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Abstract

In this paper, a general complex fuzzy linear system is introduced and a numerical proce-
dure for calculating solution is proposed. Finally, some numerical examples are given to
illustrate the mentioned method.
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1 Introduction

Systems of simulations linear equations play major roles in various areas such as mathe-
matics, physics, statistics, engineering and social sciences. Since in many applications at
least some of the systems parameters and measurements are represented by fuzzy rather
than crisp numbers, it is important to develop mathematical models and numerical pro-
cedures that would appropriately treat general fuzzy linear systems and solve them. The
concept of fuzzy numbers and arithmetic operations with these numbers were first in-
troduced and investigated by Zadeh [12] and, etc. One of the major applications using
fuzzy number arithmetic is treating linear systems in which parameters are all partially
respected by fuzzy number [7] and, etc. This paper is organized as following:

In Section 2, the basic concept of fuzzy number operation is brought. In Section 3, the
main section of the paper, complex fuzzy linear system (CFLS)is solved. The proposed
idea is illustrated by some examples in the Section 4. Finally conclusion is drawn in
Section 5.

2 Basic concepts

There are various definitions for the concept of fuzzy numbers ([8, 10]).
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Definition 2.1. An arbitrary fuzzy number u in the parametric form is represented by an
ordered pair of functions (u; ,u,}) which satisfy the following requirements:

1. u, is a bounded left-continuous non-decreasing function over [0, 1].
2. u, is a bounded left-continuous non-increasing function over [0,1].
3. u, <wubf, 0<r<l1.

A crisp number m is simply represented by u, =u =m, 0<r <1 Ifu] < ui",
we have a fuzzy interval and if u; = uf, we have a fuzzy number. In this paper, we do
not distinguish between numbers or intervals and for simplicity we refer to fuzzy numbers
as interval. We also use the notation u, = [u;,u,}] to denote the r-cut of arbitrary
fuzzy number u. If u = (u, ,u,") and v = (v, ,v;) are two arbitrary fuzzy numbers, the
arithmetic operations are defined as follows:

Definition 2.2. (Addition)
u+v=(u +ov,ul +vl) (2.1)
and in the terms of r-cuts
(u+2), =[u, +v, ,ul +uv], rel0,1] (2.2)
Definition 2.3. (Subtraction)
-t ut —wv7) (2.3)

u—v=(u,

and in the terms of r-cuts

(u —v)r = [u,

Definition 2.4. (Scalar multiplication)
For given k €

(ku;,kuj)a k>0
ku = (2.5)
(kut ku,), k<0
and
(ku), = [min{ku,, ku, }, max{ku, , ku'}] (2.6)
In particular, if £ = 1, we have
—u = (-ul,—u,)
and with a-cuts
(—u)r = [_U;J_’ _ur_]v re [Oa 1]
Definition 2.5. (Multiplication)
ww = ((w); , (wv)?) 2.7
and
(uv); = min{u; v uy v ufor ufol}
(2.8)

(uv); = max{u, v, ,u, vf wfo ufol}, re(0,1]

22



Definition 2.6. (Division)

If0 & [vy ,v7] YW
= (B () (29)
and
(1) = minf¥, g v

}
(2.10)
}

( r € [0,1]

Definition 2.7. [9], The fuzzy linear system,

2|g

)f = max{te, t v v

a1121 + a12T2 + - + G1pTyp = Y1
21T + G22T9 + - - - + ATy = Y2

(2.11)

Ap1x1 + @p2T2 + -+ + GppTn = Yn

is called a fuzzy linear system where A = [aij]zn,j:l is crisp coefficient matriz and y; is a
fuzzy number.

Consider the fuzzy linear system (2.11). Transform its n X n coefficient matrix A into
(2n) x (2n) matrix as in the following:

STy 4o+ s1n@y + suapi(—2]) 4+ s1on(—2)) =y
- - + o
Sp1®y + o+ Spn®p + Snpr1(—2]) oo+ spon(—z) =y,
N N (2.12)
Snt1,1T) + o Sni1nTy + Sngtna1(—2]) oo+ snpron(—ay) =~y
Sop 1Ty + e+ Sonn@y + Son i1 (=T ) o+ Sopon (=) =~y
where s;; is determined as follows:
Sij = Sitnyj+n = ijs  if aij 20
(2.13)
Sijtn = Sitng = —@ij, if aj; <0

and any s;; which is not determined by Eq. (2.13) is zero. Using matrix notation,
SX=Y
where
X = (2], ymy,—xf, ..., —z,}), Y = (Y sy Uns =i e =y )

The structure of S implies that s;;, 1 <4,7 < n, and that

s=1e 5]
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where B contains the positive entries of A, C' the absolute values of the negative entries
of Aand A = B— C. Now we must calculate S~! (whenever it exists) and then we obtain

X=51%Y (2.14)

Theorem 2.1. [9], If S™! exists it must have the same structure as S, i.e.

. _[D E
v

The following theorem guarantees the existence of a fuzzy solution for a general case.

Theorem 2.2. [9], The unique solution X of fuzzy linear system (2.14) is a fuzzy number
vector if and only if the inverse matriz of S exists and nonnegative.

In [4], Allahviranloo has proved that S;; > 0 is not a necessary condition for an unique
fuzzy solution of the fuzzy linear system.

