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Abstract. This paper establishes the first four moment expansions
to the order o(a™!) of 5] /\/ta, where S, = Y7 | Y; is a simple
random walk with E(Y;) = 0, and ¢, is a stopping time given by

to=nf{n>1:n+4+S,+(, > a}

where S, = > ;| X; is another simple random walk with E(X;) = 0,
and {(¢,,n > 1} is a sequence of random variables satifying certain
assumptions. These moment expansions complement the classical
central limit theorem for a random number of i.i.d. random vari-

ables when the random number has the form t,, which arises from
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many sequential statistical procedures. They can be used to correct
higher order bias and/or skewness in S; /v/t, to make asymptotic

approximation more accurate for small and moderate sample sizes.

1 Introduction

Let {Y;,i > 1} be a sequence of i.i.d. random variables with zero
mean and unit variance, and denote S}, = > | Y; and Y,, = S, /n.
It is well known (see e.g. Anscombe, 1952 and Renyi, 1957) that
V/tY; has an asymptotic normal distribution when ¢ is a random vari-
able and satisfies certain assumptions. However asymptotic normal-
ity alone is often not accurate enough for many applications, see e.g.
Ghosh, Mukhopadhyay and Sen (1997), pp336. In this paper we de-
rive rigorously the first four moment expansions of v/tY; when t is a

stopping time given by
t=to=inf{n>1:n+5,+ ¢ >a}, (1)

where S, = > | X; with {X;,¢ > 1} being i.i.d. zero-mean random
variables, and {(,,n > 1} is a sequence of random variables such
that ¢, is independent of {(X,, 4%, Yn+%),k > 1} for each n. Stopping
time t, arises from many sequential statistical procedures, see for
example, Lai and Siegmund (1977, 1979), Woodroofe (1977, 1982),
and Ghosh, Mukhopadhyay and Sen (1997). The moment expansions
of v/tY; to the order o(a~') given here can be used directly to correct
higher order bias and/or skewness in v/#Y; and therefore make large
sample approximation more accurate for small or moderate sample
sizes; see e.g. Liu, Wang and Wang (2002) and Liu (2002). Aras and
Woodroofe (1993) give the first four moment expansions of \/aY, .
In establishing the expansions, one important result used is the
nonlinear renewal theorem (see e.g. Lai and Siegmund, 1977) which

states that, under some suitable conditions, the overshoot at the
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crossing time ., t, + St, + (, — a, has the same limit distribution as

the overshoot 7, + S, — a at stopping time
To=inf{n>1:n+5S, > a}
as @ — oo. This limit distribution has the form

1
H(dz) = 7 P{ry+ S, > x}dz,

(70 + Sr)
where 79 = inf{n > 1 : n+ S, > 0} is the first ladder epoch. The
conditions imposed on {(,,n > 1} are “slowly changing”. As stated
in Woodroofe (1982), they are
(i) n~' max{|¢1], |G2|, - -+, [C2[} — O in probability,

(ii) there is a § > 0 such that P{maxo<i<gn |Cn+r — Cn| > €} < € for
alln > 1, given a e > 0.
Certain uniform integrabilities are also necessary in proving the mo-
ment expansions. Although these uniform integrabilities can be de-
duced from the general results of Zhang (1988) as in Aras and Woodro-
ofe (1993), we establish the required uniform integrabilities directly.
The reason for this is that Zhang’s, 1988 discussion is for the more
general “curved boundary” situation, where the upper boundary ‘a’
in (1) is replaced by ‘A(n,a)’. So the conditions for uniform inte-
grabilities deduced from Zhang’s results seem unnecessarily complex.
By tackling stopping time (1) directly, we can establish the uniform
integrabilities under relatively simpler conditions. As all the four mo-
ment expansions are of order o(a~!), Wald’s lemmas of high order,
which are not readily available in the literature, are required. They
are provided in this paper.

