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Abstract. We consider n observations from the GARCH-type model:
S = 02Z, where 0? and Z are independent random variables. We de-
velop a new wavelet linear estimator of the unknown density of o2 under
four different dependence structures: the strong mixing case, the -
mixing case, the pairwise positive quadrant case and the p-mixing case.
Its asymptotic mean integrated squared error properties are explored.
In each case, we prove that it attains a fast rate of convergence.
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1 Introduction

The following GARCH-type model is considered: let (S;);cz be a strictly
stationary random sequence such that

S;=027;, i€, (1)

(Zi)iez 1s a sequence of identically distributed random variables with
common known density fz : [0,1] — (0,00) and (02);ez is a sequence of
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identically distributed random variables with common unknown density
fr2 :[0,1] — (0,00). For any i € Z, Z; and o2 are independent. We aim
to estimate f 2 when only n random variables Si,...,S, are observed
under various dependent structures. Financial applications related to
(1) can be found in [5].

In most of the papers, (1) is re-written via a logarithmic transforma-
tion: InS; = Ino?+In Z;, i € Z. Since we have a sum of two independent
random variables, the density of Ino? becomes a convolution product.
The classical scheme consists in deconvolving and estimating this density
by using Fourier transform and nonparametric methods. For dependent
sequences, see e.g. [21], [10] and [31]. However, the estimation of f,»
is not “direct” in the following sense: if we denote f, 2 the density of
Ino?, we have f2(z) = (1/2)fino2(Inx), z € (0,1) and, for any esti-
mator fof fino2, the associated mean integrated squared error (MISE)
is

e ([ (; (F@) = norta))” ) = ( / 1 (37 ) = e <x>)2xd:c> .

~

Thus we obtain the MISE for (1/x)f(Inx) of f;» but with respect to the
measure zdz, not dr. For this reason, the global estimation of f 2 on
[0,1] from In Sy,...,In S, via the standard MISE (with respect to dz) is
not obvious. This point is also underlined in [10, 3.5]. Considering the
exponential strong mixing case, the “direct” estimation of f 2 has been
recently investigated by [8].

In this paper, we complete this last study by estimating “directly”
fo2 for other realistic and standard dependence conditions as the poly-
nomial strong mixing «dependence (introduced by [26]), the [-mixing
dependence (introduced by [33]), the pairwise positive quadrant depen-
dence (PPQD) (introduced by [20]) and the p-mixing dependence (in-
troduced by [18]). For results, examples and references on the standard
density estimation problem under such dependence conditions, see e.g.
[19], [4], [32], [30], [11], [21], [25], [6] and [17].

Combining the approaches of [8] and [17], we construct an estimator
based on wavelet projections. We use wavelets because of their compu-
tational efficiency and asymptotic optimality properties. In particular,
wavelet estimators enjoy interesting MISE for functions having possible
complex singularities. We refer to [2] and [16] for a detailed coverage
of wavelet theory in statistics. The asymptotic performance of our es-
timator is evaluated by determining an upper bound of the MISE over
Besov balls. It is obtained as sharp as possible and coincides with the
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one related to the standard 4.i.d. framework.

The organization of the paper is as follows. Assumptions on the
model are presented in Section 2. Section 3 describes the wavelet basis
and the Besov balls. Section 4 is devoted to our linear wavelet estimator
and a general result. Applications are set in Section 5. Technical proofs
are collected in Section 6.

2 Assumptions

Set L2([0,1]) = {h: 0,1] =Ry [1(h(z))2de < oo}. We assume that

f02 € LZ([()) 1])
We suppose that there exists a positive integer v such that, for any
ie{l,...,n},

Zi = [[ Urss (2)
r=1

where Uy ,...,U,; are v i.i.d. random variables having 'the common
uniform distribution on [0, 1]. Assumption (2) excludes the Gaussian
case but occurs in the study of some GARCH-type model as, for instance,
the generalized multiplicative censoring model (see e.g. [1]).

It follows from (2) that

e the density of 77 is

e the density of 57 is

fs(a) = /;fz (g) foelu)

1 - u [t 1w 1
- mé( u )(—1119«“) /x (Iny)"~ fo2(y)7 dy,
x € [0,1]. (3)
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3 Wavelets and Besov Balls

For the purposes of this paper, we use the compactly supported wavelet
bases on [0, 1] described below.

Let N be an integer such that N > v + 1 (where v is the one in
(2)), ¢ and 1 be the initial wavelets of the Daubechies wavelets db2N.
These functions have the particularity to be compactly supported and
to belong to the class C”.

