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On Humbert Matrix Funtion 	1(A;B;C;C 0; z; w)of Two Complex Variables under Di�erentialOperatorS. Z. Rida a, M. Abul-Dahab a�, M. A. Saleem b, M. T. Mohamed (a) Department of Mathematis, Faulty of Siene, South Valley University, Qena 83523, Egypt.(b) Department of Mathematis, Faulty of Siene, Sohag University, Sohag 82524, Egypt.() Department of Mathematis and Siene, Faulty of Eduation (New Valley), Assiut University,Assiut 71516, Egypt.Reeived 29 February 2010; revised 19 September 2010; aepted 22 September 2010.|||||||||||||||||||||||||||||||-AbstratThis paper deals with the study of the Humbert funtion with matrix arguments	1(A;B;C;C 0; z; w).The onvergent properties, an integral representation of 	1(A;B;C;C 0; z; w) and on-tiguous funtion relations are presented. Some results are obtained from operating thedi�erential operator D on Humbert matrix funtion. Moreover a solution of ertain par-tial di�erential equation is given.Keywords : Humbert's matrix funtions; Integral form; Contiguous funtion relations; Hypergeo-metri matrix di�erential equation; Di�erential operator.||||||||||||||||||||||||||||||||{1 IntrodutionHumbert's funtions of salar oeÆients and variables appear in many �elds suh asstatistial distribution theory, heat ow, astrophysis and related areas (see for instane[4, 6, 19℄) and Srivastava and Karlsson [17℄. Humbert's funtions of real variables weregeneralized to these funtions with matrix argument in [7℄ and [13℄, see also the booksof Mathai [11, 12℄. Reently, Upadhyaya and Dhami have presented some properties ofthe Humbert's funtions of matrix arguments in [20, 21℄. Jdar and Corts introdued andstudied the hypergeometri matrix funtions in [9, 10℄. Some properties of gamma andbeta matrix funtions were given in [8℄.�Corresponding author. Email address: m aboeldahab�yahoo.om167
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168 S. Z. Rida et al.= IJIM Vol. 2, No. 3 (2010) 167-179Our main purpose in this paper is to obtain an extension of the hypergeometri matrixfuntion to funtions of more than one variable. Humbert's matrix funtions will beintrodued as funtions of two omplex variables with matrix oeÆients. The strutureof this paper is as follows:Setion 2 is organized to establish the seven Humbert's matrix funtions and alulatetheir orresponding radius of regularity. In setion 3 some integral representation for theHumbert matrix funtion 	1(A;B;C;C 0; z; w) is given. The funtions ontiguous to theHumbert matrix funtion 	1 and its relations are given in setion 4. In Setion 5, asolution of ertain partial di�erential equation is proposed.A matrix A in C N�N is a positive stable matrix if Re(�) > 0 for all � 2 �(A) where �(A)is the set of all eigenvalues of A and its two-norm denoted byjjAjj = supx6=0 jjAxjj2jjxjj2 ;where for a vetor y in C N , jjyjj2 = (yT y) 12 is Eulidean norm of y.Let �(A) and (A) be the real numbers whih were de�ned in [9℄ by�(A) = maxfRe(z) : z 2 �(A)g; (A) = minfRe(z) : z 2 �(A)g: (1.1)If f(z) and g(z) are holomorphi funtions of the omplex variable z whih are de�ned inan open set 
