߤ:  

min
ఓ
మ,ఌೌ,ఌ್,ఌ,,ࢃ,್ࢃ,ࢇࢃ,ࡿ,ࢄ,ࢌࡰ,ࡽ

 ଶ, (25)ߤ

subject to the LMI (20), ሼߝ, ,ߝ ሽߝ  0 ଶߤ ,  0 
and ሼࡽ, ሽߔ,ࢄ  . 
  
4. NUMERICAL EXAMPLE 

In this section, an example is worked out to illustrate 
the proposed filter design method. Suppose matrices of 
the system Σ in (2) are as follows:  

ࡱ ൌ 
1.2 3 1.5
0 3 1.5
1.2 0 0

൩ ,  ൌ 
െ1
1
0.2

൩ ,

 ൌ 
െ0.204 െ0.060 െ0.092
െ0.208 െ0.336 െ0.208
െ0.180 0.228 0.848

൩ ,

 ൌ ሾ 0.1   െ 0.4  0.5 ሿ, ࡰ         ൌ െ0.6,

ࡸ ൌ ሾ െ1 0.6 െ 0.5 ሿ, ࡶ   ൌ 0.

 (26) 

The uncertainty matrices in (4) are  
௫ࡴ
 ൌ ሾ 1 2 1 ሿ, ௬ࡴ ൌ ௭ࡴ ,0.2 ൌ 0.3,

௫ࡲ ൌ ሾ െ0.2 െ 0.4 െ 0.2 ሿ, ࡲ௨ ൌ 1,
 (27) 

and |Δ|  1. It is easy to verify that ሺࡱ,    ௫ሻ isࡲ௫Δࡴ
an admissible pair, and ࡱ݇݊ܽݎ ൌ 2. 

Consider an unreliable transmission network (5) with 
ߟ ൌ 0.2 . The corresponding ܪஶ  optimal filter is 
designed by solving the convex optimization problem 
mentioned in Remark 1, which is implemented by the 
MATLAB LMI Control Toolbox [4]. The resulting 
optimal ߤ is 2.7666, and the filter gains in (23) are 
found to be  
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 ൌ 
0.1404 െ0.0397 െ0.2907

െ0.1182 0.0370 0.4833
0.3107 െ0.1082 െ0.4774

൩ ,


 ൌ ሾ 0.0105  1.2069   െ 1.0078 ሿ,

 ൌ ሾ െ0.0903  0.0032  0.6919ሿ,

ࡰ ൌ െ1.6506.

 (28) 

In addition, Fig. 2 shows the corresponding results 
for the optimal ߤ  with respect to different expected 
values ߟ. It appears that a better ܪஶ  performance is 
achieved when there are less missing-data. 

 

 
Fig. 2. Optimal ߤ with respect to different ߟ 

 
5. CONCLUSIONS 

The networked filtering problem for a class of 
uncertain discrete-time singular systems with missing 
measurements due to unreliable transmission channels 
has been considered in this paper. It is easy to design a 
stable filter via a set of sufficient conditions under the 
LMI framework, such that the filtering error dynamic 
system is exponentially mean-square admissible and 
satisfies a prescribed level of ܪஶ filtering performance. 
An optimal ܪஶ filter can also be solved by the proposed 
convex optimization. One numerical example is 
provided to illustrate the effectiveness of the proposed 
approach. In the numerical example shown and other 
numerical experiments, it appears that a better ܪஶ 
filtering performance is achieved when less packet-loss 
occurs. 

  
6. APPENDIX 

6.1. Proof of Theorem 1 

The proof may be divided into three parts. The first 
part is to show that the filtering error dynamics Σ৭ in (9) 

without any input ࢝ሺ⋅ሻ is regular and causal. We may 
rewrite the unforced filtering error system as  

Σ৭৷: ሺ݇࢞ࡱ  1ሻ ൌ ሺ݇ሻ࢞෩  ሺ݇࢞෩ௗ െ 1ሻ, (29) 

where ෩  and ෩ௗ  are determined in (10). Based on 
the definition 3 of [16], the regularity and causality of 
Σ৭৷ can be ensured by the ones of  

Σ৭৩: ෝሺ݇࢞ࡱ  1ሻ ൌ  ෝሺ݇ሻ, (30)࢞

where ࢞ෝሺ݇ሻ ൌ ሾ ࢞ሺ݇ሻ  ࢞ሺ݇ െ 1ሻ ሿ,  

ࡱ ൌ ݀݅ܽ݃ሺࡱ, ,ଶሻࡵ  ൌ 
෩ ෩ௗ
ଶࡵ 

൨ . (31) 

Therefore, we establish the regularity and causality 
of the system Σ৭৩ via the corresponding matrices shown 
in (3), (10), (11), and  