Set

din(x) =229 2w — k), ju(x) = 222z — k).

With an appropriate treatment at the boundaries, there exists an integer
7 satisfying 27 > 2N such that the collection

B = {¢T,k(‘)? ke {07"'72T - 1}7w],k()a
jeEN-{0,...,7 =1}, ke {0,...,27 —1}},

is an orthonormal basis of .2(]0, 1]). We refer to [9].
For any integer ¢ > 7, any h € L.2([0,1]) can be expanded on B as

201 oo 29-1
h(z) = apder(@) + > > Bixthig(), z € [0,1],
k=0 Jj=t k=0

where o ;, and ;;, are the wavelet coefficients of h defined by

1

1
Gk = /0 h(x)jp(x)dr,. © Bk= /O h(x); 1 (z)dz. (4)

As is traditional in the wavelet estimation literature, we shall investi-
gate the performances of our estimator by assuming that f,2 belongs to
Besov balls. Their definitions in terms of wavelet coefficients are given
below.

Let s > 0 and M > 0. A function h belongs to Bj . (M) if and
only if there exists a constant M* > 0 (depending on M) such that the
associated wavelet coefficients (4) satisfy

271
sup2* 3 5, < M
j=T k=0

The Besov balls capture a wide variety of smoothness features in a func-
tion. Further details can be found in [22].
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4 Estimator and result

4.1 Linear wavelet estimator

We follow the methodology of [8, Lemma 1]. For any positive integer ¢
and any h € C([0,1]), set

T(h)(x) = (zh(z)),  Te(h)(x) =T(Tr—1(h))(x),  x€[0,1]. (5)
The definition of this operator is such that, for any h € C*([0,1]), we

have
1 1
/ﬁm%mﬁz/hWﬂme~ (6)
0 0

The proof of (6) is based on the two following steps:

Step 1. For any positive integer ¢, set G(h)(z) = —zh/(x) and Gy(h)(z) =
G(Gy_1(h))(x). Tt follows from (3), derivations and the binomial
theorem that

fo2(2) = —2(Gyor(fs)(2)) = Gu(fs)(@), ©~ = €0,1]. ~ (7)

Step 2. By (7) and v integrations by parts, we have

/m :A@wwwm

1
=‘A@1wwwwmm

1
=~~jAhWﬂme

Note that, in the simplest case v'= 1, since f,2(x) = —zf§(z), € [0,1],
the proof is reduced to

1 1 1
Afﬁ@%@ﬂz= —Afymmmezﬁfawummwm

1
= / fs(z)T
0
Using the method of moments, for any integer 7 > 7 and any k €
{O 2/ — 1}, we estimate the unknown wavelet coefficient a;j =

fo fa ij k( )dx by

P R
Qjk = ZTV(¢j,k)(Si)a
=1
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(v is the one in (2)). R
Assuming that f,» € B3 (M), we define the linear estimator f by

200 —1

f(fb‘) = Z aj(),kgbjo,k(x)? S [07 1]7 (8)
k=0

where jj is an integer which will be chosen later (see Theorem 4.1 below).

Such an estimator is standard in nonparametric estimation via wavelets.
See e.g. [16, Section 10]. For a survey on wavelet linear estimators in
various density models, we refer to [7].

4.2 Result

Theorem 4.1. Consider (1) under the assumptions of Section 2. We
suppose that

e there exist three constants, v > 2v, § € [0,1) and C > 0, such
that, for any integer j > T,

211 n

Z Z ‘Cov (Tu(qb],k)(sm)vTu(¢],k)(80)) | < 02]‘(74_1)”57 (9)

k=0 m=1
where Coy(.,.) denotes the covariance function and T, is (5).

e there exists a constant Cy > 0 such that

sup fg(z) £ C, (10)
z€[0,1]

Suppose that f,o € B3 (M) with s >0 and M > 0. Let f be (8) with
jo such that 270 = [p=M@sH3+D] (yhere [a] denotes the integer part of
a). Then there exists a constant C > 0 such that

E (/1 (f(a:) B fU2(:r:))2dx> < Cn-250-9)/@str+1),
0

Naturally, the rate of convergence in Theorem 4.1 is obtained to be as
sharp as possible.

The assumption (9) measures the dependence between S,, and Sp.
It is close to the =-weak dependence introduced by [13, 14] but with the
operator T},.
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5 Applications

The four following subsections investigate separately the strong mixing
case, the J-mixing case, the PPQD case and the p-dependence case
which occur is a large variety of applications. We refer to [35], [27], [24]
and [3].