The layout of the paper is as follows. Section 2 deals with the
uniform integrabilities. Section 3 establishes the moment expansions.
The required higher order Wald’s lemmas are provided in the Ap-

pendix.
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2 Uniform integrabilities in nonlinear renewal

theory

Let (X, Yy),n > 1 beii.d. zero-mean random vectors on a probabil-
ity space {Q,F, P} and (,,n > 1 be random variables on {Q, F, P}
such that ¢, is independent of {(X,, 1, Y,1+x), kK > 1} for each n. Let
{Fn,n > 1} be the natural o-algebras associated with {(X,,, Yy, (), n
> 1}, ie. Fp=0(X1, V1,0, -, Xn, Yo, Gy). It is clear that (X,,Y),)
is independent of F,,_1 for all n > 2, and {t,,a > 0} is a family of
increasing stopping times with respect to {F,,,n > 1}. The overshoot
at time t, will be denoted as Ry, = St, + (;, + ta — a.

In this section we establish the uniform integrabilities for {(¢, —
a)/v/a,a > 1} and {R;, — (t,,a > 0}. The following four conditions

are required:

(C1
(C2
(C3
(C4

E | XP+Y exists for some p > 1;
aP P{t, < da} — 0 as a — oo, for some positive § < 1;

S0 nPTIP{(, < —ne} < oo for some 0 < € < 1;

n=1

~— ~— ~— ~—

{maxi<j<n | Guotj [P, » > 1} is uniformly integrable.

Baum-Katz Inequality (Baum and Katz, 1965) and a lemma from
Chow and Yu (1981) are important in this discussion, so we state
them here for easy reference.

Baum-Katz Inequality asserts that, for constants s > 1 and r > 1
such that 1/2 < r/s < 1, the following three statements are equiva-
lent:

(a) B | X1 [°< oo;
(b) 32°° " "2P{| S, |> n"/*€} < oo for all € > 0;

n=1

(c) 320 n" 2 P{supy>, | Sk/k"/* |> €} < oo for all € > 0.

Lemma 3.2 of Chow and Yu (1981) states that if, for some s > 2,
E | X1 |°< oo and, for some F,,-stopping time family {ng,d € A},
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{(na/d)*/?,d € A} is uniformly integrable, then {| S,,/Vd |*,d € A}
is uniformly integrable. Here A C (0, 00).

Another useful fact is that, for any F,-stopping time 7 satisfying
P{n < oo} =1 (called proper), X, n,n > 1 are still i.i.d. random
variables and each has the same distribution as that of X;. See, for
example, Chow and Teicher (1988), pp138.

The following lemma is an extension of Theorem 4.4 of Woodroofe
(1982).

Lemma 2.1. Under (C1) and (C3), we have E(th) < oo for
any given a > 0. Moreover, limg oo fta>ha thdP = 0 for any h >

(1—€)7L, and consequently {(a='t,)P,a > 1} is uniformly integrable.

Proof. Let ¢; > 0 and €; +€ < 1, where € is as given in (C3). Denote
K, =[a/(1—€1—€)]+1. Then, for n > K,, one has a—n < —n(e; +e¢)
and

nP L P{t, > n} < nP71P{S, + ¢, <a—n}

<P 1P{S, < —ner} +nP PG, < —nel.

Summing up over n, we get

Z nP1P{t, > n} <

n=Kg,
Z nP~1P{S, < —ner} + Z P~ P{(, < —ne}
n=K, n=Kg,

and hence, by Baum-Katz Inequality, (C1) and (C3), E(th) < oo for

any fixed a > 0. By the same arguments, we also have
oo
Z nP"IP(ty >n) — 0 as a — oo,
n=K,
and this implies (K,)PP(t, > K,) — 0. Combining this result with

the following integral by parts formula

/ thdpP = / prPLP(ty > x)dx + (y)PP(t, > ),
ta>y )
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we obtain limg—co [, - tadP = 0. Noting that e; > 0 is arbitrarily
fixed as long as €1 +€ < 1, so we conclude that lim,_, o fta>ha thdP =0
for any h > 1/(1 — €). The uniform integrability of {(a='t,)?, a > 1}
follows from the above result and the fact that ¢, is monotone in a.
O

Lemma 2.2. Suppose {T,,a > 0} be a family of positive and
increasing random variables satisfying lim, o0 fTa>ha T'dP = 0 for
some h > 1, r >0, and B, be an event in F such that a" P(BS) — 0
as a — 0o. Then {(T,Ipe)",a > 0} is uniformly integrable.