ࡱݖሺݐ݁݀ െ ሻ ൌ
ሺെ1ሻଶ⋅ଶ ⋅ ଶݖ ⋅ ࡱݖሺݐ݁݀ െ ෩ െ ෩ௗሻଵିݖ

ൌ ଶݖ ⋅ ݐ݁݀ ൬
ࡱݖ െ ఋ ሺ16ሻ
ఋ௭ߠ ࡵݖ െ 

൨൰

ൌ ଶݖ ⋅ ࡱݖሺݐ݁݀ െ ఋሻ ⋅ ࡵݖሺݐ݁݀ െ ,ሻ

 (32) 

where ߠ௭ ൌ െሺ̄ߙ  ,ࡱሻ. Since the pair ሺߙଵିݖ  ఋሻ in
(2) is assumed to be admissible for all considered 
uncertainty ߜ, and the filter gain   is Hurwitz, we 

get  
ࡱݖሺݐ݁݀ െ ఋሻ ് 0, ࡵݖሺݐ݁݀ െ ሻ ് 0, (33) 

for sufficiently large ݖ. There exists ݖ ∈ ࣝ such that 

ࡱݖሺݐ݁݀ െ ሻ ് 0, which means that the pair ሺࡱ,  ሻ
is regular. On the other hand, based on (32),  

݀݁݃ሺ݀݁ݐሺࡱݖ െ ሻሻ ൌ 3݊  ࡱ݇݊ܽݎ ൌ    (34)ࡱ݇݊ܽݎ

The pair ሺࡱ,  ሻ is causal. Therefore, the system
Σ৭৷ is regular and causal.  

Next, in order to show the the system Σ৭৷  is 
exponentially mean-square stable, we define a 
Lyapunov candidate as  
ܸሺ݇ሻ ൌ ሺ݇ሻ࢞ࡱࡼࡱሺ݇ሻ࢞ 

ሺ݇࢞ െ 1ሻࡴ࢞ࡴࡽሺ݇ െ 1ሻ
 (35) 

with ࡼ,ࡽ  . Let ܨ  be the minimal ߪ -algebra 
generalized by ሼ࢞ሺ݅ሻ,0  ݅  ݇ሽ . Via some 

straightforward algebraic manipulations, we have  
Eሼܸሺ݇  1ሻ|࣠ሽ െ ܸሺ݇ሻ ൌ  ሺ݇ሻ, (36)ࣈሺ݇ሻΩࣈ
where  

Ω ൌ 
Ωଵଵ Ωଵଶ
Ωଶଵ Ωଶଶ

൨, (37) 

ሺ݇ሻࣈ ൌ ሾ࢞ሺ݇ሻ  ࢞ሺ݇ െ 1ሻࡴሿ, and  

Ωଵଵ ൌ ෩ࡼ෩  െࡴࡽࡴ ,ࡱࡼࡱ
Ωଶଵ ൌ Ωଵଶ

 ൌ ௗ
 ,෩ࡼ

Ωଶଶ ൌ ௗ
 ௗࡼ െ ,ࡽ

 (38) 
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and ௗ ൌ ௗ   ௗ is determined as in (13). Itߜ

is not difficult to obtain from (15) and Schur 
complement that ષࢋ ൏ , which implies that  
Eሼܸሺ݇  1ሻ|࣠ሽ െ ܸሺ݇ሻ ൌ ሺ݇ሻࣈሺ݇ሻΩࣈ

 െߣሺെΩሻࣈሺ݇ሻࣈሺ݇ሻ
൏ െࣈߚሺ݇ሻࣈሺ݇ሻ,

 (39) 

where  
0 ൏ ߚ ൏ ݉݅݊ሼߣሺെΩሻ, ߶ሽ,

߶ ൌ ,ሻࡱࡼࡱ௫ሺߣሼݔܽ݉ ሻሽࡽሺߣ ് 0,
 (40) 

and ߣ/௫ሺࡹሻ denotes the minimal or maximal 

eigenvalue of the square matrix ࡹ. By definition 1 and 
Lemma 1 of [18], we know that the system is 
exponentially mean-square stable.  

At last, in order to show the filtering error ࢋሺ݇ሻ 
satisfies the ܪஶ performance (14), let  

ேܬ ൌ  E

ேିଵ

ୀ

ሼ∥ ሺ݇ሻࢋ ∥ଶሽ െ ଶߤ ∥ ሺ݇ሻ̄࢝ ∥ଶ. (41) 

For any nonzero ̄࢝ሺ݇ሻ ∈ ݈ଶሾ0,∞ሻ and zero initial 
conditions,  

ேܬ ൌ  ሜܬ

ேିଵ

ୀ

 Eሼܸሺ0ሻሽ െ Eሼܸሺܰሻሽ   ሜܬ

ேିଵ

ୀ

, (42) 

where  
ሜܬ ൌ Eሼ∥ ሺ݇ሻࢋ ∥ଶሽ െ ଶߤ ∥ ሺ݇ሻ̄࢝ ∥ଶ

  Eሼܸሺ݇  1ሻ െ ܸሺ݇ሻሽ ൌ ሜሺ݇ሻΩሜߦ ሺߟሻߦሜሺ݇ሻ,
 (43) 

