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A Generalized Model in the PerformaneEvaluation of Deision Making Sub-unitsZ. Iravani �Department of Mathematis, Shahr-e-Rey Branh, Islami Azad University, Tehran, Iran.Reeived 28 July 2010; aepted 11 Otober 2010.|||||||||||||||||||||||||||||||-AbstratData Envelopment Analysis (DEA) evaluates the eÆieny of deision making units withmultiple inputs and outputs. So far, a number of DEA models have been developed: TheCCR model, the BCC model and the FDH model are well known as basi DEA models.In many instane, However, the deision making units an be separated into di�erent sub-units. In this paper, we study a generalized model for this DMUs by di�erent sub-units.Keywords : Data envelopment analysis; Deision making units; Sub-units; EÆieny; Generalizedmodel||||||||||||||||||||||||||||||||{1 IntrodutionData Envelopment Analysis(DEA), originally proposed by Charnes, Cooper and Rodes(1978 and 1979)[1℄, has beome one of the most widely used methods in managementsiene. DEA measures the relative eÆieny of omparable entities alled Deision mak-ing units(DMUs)essentially performing the same task using similar multiple inputs toprodue similar multiple outputs. The purpose of DEA is to empirially estimate theso-alled eÆient frontier based on the set of available DMUs. A DMU is eÆient ifthere is no other unit-existing or virtual that an either produe more outputs by onsum-ing the same amount or less of inputs or produe the same amount or more of outputsby onsuming less or the same amount of inputs as the DMU under onsideration. Theformer approah is referred to as the output oriented and the latter as the input orientedDEA. DAE provides the user with information about the eÆient and ineÆient units,as well as the eÆieny sores and referene sets for ineÆient units. The result of theDEA analysis, espeially the eÆieny sores, had pratial appliations as performaneindiators of DMUs.�Email address: zohrehiravani�yahoo.om, Tel:09122265343189
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190 Z. Iravani = IJIM Vol. 2, No. 3 (2010) 189-198In many instanes however, the deision making units an be separated into di�erentsub-units. f�are and grosskpof [3℄, for example, look at a multi-stage proess where inintermediate produt or output at one stage an be both �nal produts and inputs tothe later stages of prodution. Those authors are not expliitly interested in obtainingmeasures of eÆieny at eah stage, but rather are onerned with overall eÆieny mea-surement. Another example is due to ook et al [4℄ and involves multi-omponent eÆienywith shared inputs.In this paper,we propose a generalized model for DEA when DMUs has sub-units, whihan treat basi DEA models for this DMUs, spei�ally, the CCR model, the BCCmodel and the FDH model in a uni�ed way. In addition, we show theoretial propertieson relationships among this model and those DEA models by sub-units, and this modelmakes it possible to alulate the eÆieny of DMUs inorporating various preferenestruture of deision makers.The following setions of the paper provide a sub-units eÆieny measurement.2 Basi DEA models for sub-unitsAssume that we have n DMUs, and a DMUp onsists of b sub-units. alled DMSU .EahDMUj transforms resoures, or inputs into produts, or outputs in partiular, DMUj; 2 �j � b� 1, produes kj di�erent types of outputs and onsumes Ij types of external inputsand I 0j types of internal