The proof is trival, thus omitted.
For h > (1 —€)~!, define

(n when n < ha
Up =
0 when n > ha,

ty =inf{n >d6a:n+ S, +v, >a}, a>1,
and

To = inf{n >da:n+S, >a}, a>1.

Observe that P{v, < —ne} < P{{, < —ne}. So it is not difficult to
verify that Lemma 2.1 holds for ¢,. Lemma 2.1 holds also for both
tT and t; defined below in the proof of Lemma 2.3.

Lemma 2.3.  Under (C1)-(C4), {|ta — Ta|p,a >0} is uniformly

integrable.

Proof. From the definition of v,, we have

a. = a
6(11;1712{00 |Vn| 5aglngha ’Vn|

which is uniformly integrable (about a € (0,00)) to the power p by
(C4). Let

th = inf{n>da:n+S,+v >a}

t, = inf{n>da:n+S,—v, >a}
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where v, = max{0, v, }, v, = —min{0, v, }. It is apparent that ¢} <

7o <ty and t} <t, <t;,so
\ ta — 7o |< max{7, — t:, ty — Tal}-
Note that

Ta—ty <inf{n>1in+ X+ + X >vh}
<inf{n >1: X e+ X > 24
s {n_ n+ t;j+1+ + thin 6;%17??00’Vn‘} 1,
t, —ma<inf{n>1:n+Xr 1+ +Xppn>v 0}

<inf{n >1:n+ X 41+ + Xpin > max |v,|} 2 do,
da<n<oo

Therefore, if both d} and db can be proved to be uniformly integrable,
| o — T4 |P is then uniformly integrable. The proofs for these two cases
are similar, so we give the proof for ds only.

It is clear that

Pldy>n} < P{n+X; 41+ -+ X1n— max |v,] <0}

a<n<oo

<P{X 114+ Xrtn < —bin}+ P{- 5 max || < —0an}

< P{‘X”ra—&-l + -+ X’ra—i-n’ > 9171} + P{ max ‘Vn| > 92”}
da<n<oo
where 01,02 > 0 and 07 + 602 = 1. Summing up over n from an integer
N gives

o

o
ST P{dy > 0}y < 0P P{|X i1 o+ Koyl > 010}
N N

o0
—i—an_lP{ max |v,| > an}
N

da<n<oo

o0 o
- p—1 p—1
= ;n P{Xi+ -+ X,| > Hln}—i—%n P{éar;?i(w |Un| > Oan}.

The last equality is due to the fact that {X, +n,n > 1} are i.i.d.

sequence with each element having the same distribution as X (since
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T, is a proper Fp,-stopping times). For the first term, by Baum-Katz
inequality and (C1), we have

o
an_lP{|X1—|—---+Xn] >0in} -0 as N — oo
N

and it is free from a. For the second term, note that {maxso<n<oo |Vn|"
a > 0} is uniformly integrable, so from the integral by parts formula
we have

oo
an_lP{ max |vp| > 6an} — 0 uniformly in a as N — oc.
da<n<oo
N
Thus Y % nP~1P{d2 > n} — 0 uniformly in a as N — oo, and hence

db is uniformly integrable. OJ

Theorem 2.1.  Under (C1)-(C4), {|ta — 7ol ,a > 0} is uniformly

integrable and, as a consequence, {|Ry, — ([P a > 0} is uniformly

integrable.