Definition 2.8. [9], Let X = {(xl_r,—x;';) | 1 <i<mn, 0<r <1} denote the unique
solution of fuzzy linear system (2.11). The fuzzy number vector U = {(u;,,uf) | 1 <i <
n, 0<r <1} defined by

- . — + —
uy, = min{z;, ¥;, 5}

+ _
U =

1s called the fuzzy solution of SX =Y.
If (a:;,,x;-';,), 1 <@ < n, are all fuzzy numbers then u;. = x;. and u;'; = a:;-';,, 1<i1<n and
U is called a strong fuzzy solution. Otherwise, U is a weak fuzzy solution.

min{z;,, x;';, x;’i}

3 Complex fuzzy linear systems
Definition 3.1. The n X n linear system
AX =Y (3.15)

is called a complex fuzzy linear system where the coefficient matriz A = [aij]?,j:l 1S @ CTisp
nonsingular matrixz and .
Yk = by +icy, 1<k<n

15 a complex fuzzy number.

So, we can rewrite CFLS (3.15) as follows:
AX =B +iC (3.16)
where B and C' are fuzzy number vectors.
Definition 3.2. A complez fuzzy number vector X = (x1,...,z,)" given by
zj=(ej+ifj), 1<j<mn
is called a fuzzy complex solution of the CFLS (3.16) if
E = (e1,...,¢ep), F=(f1,-..,fn)
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are fuzzy solutions of fuzzy linear systems
AE=B, AF=C (3.17)
respectively.

In the parametric form, we have

zj = (rj,,25,) = (e, +ifj,ef +ifi), 1<j<n, 0<r<1

rgr
In order to solve CFLS (3.16) one must solve two 2n x 2n crisp linear systems. Let us
rearrange the fuzzy linear systems of (3.17) so that the unknowns are
E =(e,...,en,—ef,...,—e})
and
Fo=(fises s =f =10

and right-hand side columns are the function vectors

B = (b],...,b,,=b],...,—b)
and
C =(c], . sCpy—Cfyrny—c)t
respectively. We get two 2n X 2n linear systems
SE =B, SF =C (3.18)
where s;; is determined as follows:
S5ij = Sitnj+n = @ij,  if aj >0
. (3.19)
Sij+n = Si+n,j = —0ij, if a;j < 0

while all the remaining s;; are taken zero. By solving two linear systems (3.18), we obtain
the fuzzy complex solution of CFLS.

Theorem 3.1. The fuzzy complex vector solutions of CFLSs (3.15) and (3.16) are equiv-
alent.

Proof: It is sufficient to prove that the solutions of SX' = Y’ obtained from (3.15)
and SX = Z' obtained from (3.16) are the same where S is defined in Eq. (3.19) and

X' =z, oy, —xf, ..., —z})t

Z = (b7, by, =b o =0 i, ey =y, =) (3.20)

Y = (b] 4+icy,...,by +icy,— (b +ic)),...,— (b +ich))t

It is clear that
Z' = (b, by, b b (e~ )

= (by +icy,...,by +icy,—b] —icl,...,—=bf —ic))t (5.21)
= (b] +ic],..., by +icy,—(bF +icl), ..., —(bf +ich))t '
-Yv

Then the solutions are the same and the proof is completed.
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4 Numerical examples
Example 4.1. Consider 2 x 2 complex fuzzy linear system
zy—zr2=(r+i(l+r),(2—r)+i(3—r))
{ z1+3xa=(4+7r)+i(r—4),(7—2r)+i(—1—2r))

Then we solve

1 001 e r
1 3 00 ey _ 4+r
0110 — | | —(2-7) (4.22)
0 0 1 3 —ey —(7—2r)
and
1 00 1 fr L+r
1 300 5| r—4
o1 10| =f || G- (4.23)
001 3 —f —(—1-2r)
So,
e] = 1.375 +0.625r, e = 2.875 — 0.875r
ey = 0.875 4+ 0.125r, ef = 1.375 — 0.375r
and
fi =0.125 +0.625r, f;" =1.625 — 0.875r
fy =1.375+0.125r, f;7 = 0.875 — 0.375r
then

zy = (1.375 + 0.625r) +i(0.125 4+ 0.625r), =z = (2.875 — 0.875r) + i(1.625 — 0.875r)
zy = (0.875 + 0.125r) +i(1.375 4+ 0.125r), x5 = (1.375 — 0.375r) + i(0.875 — 0.375r)
Example 4.2. Consider 2 x 2 complex fuzzy linear system
x1 — 2w = (r+i(—2+2r),(2—7r)+1i(2 —2r))
{ 1+ 3x2 = (r+i(r —4),(2.5 — 1.5r) +i(—1 — 2r))

Then we solve

1 0 0 2 e; r
1 300 ey . r
0210 —ef | —(2—7) (4.24)
001 3 —ef —(2.5 — 1.57)
and
100 2 fr —2+2r
1300 s | r—4
0210 | —@2-2r) (4.25)
001 3 —f —(=1-2r)
So,

e; =0.6+04r, e =1.6—0.6r

e =—02+02r, ey =0.3—0.3r
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and

It is

fr=28r—4, ffr=2-32r
fy =—06r, ff=04r-1

clear that fs is not a fuzzy number. The fuzzy solution in this case is a weak solution

given by

then

up = (2.8r — 4,2 —3.2r)
ug = (0.4r — 1, —0.67)

] = (0.6 +0.4r) +i(2.8r —4), ] = (1.6 —0.6r) +4(2 — 3.2r)
Ty = (=0.2+0.2r) +i(0.4r — 1), z3 = (0.3 —0.3r) +i(—0.67)

therefore X = (w1, 12)! is a weak fuzzy complex solution too.

5

Conclusion

In this paper, we introduced the complex fuzzy linear system and discussed the numerical
method for solving it. So, CFLS is transformed into two fuzzy linear systems and the
proposed method in [9] is used for solving them and we showed that the complex combi-
nation of two solutions is the solution of CFLS. This numerical method is illustrated by
two numerical examples.
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