 of the omplex plane and A is a matrix in C N�N suh that �(A) � 
, thenfrom the properties of the matrix funtional alulus (see [3℄), it follows thatf(A)g(A) = g(A)f(A): (1.2)Hene, if B in C N�N is a matrix for whih �(B) � 
 and if AB = BA, thenf(A)g(B) = g(B)f(A): (1.3)The reiproal Gamma funtion denoted by ��1(z) = 1�(z) is an entire funtion of theomplex variable z. Then the image of ��1(z) ating on A denoted by ��1(A) is a well-de�ned matrix.Furthermore, if A+ nI is invertible for all integer n � 0; (1.4)see [9℄. The pohhammer symbol or shifted fatorial de�ned by(A)n = A(A+ I):::(A + (n� 1)I)= �(A+ nI)��1(A); n � 1; (A)0 = I: (1.5)J�odar and Cort�es have proved in [9℄ that�(A) = limn�!1(n� 1)![(A)n℄�1nA: (1.6)The Shur deomposition of A, was given by [5℄ in the form:ketAk � et�(A) r�1Xk=0 (kAkr 12 t)kk! ; t � 0;
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S. Z. Rida et al. = IJIM Vol. 2, No. 3 (2010) 167-179 169and knAk � n�(A) r�1Xk=0 (kAkr 12 lnn)kk! ; n � 1: (1.7)The hypergeometri matrix funtion is de�ned by the matrix power series in the form2F1(A;B;C; z) = 1Xn=0 (A)n(B)n[(C)n℄�1n! zn: (1.8)If n is large enough, thenk(C + nI)�1k � 1n� kCk ; n > kCk; (1.9)where C in C N�N suh that C + nI is invertible for all integers n � 0.Let us denote(n) = k(C)�1kk(C + I)�1k:::k(C + (n� 1)I)�1k; n > 0; (1.10)2 De�nition of Humbert's matrix funtions.Let A;A0; B;B0; C and C 0 be matries in C N�N suh that C+nI and C 0+nI are invertiblefor all integer n � 0.We de�ne Humbert's matrix funtions as follows:�1(A;B;C; z; w) =P1m;n=0 (A)m+n(B)n[(C)m+n℄�1m!n! zmwn;�2(A;A0; C; z; w) =P1m;n=0 (A)m(A0)n[(C)m+n℄�1m!n! zmwn;�3(A;C; z; w) =P1m;n=0 (A)m[(C)m+n℄�1m!n! zmwn;	1(A;B;C;C 0; z; w) =P1m;n=0 (A)m+n(B)m[(C)m℄�1[(C0)n℄�1m!n! zmwn;	2(A;C;C 0; z; w) =P1m;n=0 (A)m+n[(C)m℄�1[(C0)n℄�1m!n! zmwn;�1(A;A0; B;C; z; w) =P1m;n=0 (A)m(A0)n(B)m[(C)m+n℄�1m!n! zmwn;�2(A;B;C; z; w) =P1m;n=0 (A)m(B)m[(C)m+n℄�1m!n! zmwn:Now, let The Humbert matrix funtion 	1(A;B;C;C 0; z; w) of two omplex variables by	1(A;B;C;C 0; z; w)) =P1m;n=0 (A)m+n(B)m[(C)m℄�1(C0)n℄�1m!n! zmwn=P1m;n=0 Um;n(z; w); (2.11)where Um;n(z; w) = (A)m+n(B)m[(C)m(C 0)n℄�1m!n! zmwn:
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170 S. Z. Rida et al.= IJIM Vol. 2, No. 3 (2010) 167-179We study this funtion by alulating its radius of onvergene R. For this purpose, wereall the relation of [16℄ and keep in mind that �m;n � 1. Hene1R = limm+n!1 sup�kUm;nk�m;n � 1m+n= limm+n!1 sup� (A)m+n(B)m [(C)m℄�1[(C0)n℄�1m!n!�m;n � 1m+n= limm+n!1 sup" (m+n)�A(A)m+n(m+n�1)! (m+ n� 1)!(m+ n)Am�B(B)m(m�1)! (m� 1)!mBm�C [(C)m℄�1(m�1)! (m� 1)!mC :m�C0 [(C0)n℄�1(n�1)! (n� 1)!nC0 1m!n!�m;n# 1m+n