Proof. | t,—7, |V is different from | ,—7, |P only on {t, < da}U{t, >
ha}. Note that

| to — 7o [P< 2P(t0 + 7P)

and

a’? P{(ty < da) U (to > ha)} — 0 as a — oo

by (C2) and Lemma 2.1. Thus the uniform integrability of | t, — 7, |P
follows from Lemma 2.2 and Lemma 2.3. To prove the second part,
let R, = 7, + 57, —a. Comparing it with Ry, = t, + S¢, + G, — a,
we get

Ry, — G, =t —Ta+ S, — S, + Rr,

and
taVTa

2. X

1=tq ATq+1

|Rta_Cta| S |ta—7—a|+ +|R7—a"
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According to a result of Gut, 1988, Theorem 5.1 of Chapter 1,

p+1
< CE |ty — 14|P™2 < CE |ty — 10|

taVTa

S

1=t ATq+1

E

for some constant C,which depends only on the distribution of X3

taVTa

+1. .
a1 i ‘p is uniformly bounded and

and parameter p. So, F ‘Z
hence !Zf“:\gj\m 11X }p is uniformly integrable. The uniform integra-
bility of |R,,|” is a result in renewal theory (see, for instance, the
proof of Theorem 3.1 of Woodroofe 1982, and note that the delay
da doesn’t affect the proof). Therefore |R;, — (;,|" is uniformly inte-

grable. [

Remark. Gut, 1988 states that, if E|X]| < oo, then E|S,|" <
C’E(n)’"/ 2 for any proper F,-stopping time 7 where constant C is
free from the choice of 1. For two proper stopping times n and s, let
By, = F(yns)4+n, the o-algebra of events before stopping time (nAs)-+n,
and let Z,, = X(ypg)4n- Then {Z,, By, n > 1} is still an adapted i.i.d.
process and (nV s) — (n A s) is a By-stopping time. Thus, by Gut’s

result,
(nvs)—(nAs)
El Y z| <CEmVs) - mas)?
i=1
which is
nvs
E| Y Xi| <CEp—s"?.
i=nAs+1

Corollary 2.1. Denote t}; = (to — a)/v/a. Under (C1)-(C4),
{(t)P,a > 1} is uniformly integrable.
Proof. The uniform integrability of (¢:)P follows clearly from the
equality
tg —a _ Rta—Cta _ Sta
va Va va’
Theorem 2.1 and Lemma 3.2 of Chow and Yu (1981).
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Theorem 2.1 and Corollary 2.1 are still true if condition (C4) is

replaced by a weaker condition as follows

(C4’) There are events A,, € F,,,n > 1suchthat > 7 nP~1P{U Af}

< oo and {maxi<j<n | Gotjla,.; [P, n > 1} is uniformly integrable.

n+j

Here Af is the complement of A, and I4,is an indicator function.

The proof is not difficult by making use of Lemma 2.2.

3 Moment expansions

Now we are ready to discuss the expansion for [\/ﬂfftu]k, k=1,23,4.
Note that

e
ViV, )* = \/Z—k [(Séa)k +(s7,)" < i+ 1)] :

Applying Taylor expansion to (t,/a)~%/? — 1, we have

_ 1 k te —a
k _ = s \k 1 \k a
VERE = o)t s ()
k(k+2) o, g (ta—a)?
R -
- Ly srsg+in+in @
= V) g ) Sl T T

where u, is between 1 and ¢,/a,

k(S \" k(k+2) (Si\" (ta—a)?
n=g () e e e Gt () ()
We first give the following result about the uniform integrabilities of

T1 and TQ.

Lemma 3.1. Under (C1)-(C4), Th and Ty are uniformly integrable
for k=1 and 2, if p > 4 and E(Y{}) < co. Furthermore, T1 and Ty
are uniformly integrable for k =3 and 4, if p > 6 and E(Y}?) < oo.
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Proof. Note that (5] /v/a) s uniformly integrable by Lemma 3.2
of Chow and Yu, 1981 and (R, — (;,)? is uniformly integrable by
Theorem 2.1. So the uniform integrability of 77 in both cases follows

simply from Holder’s inequality. For 75, we divide it into two parts
o _ kE+2) (S M lte—a 21
= e \va) e ) e

TN _ k(k: + 2) Séa " ta —a 2 I
P = e \va) s ) T

On {t, > da}, u, is bounded away for zero, so the uniform integra-

bility of T3 in both cases follows directly from Holder’s inequality as
above for T71. On {t, < da}, consider k = 2 first. By checking the

Taylor expansion of (¢,/a) — 1, one will see that actually 1/u’ = a/t.