inputs (i.e. a part of inputs oming from outside the wholeDMU and the other part oming from inside the DMU ).The internal input of DMSjUis output produed by the last DMSUj. The �rst DMSU1 onsumes the input vetorX1 and produes the output vetor Y1 and the last DMSUb onsumes the internal inputvetor Xb and the external input vetor Xb produes the output vetor Yb. All theDMSUsonsidered have the same types of outputs and internal and external inputs. Espeially,DMSUj; 2 � j � b, onsumes Ij types of external inputs Xj and I 0j types of internalinputs Xj = Yj�1. Also DMSUj ; 2 � j � b, produes kj types of outputs Yj. See the �g.1.For notational purpose,let y(p)j ; j = 1; : : : ; b, denote the output vetors produed by jthsub-DMU of DMUp in whih Y (p)j = (y(p)j1 ; : : : ; y(p)j;kj );Also,let X(p)j and Xj(p); j = 2; : : : ; b, denote Ij and I 0j-dimensional vetors of external andinternal inputs to jth sub-DMU of DMUp, respetively, in whihX(p)j = (x(p)j1 ; : : : ; x(p)j;Ij );x(p)j = (x(p)j1 ; : : : ; x(p)j;I0j ) = (y(p)j�1;1; : : : ; y(p)j�1;I0j );Hene, a measure of aggregate performane e(a)p an be represented bye(a)p = �(1)T y(p)1 + �(2)T y(p)2 + � � �+ �(b)T y(p)bv(1)T x(p)1 + v(2)Tx(p)2 + � � �+ v(b)Tx(p)b + v(1)T y(p)1 + � � �+ v(b�1)T y(p)b�1
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Z. Iravani = IJIM Vol. 2, No. 3 (2010) 189-198 191and performane for eah sub-units of DMUp an be represented bye(1)p = �(1)T y(p)1v(1)T x(p)1e(i)p = �(i)T y(p)iv(i)T x(p)i + v(i�1)T y(p)i�1 ; i = 2; � � � ; b:Theorem 2.1. The aggregate eÆieny e(a)p is a onvex ombination of DMSU 0s eÆ-ieny.Proof: The proof is in [2℄.Theorem 2.2. DMUp is eÆieny i� all of DMUSp are eÆieny.Proof: The proof is straightforward.Then we have the following mathematial programming problem:max e(a)ps:t: e(a)j � 1; j = 1; : : : ; ne(i)j � 1; j = 1; : : : ; b; j = 1; : : : ; n�(i) 2 
1; i = 1; : : : ; b(v(i); v(i)) 2 
2; i = 1; : : : ; b (2.1)
The sets 
1 and 
2 are assurane regions de�ned by any restritions imposed on multi-pliers [4℄. The model (2.1) an be expressed in the following formMax bXi=1 �(i)T y(p)iS:t: bXj=1 v(i)T x(p)i + b�1Xj=1 v(i)T y(p)i = 1;bXj=1 �(i)T y(j)i � bXj=1 v(i)T x(j)i � b�1Xi=1 v(i)T y(j)i � 0; j = 1; : : : ; n�(i)T y(j)i � v(i)T x(j)i � v(i�1)T y(j)i�1 � 0; i = 2; � � � ; b; j = 1; � � � ; n�(i) 2 
1 i = 1; � � � ; b(v(i); v(i)) 2 
2 i = 1; � � � ; b

(2.2)
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192 Z. Iravani = IJIM Vol. 2, No. 3 (2010) 189-198The form of 
1 and 
2 depends on how 
1 and 
2 are strutured.Now the CCR model in present DMU's follows as:Min �S:t: nXj=1 �jx(j)i + nXj=1 �ijx(j)i � �x(j)i ; i = 1; � � � ; bnXj=1 �jy(j)i + nXj=1 �ijy(j)i � �y(p)i ; i = 1; � � � ; b� 1nXj=1 �jy(j)i � nXj=1 �ijy(j)i � y(p)i ; i = 1; � � � ; b�j � 0; j = 1; � � � ; n�ij � 0; i = 1; � � � ; b j = 1; � � � ; n:
(2.3)

And the BCC model in present DMU's follows as:Min �S:t: nXj=1 �jx(j)i + nXj=1 �ijx(j)i � �x(j)i ; i = 1; � � � ; bnXj=1 �jy(j)i + nXj=1 �ijy(j)i � �y(p)i ; i = 1; � � � ; b� 1nXj=1 �jy(j)i � nXj=1 �ijy(j)i � y(p)i ; i = 1; � � � ; bnXj=1 �j + bXi=1 nXj=1 �ij = 1;�j � 0; j = 1; � � � ; n�ij � 0; i = 1; � � � ; b; j = 1; � � � ; n:
(2.4)
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Z. Iravani = IJIM Vol. 2, No. 3 (2010) 189-198 193The multiplier form of the BCC model in present DMSU follows as:Max bXi=1 �(i)T y(p)i + u0S:t: bXi=1 v(i)Tx(p)i + b�1Xi=1 v(i)T y(p)i = 1;bXi=1 �(i)T y(j)i � bXi=1 v(i)Tx(j)i � b�1Xi=1 v(i)T y(j)i + u0 � 0; j = 1; : : : ; n�(i)T y(j)i � v(i)Tx(j)i � v(i�1)T y(j)i�1 + u0 � 0; i = 2; � � � ; b; j = 1; � � � ; n�(i) 2 