1R = lim supm+n!1 "�[�(A)℄�1[�(B)℄�1�(C)�(C 0)�(m+ n)AmB�Cn�C0 (m+n�1)!m!(n�1)!�m;n # 1m+n� lim supm+n!1 "k(m+n)AkkmBkkm�Ckkn�C0k(m+n�1)!m!(n�1)! # 1m+nFor positive numbers � and positive integers n, we an writem = �n (2.12)Using the relation (1:8) and the Stirling formula,we get1R � limn(�+1)!1 sup"�n(�+ 1)��(A)PN�1k=0 (kAkN 12 ln((�+1)n)k)k! ��n��(B)PN�1k=0 (kBkN 12 ln�n)kk! �� n��(C)PN�1k=0 (kCkN 12 ln�n)kk! �n��(C0)PN�1k=0 (kC0kN 12 lnn)kk! � p2�fn(�+1)�1gfn(�+1)�1e gn(�+1)�1p2��n(�ne )�np2�(n�1)( (n�1)e )(n�1) # 1n(�+1) :So, PN�1k=0 (kAkN 12 ln(n(�+1))kk! � (N ln(n(�+ 1))N�1PN�1k=0 (kAk)kk!= (N ln(n(�+ 1))N�1ekAk
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S. Z. Rida et al. = IJIM Vol. 2, No. 3 (2010) 167-179 171and1R � limn(�+1)!1 sup"�n�(A)+�(B)�(C)�(C0)��(N ln((�+ 1)n)N�1ekAk��(N ln(� n)N�1ekBk��(N ln(� n)N�1ekCk��(N ln(n)N�1ekC0k�# 1n(�+1) :Therefore limn(�+1)!1 sup hp2�fn(�+ 1)� 1gfn(�+1)�1e gn(�+1)�1p2��n(�ne )�np2�(n� 1)( (n�1)e )(n�1) i 1n(�+1) = 1;i.e. the radius of onvergene of the Humbert matrix funtion 	1 is one.By analogous way, one an prove that the other Humbert's matrix funtions are regularin the hypersphere SR; R = 1.3 An integral representation.We begin this setion by onsidering the binomial funtion of a matrix exponent. If u andb are omplex numbers with juj < 1, then (1 � u)b = exp(b log(1 � u)); where Log is theprinipal branh of the logarithm funtion, (see[18℄). The Taylor expansion of (1 � u)�aabout u = 0 is given by(1� u)�a =Xn�0 (a)nn! un; juj < 1; a 2 C: (3.13)Now, we onsider the funtion of the omplex variable a de�ned by (3:13). Let fn(a) bethe funtion de�ned byfn(a) = (a)nn! un = a(a+ 1):::(a + n� 1)n! un; a 2 C: (3.14)For a �xed omplex number u with juj < 1, it is lear that fn is a holomorphi funtionof variable a de�ned in the omplex plane. Given a losed bounded dis DR = fa 2 C :jaj � Rg, one gets jfn(a)j � (jaj)nn! jujn � (R)nn! jujn; n � 0; jaj � R:Sine Pn�0 (R)nn! jujn < +1; by the Weierstrass theorem for the onvergene of holo-morphi funtion (see[18℄) it follows thatg(a) =Xn�0 (a)nn! un = (1� u)�ais holomorphi in C. By appliation of the holomorphi funtional alulus ([3℄) for anymatrix A in C N�N , the image of g by this funtional alulus ating on A yields(1� u)�A =Xn�0 (A)nn! un; juj < 1; (3.15)