5.1 Application to the strong mixing dependence

Definition 5.1. Let (Y;);cz be a strictly stationary random sequence.
For any m € Z, we define the m-th strong mizing coefficient of (Y;)icz

by
Qpy = sup IP(AN B) — P(A)P(B)],
(A,B)EFY o XF} o

where .7-"3/00’0 1s the o-algebra generated by ..., Y_1,Yy and .7-',},;00 15 the
o-algebra generated by Yo, Ym+1,-- ..
We say that (Y;)iez is strong mizing if and only if Wm, oo @y = 0.

Applications on strong mixing can be found in e.g: [34], [12] and [5]. In
the context of GARCH-type models as (1), see [15].

Proposition 5.1.  Consider (1) under the assumptions of Section 2.
Suppose that

o (Si)iez is strong mizing,
e there exist three constants, g#€(0,1), 6 € [0,1) and C > 0, such
that
n
Z miad, < Cn?, (11)
m=1

o there exists a constant Cy > 0 such that

sup sup. - f(Spm,50) (%, y) < C, sup fs(x) < Cy, (12)
me{l,..n} (z,y)€[0,1]2 z€[0,1]

where f(s,, so) i the density of Sy, So) and fs is (3).

Suppose that f,> € B . (M) with s >0 and M > 0. Let ¥ be (8) with

jo such that 290 = [p(1=0)/@s+2v4+1)]  Then there exists a constant C' > 0
such that

E </1 (f(l‘) — fo? (x))2 dg;) < Op~2(1-0)/(2s+20+1)
0
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Note that (11) includes strong mixing coefficients with a polynomial rate
of decay. For instance, if o, = 1/mP with p > 1, then (11) holds with
d =0 (by taking ¢ € (1/(p — 1),1)).

The first inequality in (12) can be viewed as a “Castellana-Leadbetter”-
type condition. It is standard in nonparametric estimation via depen-
dent observations. Remark that, thanks to this assumption, Proposition
5.1 improves [8, Theoreml]: the obtained rate of convergence is faster;
the parameter ¢ does not deteriorate the rate of convergence. However,
this condition seems difficult to check in some situations. An alternative
is explored in the next subsection.

5.2 Application to the -mixing dependence

Definition 5.2. Let (Y;);cz be a strictly stationary random sequence.
For any m € Z, we define the m-th 3-mixing coefficient of (Y;)icz by

Bm = sup > [P(Ai N Bj) ~P(A)P(B)

((Ad)ier,(Bi)ies)€FY o o XF 0o icl jeJ

N —

where the supremum is taken over all finite partitions (A;)icr and (Bj) ey

of ), which are respectively .7:3/0070 and .7-',3;00 measurable, .7-"3/00’0 is the

o-algebra generated by ...,Y_1,Yy and FY . is the one generated by

71,00
Yo, Vinids oo -
We say that (Y;)icz is f-mizing if and only if lim,, o0 Bm = 0.

Full details can be found in e.g. [12]; [32], [5] and [3].

Proposition 5.2.  Consider (1) under the assumptions of Section 2.
Suppose that

o (Si)icz is B-mixing,

e there exists a constant C > 0 such that

i Bm < C, (13)
m=1

e there exists a constant Cy > 0 such that

sup fs(z) < C.
z€[0,1]



Wavelet Linear Density Estimation for a GARCH Model 9

Suppose that f,2 € B3 (M) with s >0 and M > 0. Let ¥ be (8) with
jo such that 200 = [nY/Zs+2v+ D] Then there exists a constant C' > 0
such that

E (/01 (A(x) — fa (x))Q da:> < Op~28/@st2v+1)

Since f-mixing implies strong mixing, Proposition 5.2 shows that
the rate of convergence n~2%/(25t2v+1) can be attained by f for strong
mixing (5;)icz without the constraint on fg,, s,) in (12).

5.3 Application to the PPQD

Definition 5.3. We say that n random variables Sy, ...,S, are pair-
wise positive quadrant dependent (PPQD) if and only if, for any (£,v) €
{1,...,n}? with £ # v and any (z,y) € [0,1]?,

P(S; > 2,8, >y) > P(S; > z)P(S, > y):
Further details on PPQD can be found in [20], [23] and [28].