ሜሺ݇ሻߦ ൌ ሾ࢞ሺ݇ሻ ࢞ሺ݇ െ 1ሻࡴ ࢝
ሺ݇ሻ ࢝

ሺ݇ െ 1ሻࡴ
 ሿ, and  

Ωሜ ሺߟሻ ൌ

ۏ
ێ
ێ
ێ
ۍ ሻߟ෩ሺ
ሺሜ ௗ

ఋ ሻሺߟሻ
ሻߟ෩ሺ

ሺሜ ௗ
ఋ ሻሺߟሻے

ۑ
ۑ
ۑ
ې

ࡼ

ۏ
ێ
ێ
ێ
ۍ ሻߟ෩ሺ
ሺሜ ௗ

ఋ ሻሺߟሻ
ሻߟ෩ሺ

ሺሜ ௗ
ఋ ሻሺߟሻے

ۑ
ۑ
ۑ
ې




ۏ
ێ
ێ
ێ
ۍ ሻߟ෩ሺ
ሺሜ ௗ

ఋ ሻሺߟሻ
ሻߟ෩ሺࡰ

ሺࡰሜ ௗ
ఋ ሻሺߟሻے

ۑ
ۑ
ۑ
ې

ۏ
ێ
ێ
ێ
ۍ ሻߟ෩ሺ
ሺሜ ௗ

ఋ ሻሺߟሻ
ሻߟ෩ሺࡰ

ሺࡰሜ ௗ
ఋ ሻሺߟሻے

ۑ
ۑ
ۑ
ې




݀݅ܽ݃ሺࡴࡴࡽെ ሻࡵଶߤെ,ࡵଶߤെ,ࡽ,െࡱࡼࡱ

 ൦

ሜ 


ሜ 



൪ ൦

ሜࡾ 





൪



 ൦

ሜࡾ 





൪ ൦

ሜ 


ሜ 



൪



.

 (44) 

Note that the last two terms of (44) induced by an 
auxiliary equation  
ሺ݇࢞  1ሻࡱࡿࡾ࢞ሺ݇ሻ  ሺ݇࢞ࡱࡾࡿሺ݇ሻ࢞  1ሻ ൌ 0     (45) 

with ࡱࡾ ൌ  will not affect equality of (43) but 
improve the possible feasibility of the corresponding 

problem. It follows from (15) and by Schur complement 
that ષሜ ሺߟሻ ൏  . It implies that ܬே ൏ 0  for all ܰ , 
including for ܰ ൌ ∞. Therefore, the system satisfies the 
  .ஶ performance in (14). This completes the proofܪ

6.2. Proof of Theorem 2 

With ࢄ   , Φ   , inequality (17) implies its 
sub-matrices  

െቂΦ Φ
Φ ࢄ

ቃ ൏ , (46) 

which means that ࢄ െΦ   . Thus, ࡵ െ Φିଵࢄ  is 
nonsingular and there exist nonsingular matrices ࢁ and 
ࡵ such that ࢂ െ Φିଵࢄ ൌ   . Letࢂࢁ

ሜࡼ ൌ ቂΦ
ିଵ ࡵ

ࢂ 
ቃ , ࡼ ൌ ቂࡵ  ࢄ 

  ቃࢁ  . (47) 

Note that ࡼሜ  is nonsingular and therefore ࡼሜ ିଵ ൌ

 ିࢂ

ࡵ െ Φିଵିࢂ
൨ . Define ࡼ ൌ ሜࡼࡼ ିଵ . By letting 

ࢁ ൌ െΦࢂ ࡼ , ൌ ቂࢄ ࢁ
ࢁ ࡵ

ቃ . Moreover, under this 

arrangement ࡼ    because ࢄ െ ࢁࢁ ൌ ࢄ 
Φࢂࢁ ൌ Φ  .  
Pre- and post-multiply (17) by ࢄ  and ࢄ , 
respectively, with ࢁࢁ ൌ ࢄ െΦ, where  
ࢄ ൌ ݀݅ܽ݃ሺ݀݅ܽ݃ሺࡵ, ,ଵሻିࢁ ,ࡵ ,ࡵ ,ࡵ ݀݅ܽ݃ሺΦିଵ, ,ሻࡵ  ሻ. (48)ࡵ

Substituting (10), (13), (19), ࢁ ൌ െΦࢂ  and 

ࡼ ൌ ሜࡼࡼ ିଵ to the resultant inequality sequentially, as 

well as pre- and post-multiplying by ࢄ
  and ࢄ , 

respectively, where  
ࢄ ൌ ݀݅ܽ݃ሺࡵ, ,ࡵ ,ࡵ ,ࡵ ሜࡼ ିଵ,  ሻ, (49)ࡵ

result in (15). By Theorem 1, the filtering error 
dynamics in (9) is exponentially mean-square 
admissible, which implies the filter in (8) with gains in 
(19) is stable, and the ܪஶ  performance requirement 
(14) is satisfied for all admissible uncertainties. 
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