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172 S. Z. Rida et al.= IJIM Vol. 2, No. 3 (2010) 167-179where (A)n is given by (1:6):Let B and C be matries in C N�N suh thatBC = CB: (3.16)where C;B and C �B are positive stable: (3.17)By (3:13) and (3:17), one gets(B)m[(C)m℄�1 = �(B +mI)��1(B)[�(C +mI)��1(C)℄�1= ��1(B)��1(C �B)�(C �B)�(B +mI)��1(C +mI)�(C): (3.18)By lemma 2 in [8℄ and (3:16) and (3:17), we �nd thatR 10 tB+(m�1)I(1� t)C�B�Idt = B(B +mI;C �B)= �(C �B)�(B +mI)��1(C +mI): (3.19)Also, by (3:18) and (3:19), we get(B)m[(C)m℄�1 = ��1(B)��1(C �B)� R 10 tB+(m�1)I(1� t)C�B�Idt��(C) (3.20)Hene, formally one an write	1(A;B;C;C 0; z; w) =P1m;n=0 (A)m+n(B)m[(C)m℄�1[(C0)n℄�1m!n! zmwn=P1m;n=0 (A)m+n��1(B)��1(C�B)�(C)(C0)nm!n!�R 10 tB+(m�1)I (1� t)C�B�Idt�zmwn:Sine (A)m+n = (A)n(A+ n)m, for jzj < 1, by the relation (3:15), we get	1(A;B;C;C 0; z; w) = 1Xm;n=0 (A)m+n(B)m[(C)m℄�1[(C 0)n℄�1m!n! zmwn=�Z 10 tB�I(1� t)C�B�I(1� tz)�A 1	1(A;�;�; C 0; w1� tz dt�� ��1(B)��1(C �B)�(C):We have proved the following theorem:Theorem 3.1. Let A, B and C be matries in C N�N suh that CB = BC where C, B,C-B are positive stable. Then for jzj < 1 we have	1(A;B;C;C 0; z; w) =�Z 10 tB�I(1� t)C�B�I(1� tz)�A 1	1(A;�;�; C 0; w1� tz dt�� ��1(B)��1(C �B)�(C): (3.21)
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S. Z. Rida et al. = IJIM Vol. 2, No. 3 (2010) 167-179 1734 The ontiguous funtion relations.In this setion some reurrene relations are arried out on the Horn matrix funtion. Inthis onnetion the following ontiguous funtions relations follow diretly by inreasingor dereasing one in original relation, we use the notations	1 =	1(A;B;C;C 0; z; w);	1(A+) =	1(A+ I;B;C;C 0; z; w);	1(A�) =	1(A� I;B;C;C 0; z; w); (4.22)together with notations of 	1(B+), 	1(B�), 	1(C+), 	1(C�), 	1(C 0+), 	1(C 0�), forthe other funtions ontiguous to 	1. Now, we may write the funtions ontiguous to 	1in the form	1(A+) = 1Xm;n=0 (A+ I)m+n(B)m[(C)m℄�1[(C 0)n℄�1m!n! zmwn=A�1 1Xm;n=0 (A+ (m+ n)I)(A)m+n(B)m[(C)m℄�1[(C 0)n℄�1m!n! zmwn=A�1 1Xm;n=0(A+ (m+ n)I)Um;n(z; w); (4.23)
and	1(A�) = 1Xm;n=0 (A� I)m+n(B)m[(C)m℄�1[(C 0)n℄�1m!n! zmwn= 1Xm;n=0 (A+ (m+ n� 1)I)�1(A� I)(A)m+n(B)m[(C)m℄�1[(C 0)n℄�1m!n! zmwn= 1Xm;n=0(A+ (m+ n� 1)I)�1(A� I)Um;n(z; w): (4.24)
Similarly 	1(B+) =B�1 1Xm;n=0(B +mI)Um;n(z; w);	1(B�) = 1Xm;n=0(B + (m� 1)I)�1(B � I)Um;n(z; w);	1(C+) = 1Xm;n=0(C +mI)�1CUm;n(z; w);	1(C�) = 1Xm;n=0(C � I)�1(C + (m� 1)I)Um;n(z; w);	1(C 0+) = 1Xm;n=0(C 0 + n I)�1C 0Um;n(z; w);
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174 S. Z. Rida et al.= IJIM Vol. 2, No. 3 (2010) 167-179	1(C 0�) = 1Xm;n=0(C 0 � I)�1(C 0 + (n� 1)I)Um;n(z; w):For any integer k � 1, we dedue that	1(A+ kI) =Qkr=1(A+ (r � 1)I)�1P1m;n=0Qkr=1(A+ (m+ n+ (r � 1)I)Um;n(z; w);(4.25)	1(A� kI) = kYr=1(A� rI) 1Xm;n=0 kYr=1(A+ (m+ n� r)I)�1Um;n(z; w); (4.26)	1(B + kI) = kYr=1(B + (r � 1)I)�1 1Xm;n=0 kYr=1(B + (m+ (r � 1)I))Um;n(z; w); (4.27)	1(B � kI) = kYr=1(B � rI) 1Xm;n=0 kYr=1(B + (m� r)I)�1Um;n(z; w); (4.28)	1(C + kI) = kYr=1(C + (r � 1)I) 1Xm;n=0 kYr=1(C + (m+ (r � 1)I))�1Um;n(z; w); (4.29)	1(C � kI) = kYr=1(C � rI)�1 1Xm;n=0 kYr=1(C + (m� r)I)Um;n(z; w); (4.30)	1(C 0 + kI) = kYr=1(C 0 + (r � 1)I) 1Xm;n=0 kYr=1(C 0 + (m+ (r � 1)I))�1Um;n(z; w) (4.31)and 	1(C 0 � kI) = kYr=1(C 0 � rI)�1 1Xm;n=0 kYr=1(C 0 + (m� r)I)Um;n(z; w): (4.32)By similar arguments, we an get some examples of ontiguous funtion relations diretlyas follows:	1(A+; B+) =A�1B�1 1Xm;n=0(A+ (m+ n)I)(B +mI)Um;n(z; w)	1(A�; B�) =(A� I)(B � I) 1Xm;n=0[(A+ (m+ n� 1)I)℄�1(B + (m� 1)I)�1Um;n(z; w); (4.33)