Proposition 5.3.  Consider (1) under the assumptions of Section 2.
Suppose that

e S1,...,S8, are PPQD,

e there exist two constants, 6 € [0,1) and C' > 0, such that
Z mg(co’u(sma SO) < Cn6> (14)
m=1

o (12) is satisfied.

Suppose that f,2 € B3 (M) with s >0 and M > 0. Let f be (8) with

jo such that 200 = [pn(1=0)/Zs+2v+ D] Then there exists a constant C > 0
such that

E (/1 (J?(fﬁ) — [o2 (9:))2 da:> < O~ 2s(1=0)/(2s420+1)
0

Proposition 5.4 below investigates the MISE properties of f in the
PPQD case without the constraint on f(g, s, in (12).

Proposition 5.4.  Consider (1) under the assumptions of Section 2.
Suppose that



10 Chesneau and Doosti

e 5,...,5, are PPQD,
e there exist two constants, § € [0,1) and C > 0, such that
n
D Cou(Sm, So) < Cn?, (15)
m=1
e there exists a constant Cy > 0 such that

sup fs(z) < C..
z€[0,1]

Suppose that f2 € B3 (M) with s >0 and M > 0. Let f be (8) with

jo such that 290 = [p(1=0)/@s+2v4+0)] * Then there exists a constant C' > 0
such that

E </1 (f(l‘) — fo2 (x))2 dg;) < On25(1-0)/ (s 204)
0

5.4 Application to the p-mixing dependence

Definition 5.4. Let (Y;);cz be a strictly stationary random sequence.
For any m € Z, we define the m-th mazximal correlation coefficient of

(Yi)iez by
_ Cou (U, V)]
P = sup o,
UV)EL2(FY | JRLAFY, ) VY (U)V(V)

where FYOO’O is the o-algebra generated by ...,Y_1,Yy, FY _ is the one

generated by Y, Y1, ... andy for any A € {.7:3/00’0,.7:%7;0}, L2(A) =
{U e A; E(U?) < oo}
We say that (Yi)iez 18 p-mizing if and only if limy,— o0 pm = 0.

For details on p-mixing, we refer to [18], [12], [29], [19] and [35].

Proposition 5.5..Consider (1) under the assumptions of Section 2.
Suppose that

o (Si)iez is p-mizing,

e there exist two constants, 6 € [0,1) and C' > 0, such that

> pm < CR, (16)
m=1
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e there exists a constant C, > 0 such that

sup fs(z) < C.. (17)
xz€[0,1]

Suppose that f,2 € B (M) with s >0 and M > 0. Let ¥ be (8) with
jo such that 290 = [p(1=0)/@s+2v4+1)] * Then there exists a constant C' > 0
such that

E </1 (f(l‘) — [o2 (x))2 dg;) < On2s(1-0)/ (st 20+1).
0

General Remark. Note that, in Propositions 5.1, 5.3 and 5.5, if
0 = 0, the rate of convergence n~—28/(2s+2v+1) hecomes the one attained
by f when Sy,...,5, are i.i.d.. Therefore, our results extend the good
asymptotic performances of f in the standard i.i.d. case to the consid-
ered dependence structures.

Conclusions and Perspectives. We have constructed a new wavelet
estimator to estimate a density in a GARCH-type model under vari-
ous dependence structures. Its asymptotic MISE properties have been
investigated and fast rates of convergence have been established.

Due to its construction, f is not adaptive with respect to s, v and 4.
Adaptivity can perhaps be achieved by using another wavelet estimator
as the hard thresholding one. However, several important technical diffi-
culties arise due to the dependence conditionsand it is not immediately
clear how to solve them. This aspect needs further investigations that
we leave for a future work.

6 Proofs

In this section, we consider (1) under the assumptions of Section 2.
Moreover, C denotes any constant that does not depend on j, k and n.
Its value may change from one term to another and may depends on ¢.

Proof of Theorem 4.1. We expand the function f,2 on B as

270 —1 co 27-1
fo2 (CC) = Z ajo,k¢jo,k(x) + Z Z ﬂj,k¢j,k(x)7 UES [07 1]7
k=0 j=jo k=0

where o, 1, = fol [o2(x)0jy k(x)dr and B, = fol Jo2(x)2)j () de.
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We have, for any = € [0, 1],

270 —1 oo 27—

f(‘r) - fo.z(l‘) = Z (ajo kE — Oy, k) ¢]o E\T Z Z ﬂ] k¢]k

k=0 j=jo k=0

Since B is an orthonormal basis of 1.2(]0, 1]), we have

E(/Ol (Fw) —faz(x))de> _

270 —1 oo 20—

~ 2
> B (@ — o)) + Y Zﬂ]k
k=0 j=jo k=0

Let us now bound these two terms in turn.