So
1 /(SiN\? [ta—a\?
fa (G2) (457" tcmar
2 (S
< /Qa (Q) Ity <saydP
SN\
a4P{ta<6a}E<tt“) -0

by (C2) and the property
q g \?
E{sup } < () E|Yp|!
n>m q— 1

if F|Y1]? exists (This is the Doob’s maximal inequality applying to

IN

Vit +Ya
n

the reverse martingale {Y;,,n > 1}). The uniform integrability of T4
for k = 2 then follows. For k = 1, 3,4, checking the Taylor expan-

u;(k+2)/2

sion we have in general C(a/t,)* > where C is constant

depending only on k and 4. So
/k<k+2> S\ (ta=a\
o sulft/2 \va va traoa}

CAAN
Ck(2+ 2)/Qak/2+1 <;a> Ity <50dP <

IN
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S/ 2]{?
abt2P{t, < da} E < ;“) — 0

by (C2), Doob’s maximal inequality and the moment assumptions of

the lemma. The proof is thus complete. [

In addition to (C1)-(C4) (or (C4’)), the following additional con-
dition (C5) is required.

(C5) ¢p,n > 1 are slowly changing and (S, /v/n,(,) has weak limit
(V,(). Here S,, = (Sp, S),).

It is obvious that V = (V1,V3) has a bivariate normal distribution

with mean (0,0) and covariance matrix

(1) a2 = ( BE(X?),  B(Xiv1) )
. E(X\Y1), E(Y?)

Suppose the distribution of X7 is nonarithmetic — we keep this as-
sumption throughout the rest of this paper. Then a consequence of
(C4) and (C5) is that (St /v/ta, Ct,, R, ) converges weakly to (V,(, R),
where R is the limit distribution of overshoot and independent of
(V, (). See Proposition 3 of Aras and Woodroofe (1993).

Lemma 3.2. Let A = E(R) and v = E((). Then, under (C1)-
(C5),
lim E(t, —a) =\ —r.

a—0o0

Proof. From the equality t, —a = Ry, — (¢, — St,, the Wald’s lemma
gives

E(ta —a) = E(Ry, — (i),

which converges to A — v since R;, — (z, is uniformly integrable and

(Rt,, Ct,) has weak limit (R, (). O

a

We now consider the first two moments.
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Theorem 3.1. Suppose p > 4 and E(Y{*) < oo. Then, under

(C1)-(C5),
. 1 / . 1 2
lim aE(taSta) =—-E(X1Y11), lim EE (taSt,) = —E(X7),
5 E(XiY1) | E((V2) 1
EWt.Y1,) = -
Wit = =07+ =2 T\a)
and

Blta(Y2,)] = E(YY) + é[E(CVS) + E(Y?X1) —vE(YP)] +o <i> .

Proof. By Wald’s lemma, E(t,S;,) = E[(ty — a)S},] . Note that

(ta —a)S;, (R, — Gt,) — St,154,

a a

which converges weakly to —V1 V5 as a — oo. Note also
(ta —a)S;,  [(ta—a) S,
a  \ Va/)Va

which is uniformly integrable by Corollary 2.1, Lemma 3.2 of Chow
and Yu (1981) and Holder’s inequality. So

1
aE(tasga) — —E(‘/i‘/'g) = —V12 = —E(lel).