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S. Z. Rida et al. = IJIM Vol. 2, No. 3 (2010) 167-179 175	1(B+;C+) = 1Xm;n=0CB�1(B +mI)(C + (m+ n)I)�1Um;n(z; w);	1(B�;C�) = 1Xm;n=0(B � I)(B + (m� 1)I)�1(C � I)�1(C + (m+ n� 1)I)Um;n(z; w);	1(B ++;C 0+) = 1Xm;n=0C 0B�1(B + I)�1(B +mI)(B + (m+ 1)I)(C 0 + (m+ n)I)�1Um;n(z; w);	1(B ++; (C + I)+) = 1Xm;n=0(C + I)B�1(B + I)�1(B +mI)(B + (m+ 1)I)(C + (m+ n+ 1)I)�1Um;n(z; w):
(4.34)

Consider the di�erential operator D, as given in [14, 15, 16℄, takes the formD = � d1 + d2; m; n � 1;1; otherwise, (4.35)where d1 = z ��z and d2 = w ��w : This operator has the partiularly pleasant propertyDzmwn = (m+ n)zmwn:Now, the following ontiguous funtion relations for the Humbert matrix funtion an bededued (D I +A) 	1 = Xm;n=0 (A+ (m+ n)I)(A)m+n(B)m[(C)m+n℄�1m!n! zmwn= Xm;n=0(A+ (m+ n)I)Um;n(z; w) = A 	1(A+): (4.36)By the same way, we get(d1 I +B) 	1 = B 	1(B+);(d1I + C) 	1 = (C � I)	1(C�) + 	1(d2I + C 0) 	1 = (C 0 � I) 	1(C 0�) + 	1: (4.37)From (4.33) and (4.34), it follows at one that(A� (C + C 0) + 2I) 	1 = A 	1(A+)� (C � I) 	1(C�)� (C 0 � I) 	1(C 0�);(A�B) 	1 = A �1(A+)�B �1(B+)� d2 	1(B);(B � C + I) 	1 = B 	1(B+)� (C � I) 	1(C�);(A� (B + C 0 � I))	1 = A 	1(A+)�B 	1(B+)� (C 0 � I) 	1(C 0�): (4.38)From these relations the other ontiguous funtion relations an be dedued. Now, Ating
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176 S. Z. Rida et al.= IJIM Vol. 2, No. 3 (2010) 167-179the operating with D on the Humbert matrix funtion yieldsD 	1 = 1Xm;n=1 (m+ n)(A)m+n(B)m[(C)m℄�1[(C 0)n℄�1m!n! zmwn= 1Xm1;n=0 m(A)m+n(B)m[(C)m℄�1[(C 0)n℄�1m!n! zmwn+ 1Xm=0;n=1 n(A)m+n(B)m[(C)m℄�1[(C 0)n℄�1m!n! zmwn= z 1Xm;n=0(A+ (m+ n)I)(B +mI)[(C +mI)℄�1Um;n(z; w)= w 1Xm;n=0(A+ (m+ n)I)[(C 0 + n I)℄�1Um;n(z; w):
(4.39)

Alternatively, equation (4:36) an be written in the formD 	1 = zABC�1 	1(A+; B+;C+; C 0; z; w)+ wAC 0�1 	1(A+; B;C;C 0+; z; w): (4.40)Now, let us operate withD on the series de�ning �1(A�), we thus obtain from the relation(4.24) that	1(A�) = 1Xm;n=0(A� I)[A+ (m+ n� 1)I℄�1Um;n(z; w)= 1Xm;n=0 I � (m+ n)[A+ (m+ n� 1)I℄�1!Um;n(z; w)= 	1 � (A� I)�1D 	1(A�);i.e. the 	1(A;B;C; z; w) is a solution of the partial di�erential equationD 	1(A�)� (A� I) 	1 + (A� I) 	1(A�) = 0: (4.41)Now, for A = �2 00 2�, we have	1(2I;B;C;C 0; z; w) = Xm;n=0 (2I)m+n(B)m[(C)m℄�1[(C 0)n℄�1m!n! zmwn= Xm;n=0 ((m+ n+ 1)I)(I)m+n(B)m[(C)m℄�1[(C 0)n℄�1m!n! zmwn= Xm;n=0 ((m+ n)I)(I)m+n(B)m[(C)m℄�1[(C 0)n℄�1m!n! zmwn+ Xm;n=0 (I)m+n(B)m[(C)m℄�1[(C 0)n℄�1m!n! zmwn= D 	1(I;B;C;C 0; z; w) + 	1(I;B;C;C 0; z; w)