Using (6), we have

A /faz )i il dx—/fs (000 (2)de
= E(T(04)(50)) = E(@jo):

So

(18)

E((ajo,k_ajo,k)2> = V(@om)= (ZT (Djo.k) (S > (19)

We have

v (Z Tu(d)jmk)(si))

- ZZCM o ($0.10) (S0)s To(ho.1e) (Se))

v=1 (=1

v—1

M-
M

= nV (Tu(¢jo,k)(50)) +2

v l

S
<
[——

1

IA

nV (T, (#jo,1)(S0)) + 2

v=2

~

=1

(C ov (TV(¢jo,k)(Sv)7 Tl/(ﬁbjo,k)(sé))

(CO’U (Tu(¢jo,k)(5v)v TV(¢jo,k)(Sz)) . (20

)
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The stationarity of (S;);cz implies that

n v—

1
Cov Qb]o k ) Tu(quo,k)(sf))

v=2 (=1
= Z (n —m)Cop (T (Djo,k) (Sm), TV(ijo,k)(SO))‘
m=1
< n Z Couv (To(Pjo.k) (Sm), T (3o k) (S0)) |- (21)

It follows from (19), (20) and (21) that

n

‘Cov (TV(¢jo,k)(Sm)7Tu(¢jo,k)(50)) |> :

m=1

Using [8, Proposition 1] i.e. thanks to (10), V (T, (¢;4%)(S0)) < C22¥J0,
(9) and v > 2v, we have

290 —1
1 : ) )
Z = <(aj0,k - ajo,k)Q) < Cﬁ (210221/]0 + 2]0(v+1)n5)

c2(+ Do, 6-1

A

A

IA

Cn_28(1_6)/(25+’Y+1). (22)

Using fo2 € B3 (M), we obtain
oo 2-1

Z Z ﬁ?k <C Z 9—2js <C2 250 < Cn—?s(l 5)/(28+’Y+1) (23)

Jj=jo k=0 J=jo

It follows from (18), (22) and (23) that

E </1 (f(:v) — fo (x))2 da:) < Op-2501-8)/@s+1)
0

The proof of Theorem 4.1 is complete. [J
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Proof of Proposition 5.1. Using a standard covariance equality and
(12), for any g € ILI([O 1]) and any m € {1,...,n}, we have

Con(9(Sm). 9(50))
Fissm (@ 9) hUh(D(M@M@‘

: /0 /0 | £ (S50 (@, y) = fs(2) fs(y)llg(@)]|g(y)|dzdy

2&£4memm@:w{£mmmf.@®

Moreover, using (¢;x)™ (z) = 22u+Di/2¢(W)(2iz — k) and doing the
change of variables y = 2/z — k, we have

/‘w (6@ ux<w§j/‘u (630 (@)

IN

< u'z/ ()™ ()| da = €27 3/222“3/@(“ )ldy
< (Ol (25)
It follows from (24) and (25) that

[Cou (TV(¢j,k)(Sm)7 Tu(ﬁbj,k)(SO)) b= €227277. (26)
By [8, equation before eq. (20)], we have

Cou (T1(6j.1)(S0), To (64)(Sin)) | < C22+Diqa |

Therefore

|Cov (Tv(¢j,k)(50)7Tu(¢j,k‘)(sm)) | < Cmin (221/]'27]': 2(2y+q)jagz) .
Hence, by (11),

Z ‘Cov ¢] k SO) (¢],k)(‘9m)) ‘

<@ Z min (22”3' 9=3 92v+a)i a;ln)

m=1

IN

27 -1
(Z 221/]2 7 + Z 2(2u+q a‘])

m=2J

< 2% (1 + Z mqai’n> < 2™ (1 + n5) < C2%in?,

m=1
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Therefore

27—-1 n

ST S 1Cou (T () (S0), T (05) (Sm)) | < €22+ i,

k=0 m=1

Proposition 5.1 follows from Theorem 4.1 with v = 2v. OJ

Proof of Proposition 5.2. Since (.S;);cz is f-mixing, for any bounded
function g, [32, equation line 12 p. 479 and Lemma 4.2. with p = 1]
imply that

n 1
> ICou(9(Sm), 9(So))| < 2/0 b(x)g* (x) fs(x)dz, (27)
m=0

where b is a function such that, by (13), fol b(z)fs(z)dr <> o0y Bm <
C.