The second limit follows a similar argument as

(ta — a’) Sta

a

LB (i) = B | | = ~B0) = - = B XD

As for E(v/1,Y3,), from (2) and Wald’s lemma, we have

E(Vt.Y,,) = E(X;Y\/l;»gE(ta)-F;aE (f/é%((ta—Rta)>
3

+

3 St ta—a\>
sa” |w@va\ va ) |
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Observe that a=*/2S; (¢, — Ry,) and ug25a=Y2S] [a=Y/2(t, — a))?
converge weakly to Va(¢ — R) and V5V, and both are uniformly

integrable from Lemma 3.1. Hence

E < j%@ta . Rta>) — E[Va(¢ - R)),

Si (te—a\?
25\ va

A simple calculation by noting the result of Lemma 3.2 and the in-

E

— BE(VLVP).

dependence of R and V then gives the desired result.
Finally consider E[t,(Yz,)?]. By (2),

_ 1 2 1 2 1
ta¥s,” == (S1,)" + =55 (S1,)" + ~(Ti + Tv)
a a a
where

1 2 1 [te—a)? >
T= (G - R (8L)° To= oo () (51)°.

From Wald’s lemmas,
E(S;,)" = B(Y?)E(ta)
and
B[St (S1,)°] = E(Y?)E(taSt,) +2B(X1Y1) E(taS;, )+ E(X1Y) E(ta).
Therefore, by Lemma 3.2 and the first part of this theorem, we have
B(S;,)" = B(Y{)(a+ X —v)+o(1)
and
LB [si (1)) = BOOYD) - BORE(D) — 2B W)
It is clear that

Ty — Vi —R), To — VPVi.
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So, by Lemma 3.1,
ET, — EV{(C — R), ETy, — EV3V}.

Combining all these results gives the expansion of E[t,(Y,)?]. O

The expansions for high order moments can be obtained in the
same way as above by using Lemma 3.1, Lemma 3.2 and Wald’s
lemmas, except that the moment requirements are higher in order
to ensure the validity of Lemma 3.1 and the validity of high order
Wald’s lemmas. We give only the assumptions and expansions for
the third and forth moment but not the proofs as they are similar

and involve much more lengthy and tedious manipulations.
Theorem 3.2. Suppose p > 6, B(X}) < co and E(Y) < .
Then, under (C1)-(C5),

E VY] = (E(Yf’) + 2012@22)

@TH E‘ -

<;)E(CV23) - 3v22E<cvz>) +0 (i) :

— 1
EVY.]" = 3+ a[E(Yf*) + 4 E(Y?) + 6B(X 1Y) — 3

+2E(CVyY) — 6E(CVE)] + o <i> .

4 Appendix

In this appendix, we present some Wald’s lemmas which may not be
readily available in the literature but are required in Section 3.

Let S, = > " X; and S, = Y1 | V; where (X,,,Y;),n > 1 are
i.i.d. random vectors with zero mean. Let 1 be a stopping time
with respect to process {(X,Y,), Fn,n > 1} where {F,,n > 1} is

an increasing o-class such that (X,Y,) € F, and (X,+1Yny1) iS
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independent of F,, for all n. We consider the Wald’s lemmas for
E[S"S)] k=1,2,3,4.

Denote m(sy, s2) = Eexp(isi X1 +is2Y7), the characteristic func-
tion of (X1, Y1). One can easily verify that {m(si, s2)™" exp(is1.S, +
i$25)), Fn,n > 1} is a martingale. Suppose 7 satisfy the conditions

in Doob’s optional sampling theorem. Then

Elm(s1,s2) " exp(is1 Sy + is2Sy)] =
E[m(sl, 82)_1 eXp(i81X1 + iSQYl)] = 1. (3)

Differentiating both sides of (3) with respect to s1 k (times) and sg
(once ) and then setting s; = so = 0 will yield the following required

Wald’s lemma heuristically:

E(SyS,) = E(Xi%1)E(n),

E(S;S,) = E(XT)E@®S,)+2E(X1Y1)E(nS,) + BE(X{Y1)E(n),

E(S;S,) = E(X{Y1)E(n) — 3B(X7)E(X1Y1)Eln(n +1)]
+3E(XY1)E(nSy) + 3E(X1Y1)E(nS?)
+E(X7)E(nS)) + 3E(X7)E(1S,Sy),

E(S,S;) = E(X'Y)E(n) - 4E(X*)E(XY)
+6E(X?)E(X?Y)|Eln(n +1)]
—12E(XY)E(X?)En(n +1)S,)
=3[E(X*)”E[n(n +1)5,]
+AE(XPY)E(nS,) + 6E(X?Y)E(nS})
+4E(XY)E(nS;) + 4E(X*)E(1S,S))
+6E(X*)E(nS;Sy).