:
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S. Z. Rida et al. = IJIM Vol. 2, No. 3 (2010) 167-179 177It turns out thatD 	1(I;B;C;C 0; z; w) = 	1(2I;B;C;C 0; z; w) �	1(I;B;C;C 0; z; w): (4.42)On the other hand, we an use 	1(C+) to get	1(C+) = 1Xm;n=0(C +mI)�1CUm;n(z; w)=	1 � C�1 d1 	1(C+);d1 	1(C+) = C 	1 � C 	1(C+): (4.43)From (4:42), we obtaind1 	1(C+) + d2 	1(C+) = C 	1 � C 	1(C+) + d2 	1(C+);i.e. Operate with D on the funtion 	1(C+), we obtainD 	1(C+) = C 	1 � C 	1(C+) + d2 	1(C+); (4.44)and D 	1(C 0+) = C 0 	1 � C 0 	1(C 0+) + d1 	1(C 0+): (4.45)5 The Humbert matrix: di�erential equation.The operators D, d1 and d2 whih have been already used in the derivation of the on-tiguous funtion relations, are helpful in deriving di�erential equation satis�ed by (2:11).hd1(d1 I + C � I) + d2(d2 I +C 0 � I)i 	1= 1Xm=1;n=0 m(C + (m� 1)I)(A)m+n(B)m[(C)m℄�1[(C 0)n℄�1m!n! zmwn+ 1Xm=0;n=1 m(C 0 + (n� 1)I)(A)m+n(B)m[(C)m℄�1[(C 0)n℄�1m!n! zmwn= 1Xm=1;n=0 (A)m+n(B)m[(C)m�1℄�1[(C 0)n℄�1(m� 1)!n! zmwn+ 1Xm=0;n=1 (A)m+n(B)m[(C)m℄�1[(C 0)n�1℄�1m!(n� 1)! zmwn:
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178 S. Z. Rida et al.= IJIM Vol. 2, No. 3 (2010) 167-179A shift of index yields�d1(d1 I + C � I) + d2(d2 I + C 0 � I)� 	1= 1Xm=1;n=0 (A)m+1+n(B)m+1[(C)m+1℄�1[(C 0)n℄�1m!n! zm+1wn+ 1Xm=0;n=1 (A)m+n+1(B)m[(C)m℄�1[(C 0)n℄�1m!n! zmwn+1= z 1Xm;n=0((A+ (m+ n)I)((B +mI))Um;n(z; w)+ w 1Xm;n=1((A+ (m+ n)I)Um;n(z; w)= z(D I +A)(d1 I +B) 	1 + w(D I +A) 	1:It is easy to see that the Humbert matrix funtion 	1(A;B;C;C 0; z; w) should be a solutionof a partial di�erential equation given by"�z(D I +A)(d1 I +B) + w(D I +A)�� �d1(d1 I + C � I) + d2(d2 I + C 0 � I)� #	1(A;B;C;C 0; z; w) = 0: (5.46)Referenes[1℄ R.S. Batahan, M.S. Metwally, Di�erential and integral operators on Appell's matrixfuntions, Anda. Soi. Appl. Sie. 3 (2009) 7-25.[2℄ A.G. Constantine, R.J. Mairhead, Partial di�erential equations for hypergeometrifuntion of two argument matrix, J. Mutivariate Anal. 3 (1972) 332-338.[3℄ N. Dunford, J. Shwartz, Linear Operators, part I, Intersiene, New York, (1955).[4℄ H. Exton, Multiple Hypergeometri Funtions and Appliations, Ellis Horwood,Chihester, U. K. (1976).[5℄ G. Golub, C.F. Van Loan, Matrix Computations, The Johns Hopkins UniversityPress, Baltimore, MA, (1989).[6℄ J. Horn, Hypergeometrishe funktionen zweier ver�anderlihen im shnittpunkt dreiersingularit�aten, Math. Ann. 115 (1938) 435-455.[7℄ A.T. James, Speial Funtions of Matrix and Single Argument in Statistis in Theoryand Appliation of Speial Funtions, R. A. Askey (Ed) Aademi Press, New York,(1975).[8℄ L. J�odar, J.C. Cort�es, Some properties of Gamma and Beta matrix funtions, Appl.Math. Lett. 11 (1998) 89-93.
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