1 i = 1; � � � ; b(v(i); v(i)) 2 
2 i = 1; � � � ; b (2.5)'
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194 Z. Iravani = IJIM Vol. 2, No. 3 (2010) 189-1983 A generalized model in present sub-unitsIn this setion, we formulate the generalized model in present sub-units, based on adomination struture and de�ne a new eÆieny in this model. Next we establish rela-tionships between this generalized model and basi DEA models mentioned in setion 2.Now, we formulate a generalized DEA model in present sub-units by employing the aug-mented Thebyshev seularizing funtion [5℄. This model, whih an evaluate the eÆienyin several basi models whih are speial ases for all DMUs, follows as:Max �S:t: � � edj + �( bXi=1 �(i)T (y(p)i � y(j)i ) + bXi=1 v(i)T (�x(p)i + x(j)i ) + b�1Xi=1 v(i)(�y(p)i + y(j)i ))�(i)T y(j)i � v(i)Tx(j)i � v(i�1)T y(j)i�1 � 0; i = 2; � � � ; b; j = 1; � � � ; nbXi=1 �(i) + bXi=1 v(i) + b�1Xi=1 v(i) = 1�(i) � 0; i = 1; � � � ; bv(i) � 0; i = 1; � � � ; bv(i) � 0; i = 1; � � � ; b� 1 (3.6)where � > 0 is appropriately given aording to given problems, and edj(j = 1; � � � ; n) isde�ned by following:edj = maxi=1;��� ;bt=1;��� ;b�1f�(i)(y(p)i � y(j)i ); v(i)(�x(p)i + x(j)i ) + v(t)(�y(p)t + y(j)t )g (3.7)Note that when j = p then � � 0.De�nition 3.1. (��eÆieny) For a given positive number �, DMUo is de�ned tobe ��eÆieny if and only if the optimal value to the problem (3.6) is equal to zero.Otherwise, DMUp is said to be �� ineÆieny.Theorem 3.1. If � 6= 0 the existene DMU where dominated DMUp.Proof: Let � 6= 0, by ontradition suppose that there is not DMU where dominatedDMUp.On the other hand, for all j we have264 Y (j)�X(j)�X(j) 375 	 264 Y (p)�X(p)�X(p) 375 :
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Z. Iravani = IJIM Vol. 2, No. 3 (2010) 189-198 195We denote Zj = 264 Y (j)�X(j)�X(j) 375. ThereforeZ(j) � Z(p) (8j): (3.8)And from inequalities of the model (3.6) in present sub-units for all DMUs we have� � edj + �( bXi=1 �(i)T (y(p)i � y(j)i ) + bXi=1 v(i)T (�x(p)i + x(j)i ) + bXi=1 v(i)T (y(p)i � y(j)i ))But, � < 0, and if free variable, then neessary and suÆient ondition for existene aboveinequality (for somej 6= p) isedj + �( bXi=1 �(i)T (y(p)i � y(j)i ) + bXi=1 v(i)T (�x(p)i + x(j)i ) + bXi=1 v(i)T (y(p)i � y(j)i )) < 0We have edj + �(�; v; v)264 Y (p)i � Y (j)i�X(p)i +X(j)i�X(p)i +X(j)i 375 < 0 (for somej 6= p):That is we have the followingedj + �(�; v; v)(Z(i)p � Z(i)j ) < 0 (for somej 6= p):Now by (3.8) and � > 0 and (�; v; v) � 0 we must haveedj < 0 (for somej 6= �):And by de�nition edj (for somej 6= p) we have:edj = maxi=1;��� ;bt=1;��� ;b�1f�(i)(y(p)i � y(j)i ); v(i)(�x(p)i + x(j)i ) + v(t)(y(p)t � y(j)t )g < 0:Hene by (�; v; v) � 0, Z(i)p � Z(i)j < 0 (for some j 6= p). Where ontradition by (3.8).This ontradition asserts that there is not existene DMU where dominated DMU�, andthe proof is omplete.4 Relationships between generalized model and BCC (CCR)model in present sub- unitsIn this setion, we establish theoretial properties on relationships among eÆienies inthe basi DEA model and generalized model in present sub-units.Theorem 4.1. DMU� is BCC-eÆieny in present sub-units if and only if DMUp is�-eÆieny for some suÆiently large positive number �.
