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A new Method For Solving Fuzzy DEA ModelsM. Sanei a, M. Rostamy-Malkhalifeh b�, H. Salehb(a) Department of Mathematics, Islamic Azad University, Tehran-Center Branch, Tehran, Iran.(b)Department of Mathematics, Science and Research Branch, Islamic Azad University , Tehran ,Iran.Received 2 October 2009; accepted 23 Desember 2009.|||||||||||||||||||||||||||||||-AbstractData envelopment analysis is a technique for measuring the relative e�ciency of a set ofdecision making units with common data, but in this paper we explain a new method forevaluating of decision making units with fuzzy data.We solve CCR and BCC models with fuzzy inputs and outputs by distance minimizationthat this method is better than other methods for ranking of fuzzy numbers and then weput in order e�cient and ine�cient decision making units.Keywords : DEA; Fuzzy DEA Distance; CCR; BCC.||||||||||||||||||||||||||||||||{1 IntroductionData Envelopment Analysis (DEA) is a non parametric technique for evaluating the rel-ative e�ciency of decision making units (DMUs) with common inputs and outputs. Thistechnique was initially proposed by Charnes et al. [4] and was improved by others [3, 13].In traditional DEA models such as CCR model and BCC model and others we assumethat all inputs and outputs data are exactly known. But in real world this assumption isnot always true.On the other hand, in more general cases, the data for evaluation are stated by naturallanguage such as good, medium, bad to reect general situation. So we can not solve DEAmodel with fuzzy data by usual methods. Some researchers have proposed several fuzzymodels to evaluate DMUs with fuzzy data, using concept of comparison of fuzzy numbers[8, 9, 10, 12].The organization of the paper is as follows: In section2, fuzzy numbers are introduced.Fuzzy DEA model is presented in section 3. Finally, an example with fuzzy data and theconclusion are drown.�Corresponding author. Email address: Mohsen Rostamy@yahoo.com307
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2 Fuzzy numbersA fuzzy set A in X is a set of ordered pairs:A = f(x; �A(x))jx 2 Xg�A(x) is called the membership function of x in A.A fuzzy number M is a convex normalized fuzzy set M of real line R such that :1) It exist exactly one x 2 R with �M(x) = 1.2) �M (x) is piece wise continuous.The crisp set that belong to the fuzzy set A at least to the degree �-cut set:A� = fx 2 X : �A(x) � �gThe lower and upper end points of any �-cut set, A�, are represented by A(�) and A(�),respectively.For arbitrary fuzzy number u = (u; u), v = (v; v)D(u; v) = [Z 10 (u(r)� v(r))2dr + Z 10 (u(r)� v(r))2dr]1=2is distance between u,v [5, 6, 7].Theorem 2.1. Let u be a fuzzy number and c(u) a crisp point then the function D(u,c(u))with respect c(u) is minimum value if c(u)=m(u) and m(u) is unique and m(u) = 1=2 R 10 (u(r)+u(r))dr.Proof: see[2].For arbitrary fuzzy numbers u and vu � v , m(u) � m(v)and u � v , m(u) = m(v)So u � v , u � v or u � v3 Fuzzy DEA modelLet us assume that we have a set of DMUs consisting of DMUj , j=1,...,n, with fuzzyinput-output vectors ( ~xj ; ~yj), in which ~xj 2 F (R)�0 and ~yj 2 F (R)�0 where F (R)�0 isfamily of all non negative fuzzy numbers.
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Now we consider the CCR model with fuzzy data as a fuzzy CCR model (FCCR).min �s:t: nXj=1 �j~xij � �~xio; i = 1; :::;mnXj=1 �j~yrj � ~yro; r = 1; :::; s�j � 0; j = 1; :::n (3.1)
Theorem 3.1. Let u and v are fuzzy numbers therefore, m(u+ v) = m(u) +m(v).Proof: Suppose u and v are fuzzy numbers and [u(r); u(r)] and [v(r); v(r)] are theirr-cut, respectively.Now we try to �nd nearest crisp number to (u+ v) with respect to metric D.Suppose c0 is a crisp point so c0 = (c0; c0), therefore with respect to metric D, the distancebetween the fuzzy number (u+ v) and a crisp point c0 is as follows:D(v + u; c0) = [Z 10 (u(r) + v(r)� c0)2dr + Z 10 (u(r) + v(r)� c0)2dr]1=2Now we have to minimize D((u + v); c0). In order to minimize D(u + v; c0) it su�ces tominimize f(c0) = D2(u+ v; c0).consecequently:f(c0) = [Z 10 (u(r) + v(r)� c0)2dr + Z 10 (u(r) + v(r)� c0)2dr]therefore @f=@c0 = 4c0 � 2Z 10 (u(r) + v(r))dr � 2Z 10 (u(r) + v(r))drIf @f=@c0 = 0 thenc0 = 1=2Z 10 (u(r) + v(r))dr + 1=2Z 10 (u(r) + v(r)drso c0 = m(u) +m(v)moreover@2f=@c20 = 4 > 0, then c0 given actually minimizeD2(u+v; c0) and -simultaneous-minimizeD(u+ v; c0).Then we have: m(u+ v) = m(u) +m(v)Theorem 3.2. Let u be a fuzzy number and � be a scaler so m(�u) = �m(u).Proof: The proof is similar to the proof of theorem (3.1).
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Now consider following model:min �s:t: nXj=1 �j ~xij � �~xio i = 1; :::;mnXj=1 �j ~yrj � ~yro r = 1; :::; s�j � 0 j = 1; :::n (3.2)
By using theorem (3.1) and theorem (3.2), we havem( nXj=1 �j~xij) = nXj=1 �jm(~xij)m(�~xio) = �m(~xio)m( nXj=1 �j ~yrj) = nXj=1 �jm(~yrj)we know: u � v , m(u) � m(v)therefor we change model (3.1) to the following model :min �s:t: nXj=1 �jm(~xij) � �m(~xio) i = 1; :::;mnXj=1 �jm(~yrj)�m(~yro) r = 1; :::; s�j � 0 j = 1; :::n (3.3)
so we havemin �s:t: nXj=1 �j Z 10 (xij(�) + xij(�))d� � � Z (xio(�) + xio(�))d� i = 1; :::;mnXj=1 �j Z 10 (yrj(�) + yrj(�))d� � Z (yro(�) + yro(�))d� r = 1; :::; s�j j = 1; :::n (3.4)