We have (¢; )™ (z) = 2(2“+1_)j/2¢(")(2jx — k). Since ¢ is eompactly
supported, we have sup,¢q 1] ijz_ol(qb(“)(? r—k))? <C. Therefore, for
any integer j > T,

211 211 v
YT @)? < v YN w0 @)
k=0 k=0 u=0
2-1 w
< vh)? Y0 (@) (@)
k=0 u=0
v 27-1
< w22 NN (gl (27 — k)2
u=0 k=0
< 2], (28)
Putting (27) and (28) together, we obtain
29-1 n
>3 1Cou (Tuld) (So), To(65.k)(Sm)) |
k=0 m=1
1 201 ol
<2 b s > ({630 (o) < 02 | vasstonie

< (2@t

Proposition 5.2 follows from Theorem 4.1 with v = 2v. [J
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Proof of Proposition 5.3. Since 51,...,S, are PPQD, the Newman
inequality (see [23]) yields: for any m € {1,...,n} and any g € C*([0, 1]),

Cou(9(Sm), 9(S0))| < ( o |9’ (@)])*Couv (S, So)- (29)

Moreover, since (¢;5)® (z) = 2u+1i/2¢(W) (272 — k), we have

v+1
sup [T} (¢56) ()] < W+ D!y sup [2%(¢;4)" ()|
xz€[0,1] u—0 T€[0,1]
v+1
< OY 2@ sup o) (@)
uz;] z€[1-N,N]
< 02@WHD+i/2 _ oovt+3)j/2, (30)

Therefore, by (26) (which holds thanks to (12)), (29) and (30), we have
[Cou (To(67.4) (Sm), T (65.4)(S0)) | < C min(227277, 22N C (S, 50)).

Hence, by (14),
Z |Cou (T ij, So), TV(ij,k)(Sm))‘

< C Z min (22"]'2*3', 2 HIC,, (S, So))

m=1

27 -1 n
< C Z 92vjo—j + Z 2(2y+3)jCou(Sm,So)
m=1 m=27
S (1 + Y m*Cou(Sm, So)) < o2 (1 + n5) < C2%ind.
m=1
Therefore
21 n |
>3 ICou (T (66)(S0), T (k) (Sm)) | < C2C¥HHIn?.
k=0 m=1

Propesition 5.3 follows from Theorem 4.1 with v = 2v. OJ

Proof of Proposition 5.4. Proceeding similarly to the proof of Propo-
sition 5.3, we have

|Cov (Tv(ﬁbj,k')(sm)aTu(¢j,k)(50)) | < 02(2y+3)jcov(5mu SO)~
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Therefore, by (16),

27—-1 n

S S (o (Tol3)(S0). T (6)(Sm)) | < C23+ind,

k=0 m=1

Proposition 5.4 follows from Theorem 4.1 with v = 2v 4+ 3. O

Proof of Proposition 5.5. A standard covariance inequality for p-
mixing gives: for any m € {1,...,n} and any g € L2(|0,1], fs(z)dz),

Cou(9(Sm), 9(S0))| < E((9(S0))*)pm- (31)
See, for instance, [35, Lemma 1.2.7.].

Since So(2) = [0, 1], for any integer j > 7 and any k € {0,...,2/ 1},
we have

E((T,(654)(S0))2) < v(v) ZE(S (05 (50))°)

IN

v(!) ZE( (6)™ (S0)) ) (32)

Using (17), (¢;%) ™ (2) = 2@u+1i/2¢(w) (207 = k) and doing the change
of variables y = 272 — k, we obtain

1
B (030 50)) A (0,0 @) fs(a)a

VAN
2
\’_‘
<

<7
kS
£

A
l\D
N
IS
<.
—
-
N
Q
/\
\_/
\_/
—
(SV)
(SV)
N—

Putting (32) and (33) together, we obtain

v N
E((T0(65)(S0))?) < Cv(p)? D 224 / (6™ (y))?dy < C229. (34)

u=0 1-N

Hence, by (31), (34) and (16),

Z Con (Tu(93)(50). Tol@30)(Sm)) | < €27 37 iy < €22,

m=1
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Therefore

21—-1 n

Z Z |Cov (TV(¢j,k)(SO)aTu(¢j,k)(sm)) | < C2 s,

k=0 m=1

Proposition 5.5 follows from Theorem 4.1 with v = 2v. [J
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