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196 Z. Iravani = IJIM Vol. 2, No. 3 (2010) 189-198Proof: Suppose that DMUp is �-eÆient for some suÆiently large positive �. Thatis for all optimal solution we have:0 = �� � edj + �(�; v; v)(Zp � Zj):The neessary and suÆient ondition for some suÆiently large positive number � forthis inequality follows as: (Zp � Zj � 0edj � 0 (4.9)Then we have (��; v�; v�)(Zp � Zj) � 0:Therefore (��; v�; v�)Zp � (��; v�; v�)Zj) � 0: (4.10)Suppose that (v; v) � XpXp � =  then ( v ; v ) � XpXp � = 1.We denote u�0 = �(��; v�; v�)Zp. Hene by (4.10) we have(��; v�; v�)Zj + u�0 � 0) (�� ; v� ; v� )Zj + u�0 � 0Therefore(�� ; v� ; v� ) is a feasible solution for BCC model, in present sub-units where thevalue of objetive funtion is one. Then DMUp is eÆient in present DMU's.Now by additional restrition Pbi=1 �(i)T (y(p)i ) = Pbi=1 v(p)T (x(j)i ) + Pb�1i=1 v(i)(y(p)i ) westudy the generalized model in present sub-units for all DMUsMax �S:t: � � edj + �( bXi=1 �(i)T (y(p)i � y(j)i ) + bXi=1 v(i)T (�x(p)i + x(j)i ) + b�1Xi=1 v(i)(�y(p)i + y(j)i ))(bXi=1 �(i)(y(p)i ) = bXi=1 v(i)T (x(p)i + b�1Xi=1 v(i)(y(p)i )�(i)T y(j)i � v(i)Tx(j)i � v(i�1)T y(j)i�1 � 0;bXi=1 �(i) + bXi=1 v(i) + b�1Xi=1 v(i) = 1�(i) � 0; i = 1; � � � ; bv(i) � 0; i = 1; � � � ; bv(i) � 0; i = 1; � � � ; b� 1; (4.11)Theorem 4.2. DMUp is CCR-eÆient if and only if DMUp is �-eÆient for suÆientlarge positive � is present sub-units by (3.8) model.
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Z. Iravani = IJIM Vol. 2, No. 3 (2010) 189-198 197Proof: Suppose that DMUp is �-eÆient for some suÆient large positive �. That isfor all solution (�̂; �̂; v�; v̂) we have b� = 00 = �̂ � edj + �(�̂; v̂; v̂)(Z(p) � Z(j))The neessary and suÆient ondition for this formula is(Z(p) � Z(j) � 0edj � 08j (4.12)But, we suppose that v̂x(p) + bvx(p) = � thenv̂� x(p) + bv� x(p) = 1: (4.13)Now �̂y(p) = v̂x(p) + v̂ x(p)therefore �̂�y(p) = v̂�x(p) + v̂� x(p) and by (4.13) we have�̂� y(p) = 1 (4.14)and by (4.12) we have (�̂; v̂; v̂)(Z(p) � Z(j)) � 0(�̂; v̂; v̂)Z(p) � (�̂; v̂; v̂)Z(j) � 0Hene �(�̂; v̂; v̂)Z(j) � 0:Then �̂� y(j) � v̂� x(j) � v̂� x(j) � 0and bXi=1 �̂(i)T� y(j) � bXi=1 v̂(i)T� x(j)i � b�1Xi=1 v̂(i)T� y(j)i � 0; j = 1; � � � ; n:Therefore ( �̂� ; v̂� ; v̂� ) is a feasible solution for CCR model in present sub-units and the valueof objetive funtion is �̂�y(p) = 1. Then DMUp is eÆient in present sub-units.5 ConlusionIn this paper, we have suggested the GDEA model for performane evaluation basedon parametri domination struture and de�ned ��eÆieny in the GDEA model. Themethod presented here an be used for the analysis of any real situation where a DMU isseparated in to several di�erent sub-units. Then we explain relationship between general-ized model and BCC(CCR) model in present sub-units.
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