model (3.2) is a non linear model. Consider the following changes of variablex̂ij = Z 10 (xij(�) + xij(�))d�310
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ŷij = Z 10 (yrj(�) + yrj(�))d�therefore, we have: min �s:t: nXj=1 �j x̂ij � �x̂io i = 1; :::;mnXj=1 �j ŷrj � ŷro r = 1; :::; s�j � 0 j = 1; :::n (3.5)
in order to FCCR model transforms to crisp model and we can solve it easily.An other model in DEA is BCC model [3].Now we consider BCC model with fuzzy input and output:min �s:t: nXj=1 �j ~xij � �~xio i = 1; :::;mnXj=1 �j ~yrj � ~yro r = 1; :::; snXj=1 �j = 1�j � 0 j = 1; :::n

(3.6)
Using proposed method in this paper, we can solve BCC model with fuzzy parameters(FBCC). So we have: min �s:t: nXj=1 �j x̂ij � �x̂io i = 1; :::;mnXj=1 �j ŷrj � ŷro r = 1; :::; snXj=1 �j = 1�j � 0 j = 1; :::n

(3.7)
The FBCC model transforms to the crisp model.4 Ranking of e�cient DMUs.There are several methods for ranking of DMUs. One of the methods for ranking ofDMUs is AP model [1]. The AP model is as follows:311
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min �s:t: nXj=1;j 6=o�jxij � �xio i = 1; :::;mnXj=1;j 6=o�jyrj � yro r = 1; :::; s�j � 0 j = 1; :::n (4.8)
The AP model is not convenient for DMUs with common inputs and outputs. But weextend this model for Dmus with fuzzy parameters.min �s:t: nXj=1;j 6=o�j ~xij � �~xio i = 1; :::;mnXj=1;j 6=o�j ~yrj � ~yro r = 1; :::; s�j � 0 j = 1; :::n (4.9)
We can easily solve this model by proposed method in this paper.5 Numerical example.In this section, to illustrate the using of the methodology that developed here, a numericalexample is considered. We are evaluating the e�ciency of units with data listed in Table1.In this example we have L(x) = R(x) = 1 � x for input, and L(x) = R(x) = 1 � x2 foroutput.Table 1Result of computationsDMUs Input Output FCRR score FBCC scoreA (2,4,3,5) (6,8,1,4) 1 1B (3,7,1,2) (5,9,2,5) 0.67 0.67C (3,6,2,3) (4,9,3,6) 0.71 0.69D (2,6,2,5) (4,8,2,4) 0.65 0.61E (4,7,3,6) (3,7,1,3) 0.45 0.40F (1,2,3,5) (1,3,1,4) 1 0.66We observe that these results are similar to result in [11]. But in this paper by pro-posed method we obtain e�cient of DMUs with less computation in comparision of [11],so this is why that evaluating of DMUs by this method is better.
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6 Conclusion.In this paper, by distance minimization [2] where �nds nearest crisp number to the fuzzynumber with little computation, we could solve CCR and BCC model with fuzzy inputsand outputs. Since this norm (distance) is better than other norms so the result of thesemodels are better than simple methods, more over this method has less computations thananother method in [11].We can use this method for other DEA model.
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