We give the conditions and rigorous proofs for the first two equations.

For the last two equations we provide only the conditions since the

proofs are similar.

Second order Wald’s lemma. If E ‘X%}, E ’YIQ‘ and E(n) are all
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finite, then
E(S,S,) = E(X1Y1)E(n). (4)

Proof. Let Z, = S, 5], — nE(X1Y1). Then

E(Zn | Fna1)
= E[(Sn-1+ Xp)(Sp1 + Ya) | Faot] — nE(X1Y1)
= Sp_18. |+ E(X,Y,) — nE(X1Y})
= Sp1S.  —(n—D)EXY1) = Zy_.

So {Z,, Fn, n > 1} is a martingale with E(Z,) = 0. Set n, =n A n.
Then by the optional sampling theorem, (4) is true for 7,. But under
the conditions EX? < 0o, EY{? < oo and E || < oo, both {S,,,,n >
1} and {S; ,n > 1} are Cauchy series in L*{€Q, F, P}—this can be
seen by noting that (taking S, for example)

n
Stnss = S = D X1l yzra1)

k=m

and hence (observe that I{nZkH} € Fy is independent of Xj41)

E(Spiy = Syn)® = > BE(Xi)Pinzk+1}

k=m

— B(XD)EMu1) — Bnn)] — 0 as n,m — ox.

So E(Sy,S;,.) — E(S,S;) as n — co. Thus (4) is true for 5. O

Third order Wald’s lemma If E|X;[*, E|Vi|* < co and Fp-
stopping time 7 satisfies E(n?) < oo, then

E(S;S,) = E(X?)E(nS,) + 2E(X1Y1)E(nS,) + E(X{Y1)E(n). (5)

Proof. Let Z, = S2S!, — BE(X?)nS!, — 2E(X1Y1)nS, — nE(Y2X)).

As in the last theorem we can prove {Z,, F,,n > 1} is a martingale
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and E(Z,) = 0. So (5) is true for n,, = nAn by the optional sampling
theorem. Observe that

lim (X%)E(nns;,n) +2E(X1Y1)E(n,Sy,) + E(X7Y1)E(n,)

= B(X})E(S)) + 2B(XaV1) E(nS,) + E(X{Y1) E(n),
since both {S,,,n > 1} and {S] ,n > 1} are Cauchy series in
L*{Q, F,P} and E(n?) < oo. Therefore lim, .o E(S} S;, ) exists

and

lim E(S2 Sy ) = E(X{)E(nS;)+2E(X1Y1)E(nS,)+E(X{Y1)E(n).

n—~o0

Next we prove E(S7 S] — S2S;) — 0 as n — oo. Note that

|E(S2 S —S280)| = |ES2 (S, — S1) + E(Sy, Sh + 535 (S, — S)|

NMn ~ NMn n Mm*™~n

4 2\1/2 2 2\1/2
< (ESnnE(S%n — 57’7) ) + (E(SnnS,'7 + SnS%) E(S,, — Sy) ) .
So it is enough to show that ESf)n,ESf, and EST’]4 are uniformly
bounded since E(S;, —S;)? and E(S,, —Sy)? converge to zero. The
boundedness of these three moments is an immediate consequence
of the assumptions E |X1|*, E|Yi|*, E(n?) < oo and Gut, (1988)’s

inequality (see remark in Section 1). OJ

Forth and fifth order Wald’s lemma The equations for E(SSST’])
and E(S;‘;S,’]) are valid under the conditions E |X;|®, E|Y;|® and
E|n|* < cc.
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